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SUMMARY OF ESSENTIAL GEOMETRIC 
THEOREMS & PROPERTIES 


AXIOMS 

A quantity is equal to itself {reflexive law), 

if two quantities are equal to the same quantity, they are equal to 
each other. 

If a L b are any quantities , and a = b f then b - a (symmetric law). 
The whole is equal to the sum of Its parts. 

If equal quantities are added to equal quantities, the sums are equal 
quantities. 

If equal quantities are subtracted from equal quantities, the differ¬ 
ences are equal quantities. 

If equal quantities are multiplied by equal quantities, the products 
are equal quantities. 

If equal quantities are divided by equal quantities (not 0), the quo¬ 
tients are equal quantities. 


LINES 

Two points determine one and only one line. 

Let A & B be two points on a line. The set of points on the line be¬ 
tween A & B and Including A & B is called the line segment AB, 

A line which divides a line segment into two seipnents with equal 
measure is called a bisector of the line segment The Intersection 
of the two is called the midpoint of the line segment 

A line segment has only one midpoint 

If three or more points lie on the same line, they are said to be 
colllnear. 



E two lines ari cut by a transversal, nonadjacent angles on opposite 
sides of the transversal but on the Interior of the two lines are called 
alternate interior angles. 

If two lines are cut by a transversal, nonadjacent angles on opposite 
sides of the transversal and on the exterior of the two lines are called 
alternate exterior angles. 

E two lines are cut by a transversal, angles on the same side of the 
transversal and in corresponding positions with respect to the lines 
are called corresponding angles. 


TRIANGLES 

A triangle is a closed three-sides figure. 

The points of intersection of the sides of a triangle are called the 
vertices of the triangle. 

A right triangle is a triangle with one right angle. 

The aide opposite the right angle in a right triangle is called the 
hypotenuse of the right triangle. The other two sides are called 
arms or legs of the right triangle - 

An equOateral triangle 1m a triangle all of whose sides are of equal 
measure. 

An Isosceles triangle is a triangle that has at least two sides of 
equal measure. The third side is called the base of the triangle. 

A scalene triangle is a triangle that has no pair of sides with equal 
measure. 

The perimeter of a triangle is the sum of the measures of the sides 
of a triangle. 

If one of the sides of a triangle Is extended, the angle formed which 
is adjacent to an angle of the triangle is called an exterior angle. 

An exterior angle of a triangle Js equal to the sum of the nonadja¬ 
cent interior angles. 

Two triangles are congruent if, and only if, ail of their correspond¬ 
ing parts are equal. (^) 

E the hypotenuse and an acute angle of one right triangle are equal, 
respectively, to the hypotenuse and an acute angle of a second right 
triangle, the triangles are congruent. 

E three sides of one triangle are eq^ial, respectively, to three sides 
of a second triangle, the triangles are congruent (SSS = SSS) 



If two sides and the included angle of one triangle are equal, respec¬ 
tively, to two sides and the included angle of a second triangle, the 
triangles are congruent (8AS = SAS) 

If two angles and the included side of one triangle are equal, respec¬ 
tively, to two angles and the included side of a second triangle, the 
triangles are congruent {ASA = ASA) 

If two angles and any side of one triangle are equal, respectively, to 
two angles and any side of a second triangle, the triangles are con¬ 
gruent, (AAS = AAS) 

The sum of the measures of the interior angles of a triangle is 18Q a , 

If two angles of one triangle are equal respectively to two angles of 
a second triangle, their third angles are equal. 

The acute angles of a right triangle are complementary, 

A triangle can have at most one right or obtuse angle. 

An acute triangle is a triangle with aH acute angles. 

An obtuse triangle is a triangle with one obtuse angle. 

If the hypotenuse and an arm of one right triangle are equal, respec¬ 
tively, to the hypotenuse and an arm of a second right triangle, the 
right triangles are congruent. 

The perpendicular bisector of the base of an isosceles triangle passes 
through the vertex. 

The bisector of the vertex angle of an isosceles triangle is the per¬ 
pendicular bisector of the base of the triangle. 

If a triangle has two equal angles, then the sides opposite those 
angles are equal. 

If two sides of a triangle are equal, then the angles opposite those 
sides are equal, 

Li a right triangle, the square of the hypotenuse is equal to the sum 
of the squares of the other two sides, 

2 2 2 

If a triangle has sides of length a, b, and c and c - a + b , then 
the triangle is a ri#it triangle. 

In a 3(T“6Q’right triangle, the hypotenuse is twice the length of the 
side opposite the 3tF angle. The side opposite the 00° angle te equal 
to the length of the side opposite the 30° angle multiplied by v3. 

In an isosceles 41° right triangle, the hypotenuse is equal to the 
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length of one of its arms multiplied by /2. 

A line segment that connects the midpoints of two sides of a triangle 
is parallel to the third side and half as long. 

A median of a triangle Is a line segment drawn from one vertex of 
a triangle to the midpoint of the opposite side. 

The medians of a triangle meet in a point 

An altitude of a triangle Is a line segment drawn from one vertex of 
the triangle perpendicular to the opposite side, or if necessary, to 
an extension of the opposite side. 

The altitudes of a triangle meet in a point. 

The perpendicular bisectors of the sides of a triangle meet at a point 
which is equally distant from the vertices of the triangle. 

The angle bisectors of a triangle meet in a point which is equidistant 
from the sides of the triangle. 

The point of intersection of the medians of a triangle is 2/3 of the 
way from the vertex to the midpoint of the opposite side. 


PARALLELISM 


PARALLEL LINES: 

Two lines are called parallel lines if, and only if, they are in the 
same plane and do not intersect 

Parallel lines are always the same distance apart 

Two lines are parallel if they are both perpendicular to a third line. 

Given a lineJt and a point P not on line A there is only erne line through 
point F that is parallel to line Jt. 

If two lines are cut by a transversal so that alternate interior angles 
are equal, the lines are parallel. 

If two parallel lines are cut by a transversal, all pairs of alternate 
interior angles are equaL 

If two lines are cut by a transversal so that corresponding angles 
are equal, the lines are parallel. 

If two parallel lines are cut by a transversal, each pair of corre¬ 
sponding angles is equal 

If two lines are cut by a transversal so that two Interior angles on 
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the same side of the traversal are supplementary, the lines are 
parallel. 

If two parallel lines are cut by a transversal, pairs of interior angles 
on the same side of the transversal are supplementary. 

If a line is perpendicular to one of two parallel lines, it is perpen¬ 
dicular to the other also. 

If two lines are cut by a transversal so that alternate interior angles 
are not equal, the lines are not parallel. 

If two lines are cut by a transversal so that corresponding angles 
are not equal, the lines are not parallel. 

If two lines are cut by a transversal so that two interior angles on 
the same side of the transversal are not supplementary, the lines 
are not parallel. 

If two nonparallel lines are cut by a transversal, the pairs of alter¬ 
nate interior angles are not equal. 

PARALLELOGRAM: 

A parallelogram is a quadrilateral whose opposite sides are paral¬ 
lel. {□} 

Opposite sides of a parallelogram are equal. 

Nonconsecutive angles of a parallelogram are equal. 

Consecutive angles of a parallelogram are supplementary. 

A diagonal of a parallelogram divides the parallelogram into two 
congruent triangles. 

The diagonals of a parallelogram bisect each other. 

If both pairs of opposite sides of a quadrilateral are equal, then the 
quadrilateral Is a parallelogram. 

If two opposite sides of a quadrilateral are both parallel and equal, 
the quadrilateral is a parallelogram. 

If the diagonals of a quadrilateral bisect each other, then the quad¬ 
rilateral is a parallelogram. 


RHOMBUS: 

A rhombus is a parallelogram with two adjacent sides equal. 
All sides of a rhombus are equal. 
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The diagonals of a rhombus are perpendicular to each other* 

If the diagonals of a parallelogram are perpendicular, the paral¬ 
lelogram is a rhombus* 

The diagonals of a rhombus bisect the angles of the rhombus. 

A square is a rhombus with a right angle* 

RECTANGLE; 

A rectangle is a parallelogram with one right angle* 

All angles of a rectangle are right angles* 

The diagonals of a rectangle are equal. 

If the diagonals of a parallelogram are equal, the parallelogram is 
a rectangle. 

trapezoid: 

A trapezoid is a quadrilateral with two and only two sides parallel* 
The parallel sides are called bases. 

An isosceles trapezoid is a trapezoid whose nonparallel sides are 
equal. A pair of angles including one of the parallel sides is called 
a pair of base angles* 

The base angles of an isosceles trapezoid are equal. 

If a line joins the midpoints of two sides of a triangle, that line is 
parallel to and equal to one-half of the third side* 

The median of a trapezoid is parallel to the bases and equal to one- 
half their sum* 

The median of a trapezoid Is the line Joining the midpoints of the 
non-parallel sides* 

If three or more parallel lines cut off equal segments on one trans¬ 
versal, they cut off equal segments on all transversals* 


AREAS 

The area of a rectangle is given by the formula A = bh where b is 
the length of the base and h is the height of the re clan gle. 

The area of a triangle is given by the formula A = 1/2 bh where b 
is the length of a base and h is the corresponding height of the tri¬ 
angle* 
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The area of a parallelogram Is given by the formula A = bh where b 
is the length of a base and h is the corresponding height of the paral¬ 
lelogram, The side to which an altitude is drawn Is called a base. 
The length of an altitude is called a height 

The area of a rhombus is equal to one-half the product of its diag¬ 
onals. 

The area of a trapezoid is given by the formula A = 1/2 h(b + b f ) 
where h is the height and b and b T are the lengths of the bases of 
the trapezoid, 

2 

The area of a circle is given by the formula A =HT where IT is 
approximately 3* 14 and r is the radius of the circle. 

Any two congruent figures have the same area. 


RATIOS, PROPORTIONS, SIMILARITY 

A ratio is the comparison of two numbers by their indicated quo¬ 
tient A ratio is a fraction, with denominators not equal to zero. 

A proportion Is a statement that two ratios are equal. 

In the proportion a/b = c/d the numbers a & d are called the ex¬ 
tremes of the proportion, and the numbers b & c are called the 
means of the proport to. The single term, d, is called the fourth 
proportional. 

In a proportion, the product of the means is equal to the product of 
the extremes, (U a/b = c/d, then ad = be,} 

A proportion may be written by inversion, (If a/b - c/d, then 
b/a = d/c.) 

The means may be interchanged in any proportion, (If a/b = c/d, 
then a/c = h/d,) 

The extremes may be interchanged in any proportion. (If a/b - c/d, 
then d/b = c/a-) 

A proport to may be written by addition, (H b ” then > 

A proportion may be written by subtraction, (If jj = jj, then = pp ) 


If three terms of one proportion are equal, respectively, to three 
terms of a second proportion, the fourth terms are equal. Thus, 
a+e+e a 


a c e 


then 


b+d+f ” b' 


A line parallel to one side of a triangle divides the other two sides 
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proportionally. 


If a line divides two sides of a triangle proportionally, it Is parallel 
to the third side. 

The bisector of one angle of a triangle divides the opposite side in 
the same ratio as the other two sides. 

All congruent triangles are similar. 

Two triangles similar to the same triangle are similar to each other. 

If two triangles have one angle of one equal to one angle of the other 
and the respective sides Including these angles are in proportion, the 
triangles are similar. 

If three sides of one triangle are in proportion to the three corre¬ 
sponding sides of a second triangle, the triangles are similar. 

Two triangles are similar If, and only if, two angles of one triangle 
are equal to two angles of the other triangle. 

The altitude on the hypotenuse of a right triangle is the mean pro¬ 
portional between the segments of the hypotenuse. 

Two polygons are similar If, and only If, all pairs of corresponding 
angles are equal and all pairs of corresponding sides are In pro¬ 
portion. 


CIRCLES 

A circle is a set of points in the same plane equidistant from a fixed 
point called its center, A line segment drawn from the center of the 
circle to one of the points on the circle Is called a radius of the circle. 

The length of a diameter is twice the length of a radius, 

A portion of a circle is called an arc of the circle. 

In a circle, parallel lines intercept equal arcs. 

The circumference of a circle is the distance about a circle. The 
circumference of a circle is given by the formula, C = 2IT where r 
is the radius of the circle. 

Two circles are congruent if, and only if, their radii or diameters 
are equal, 

A semicircle Is an arc of a circle whose endpoints He on the extrem¬ 
ities of a diameter of the circle. 

An arc greater than a semicircle is called a major arc. 
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An arc leas than a semicircle is called a minor arc. 

An angle whose vertex is at the center of a circle and whose sides 
are radii is called a central angle. 

The number of degrees in the arc intercepted by a central angle is 
equal to the number of degrees in the central angle. This number 
is called the measure of the arc, 

A sector of a circle is the set of points between two radii and their 
intercepted are. 

The line passing through the centers of two circles Is called the line 
of centers, 

A line that intersects a circle in two points is called a secant 

A line segment joining two points on a circle is called a chord of the 
circle. 

A chord that passes through the center of the circle is called a diam¬ 
eter of the circle. 

An angle whose vertex is on the circle and whose sides are chords 
of the circle is called an inscribed angle. 

The measure of an inscribed angle is equal to one-half the measure 
of its intercepted arc. 

An angle formed by a tangent and a chord is equal to one-half the 
measure of the intercepted arc. 

If two chords intersect within a circle, each angle formed is equal 
to one-half the sum of its intercepted arc and the Intercepted arc 
of Its vertical angle. 

An angle formed by the intersection of two secants outside a circle 
is equal to one-half the difference of its intercepted arcs. 

An angle formed by the intersection of a tangent and a secant outside 
a circle is equal to one-half the difference of the intercepted arcs, 

A line drawn from the center of a circle perpendicular to a chord 
bisects the chord and its arc. 

A line drawn from the center of a circle to the midpoint of a chord 
is perpendicular to the chord. 

The perpendicular bisector of a chord passes through the center of 
the circle. 

In the same circle or congruent circles equal chords have equal arcs. 
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In the same circle or congruent circles equal arcs have equal chorda. 

In the same circle or congruent circles, equal chords are equidis¬ 
tant from the center. 

In the same circle or congruent circles, chords equidistant from 
the center are equal. 

If two chords intersect within a circle f the product of the segments 
of one chord is equal to the product of the segments of the other chord. 

If two circles intersect in two points, their line of centers is the 
perpendicular bisector of their common chord, 

A line that has one and only one point of intersection with a circle 
is called a tangent to the circle. Their common point is called a 
point of tangency. 

If two tangents are drawn to a circle from a point outside the circle, 
the tangents are of equal measure. 

A line drawn from a center of a circle to a point of tangency is per¬ 
pendicular to the tangent passing through the point of tangency. Also, 
if a line is perpendicular to a radius at its intersection with Its circle, 
the line is tangent to the circle. 

If two circles are tangent either Internally or externally, the point 
of tangency and the centers of the circles are coil Inear. 

If a secant and a tangent are drawn to a circle, the measure of the 
tangent Is the mean proportional between the secant and its external 
segment 

If two secants are drawn to a circle from a point outside the circle, 
the products of the secants and their external segments are equal. 

The opposite angles of an Inscribed quadrilateral are supplementary. 

If a parallelogram Is inscribed within a circle, it is a rectangLe. 


POLYGONS 

A polygon Is a convex figure with die same number of sides as angles. 

A quadrilateral is a polygon with four sides. 

An equilateral polygon Is a polygon all of whose sides are of equal 
measure. 

An equiangular polygon is a polygon all of whose angles are of equal 
measure. 



A regular polygon is a polygon that Is both equilateral and equiangular* 

A circle can be inscribed in any regular polygon* 

A circle can be circumscribed about any regular polygon* 

The center of a circle that is circumscribed about a regular polygon 
is the center of the circle that is inscribed within the regular polygon* 

If a circle is divided into n equal arcs, the chords of the arcs will 
form a regular polygon* (n>2) 

If a circle Is divides into n equal arcs and tangents are drawn to the 
circle at the endpoints of these arcs, the figure formed by the tan¬ 
gents will be a regular polygon. (n>2) 

An apothem of a regular polygon bisects its respective side. 

The radius of a regular polygon is a line segment drawn from the 
center of the polygon to one of its vertices* 

A central angle of a regular polygon is the angle formed by radii 
drawn to two consecutive vertices. 

A central angle of a regular polygon is given by the formula, 

2 

x ^ - . ISO 0 , where n is the number of sides of the polygon. 

The area of a regular polygon is equal to the product of one-half its 
apothem and its perimeter* 

The sum of the interior angles of a polygon is given by the formula 
S = {n - 2) * ISO* 9 , where n is the number of sides of the polygon. 

The measure of an interior angle, a, of a regular polygon Is given 

by the formula: a = where n is the number of sides of 

n 

of the polygon. 

The sum of the exterior angles of a polygon is always 3601 

The area of a sector of a circle divided by the area of the circle is 
equal to the measure of its central angle divided by 3601 


INEQUALITZES 

If the same quantity is added to both sides of an inequality, the sums 
are unequal and in the same order. (E a<b, then a + c<b + c.) 

H equal quantities are added to unequal quantities, the sums are 
unequal and In the same order. (If a< b and c = d, then a + c<b + d.) 
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If unequal quantities are subtracted from equal quantities, the dif¬ 
ferences are unequal and in the opposite order* (If a<b and c = d, 
then c - a>d - b.) 

If both sides of an inequality are multiplied by a positive number, 
the products are unequal and in the same order. (If a<b and c is 
a positive number, then ac<bc, ) 

If both sides of an inequality are multiplied by a negative number, 
the products are unequal in the opposite order, (if a<b and e is 
a negative number, then ac>bc,) 

The relation is transitive. (If a<b and b<c, then a<e.) 

If unequal quantities are added to unequal quantities of the same 
order, the sums are unequal quantities and in the same order. (If 
a<b and c<d, then a + c<b + d.) 

In a triangle an exterior angle is greater than either nonadjacent 
interior angle. 

If two sides of a triangle are unequal, the angles opposite these 
sides are unequal in the same order. 

If two angles of a triangle are unequal, the sides opposite these 
angles are unequal in the same order. 

If two sides of one triangle are equal to two sides of a second tri¬ 
angle and the included angle of the first is greater than die included 
angle of the second, then the third side of the first triangle is great¬ 
er than the third side of the second 

If two sides of one triangle are equal to two sides of a second tri¬ 
angle and the third side of the first is greater than the third side 
of the second, then the angle opposite the third side of the first tri¬ 
angle is greater than the angle opposite the third side of the second 

In the same circle or in equal circles, the greater of two central 
angles will intercept the greater arc. 

In the same circle or in equal circles, the greater of two arcs will 
be intercepted by the greater of the central angles. 

In the same circle or equal circles, the plater of two chords inter¬ 
cepts die greater minor arc. 

In the same circle or equal circles, the greater of two minor arcs 
has the greater chord 

If two unequal chords form an inscribed angle within a circle, the 
shorter chord is the farther f rom the center of the circle. 
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LOCUS 

A circle is the locus of points at a given distance from a fixed point, 
called its center, and all in the same plane. 

The locus of points whose coordinates satisfy a given linear equa¬ 
tion is a straight line. 

The locus of the vertex of the right angle of a right triangle with a 
fixed hypotenuse is a circle with the hypotenuse as diameter. 

The locus of all points equidistant from the sides of an angle Is the 
angle bisector. 

The locus of all points equidistant from two points is the perpendic¬ 
ular bisector of the segment joining the two points. 

The locus of a point at a given distance from a given line is a pair 
of lines, one on each side of the given line, parallel to the given 
line and at the given distance from ii 


COORDINATE GEOMETRY 

Directed distance of a horizontal line segment from one point to a 
second is the x -coordinate of the second minus the x-coordinate 
of the first 

Directed distance of a vertical line segment from one point to a 
second is the y-coordinate of the second minus the y-coordinate of 
the first 

The slope, m, of a nonvertical line segment determined by points 
P{x 1 ,y 1 ) and QtXj.yj) Is given by m = y 2 ~ y l . 

*2 ' *1 

On a nonvertical line, all segments of the line have the same slope. 

Two nonvertical lines are perpendicular if, and only if, their slopes 
are negative reciprocals. 

Two nonvertical lines are parallel If, and only if, they have the 
same slope. Vertical lines are parallel. 

A linear equation is any equation which can be written in the form 
of Ax + By + C = 0, 
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CHAPTER1 


METHODS OF PROOF 


DEDUCTIVE REASONING 


• PROBLEM 1-1 


How may the following three statements he arranged so that 
the first two will make it possible to deduce the third? 
(a) An eagle has feathers, (b) All birds have feathers* 
fe) An eagle is a bird* 


Solution : An arrangement of statements that would allow 
you 1© deduce the third one from the proceeding two is 
called a syllogism, A syllogism has three parts. 

The first part is a general statement concerning a 
whole group* This is called the major premise* 

The second part is a specific statement which indi¬ 
cates that a certain individual is a member of that group. 
This is called the minor premise. 

The third and final part of a syllogism is a statement 
to the effect that the general statement concerning the 
group also applies to the individual. This statement is 
called a deduction. 

The technique of employing a syllogism to arrive at 
a conclusion is called deductive reasoning. Hi is technique 
will be used in this problem. 

Statement (b) “All bird® have feather®" is the major 
premise since it assigns a general characteristic to the 
whole group, in this case birds. 

Statement (c) "An eagle is a bird" links the eagle to 
the larger group mentioned in the major premise and, there¬ 
fore, (c) ie the minor premise. 
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Statement (a) "An eagle has feathers" aasigns the 
general trait, feathers r to the individual, eagles, and, 
thus, qualifies as the deduction. 

Therefore, the order of the statements that allows you 
to deduce the third from the first two is {bj, (c), (a). 


* PROBLEM 1-2 


All residents of this state who are registered voters are 
16 years of age or older* If John is a resident of this 
state, by valid reasoning which of the following can we 
conclude; (a) If John is IB or over, he is a registered 
voter? (b) If John is a registered voter, he is 18 or over* 
(c) If John is not a registered voter, he is not 18 or 
over, 


Solution ; To find the logically correct statement, we find 
which of the choices forms a valid syllogism with the given 
statement. The given statement "All residents of this state 
who are registered voters are 18 years of age or older" is 
the major premise, because it attributes a characteristic 
("being 18 or older") to a general group ("residents of 
this state who are registered voters"). A minor premise 
links a particular example, John, to the general group. 

Note that there are two conditions to being a member of the 
group; a member must [1J be a resident of the state; and 
(2) be a registered voter. Therefore, any valid minor pre¬ 
mise must include both condition®. 

One condition of the minor premise is common to all 
the choices and therefore written in the front - "If John 
is a resident of this state". The second condition of the 
minor premise is different in each choice. 

For choice (a), the minor premise is "John is a resi¬ 
dent of this state and John is li or over". This is not 
enough to make John a resident of the state who is a regis¬ 
tered voter * Thus, John is not linked to the group and 
choice (a) is not valid reasoning. Thinking about this in 
another way, it is definitely possible that apathetic John 
is over IB, and a resident of the state; and yet John may 
not have bothered to register. 

For choice (bj, the minor premise is "John is a resi¬ 
dent of this state and John is a registered voter." This 
is enough bo qualify John as a member of the group. Thus, 
the quality of the group can be linked with John in the 
conclusion - John is 18 or over. This is, indeed, the con¬ 
clusion of (b). Thus choice (b) leads to valid reasoning* 

For choice (c), the minor premise is "John is a resi¬ 
dent of this state and John is not a registered voter," This 
is not enough to make John a member of the general group. 

The reasoning is invalid. It is possible for an apathetic 50 
year old citizen not to register to vote. 






LOGIC 


• PROBLEM 1-3 


Identify the hypothesis and conclusion in the statement, 
"The median to the base of an isosceles triangle is perpen¬ 
dicular to the base," 


Solution ; The statement dealt with in this problem is a 
"simple" sentence, as opposed to the "if-then" type of 
statement. In general, if a statement is written aa a 
simple sentence, then the subject of the sentence is the 
hypothesis, and the predicate is the conclusion. 

In this example, the phrase "The median to the baae 
of an isosceles triangle" is the subject of the sentence 
and, consequently, the hypothesis is "a line segment is the 
median to the base of an isosceles triangle," The phrase 
"is perpendicular to the base" is the predicate and, there¬ 
fore, the conclusion is "the line is perpendicular to the 
base," 


* PROBLEM 1-4 


State whether the condition in the hypothesis isf both neces¬ 
sary and sufficient, necessary but not sufficient, not neces¬ 
sary but sufficient, neither necessary nor sufficient* fa) 

If a man is sick, he is a patient in a hospital, (b) If a 
man is a senator, he is a member of Congress, (c) If a 
figure is a square, then the figure is a quadrilateral. 


Solution ; A necessary condition is a fact or set of facts 
wEIch must be given in the hypothesis of a conditional 
statement to make it possible to deduce the conclusion, 

A sufficient condition is a fact or set of facts which, 
when given in the hypothesis, supplies enough information 
to make it possible to deduce the conclusion* 

If a condition is necessary, it is essential that the 
fact be given in the hypothesis to have any chance of de¬ 
ducing the conclusion, A necessary condition will not always 
be enough to allow one to arrive at a conclusion by formal 
logic. On the other hand, a sufficient condition, when 
given, will always lead to a logical deduction of a certain 
conclusion. 

(a) In this statement the hypothesis is "a man is sick," 
the conclusion is "he is a patient in a hospital." Certain¬ 
ly, if a man is a patient in a hospital, he must be sick. 
Therefore, it is at least necessary that he be sick before 
he can be in the hospital. 
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However, it is not sufficient that he be merely sick 
as the sole prerequisite for being in the hospital because 
one has many ways of being sick and not ending up in the 
hospital. 

we conclude then that the hypothesis is necessary but 
not sufficient to deduce the stated conclusion. 

In this part we showed the converse of that 
statement to be true which is a standard way to decide if 
the hypothesis is necessary. To prove sufficiency we must 
prove that the statement is true. 

(b) The hypothesis is "the man is a senator," while the 
conclusion is "he is a member of Congress." 

The converse is "If he is a member of Congress, he 
is a senator." This is false, because members of the House 
of Representatives are members of Congress but certainly 
not senators. Therefore, in the original statement, the 
hypothesis is not necessary because the conclusion can be 
reached under much different hypothetical conditions, 
i.e, if the hypothesis were "he is a member of the House 
of Re pres entatives." 

The statement is true and this lets us conclude that 
the hypothesis Is sufficient for the conclusion. Once a 
person is a senator he is automatically a member of Congress. 

Therefore, the hypothesis is not necessary but suf¬ 
ficient for the stated conclusion. 

(c) in this statement, the hypothesis is "a figure is a 
square" and the conclusion is "the figure is a quadrilateral.* 

The statement is true since every square is a four sided 
polygon and every four sided polygon is a quadrilateral. Thus, 
the hypothetical condition is sufficient. 

The converse is "if the figure is a quadrilateral, then 
the figure is a square." This is false since the figure could 
also be a rectangle or trapezoid. Since the converse is false 
the hypothesis of the original statement is not necessary. 

The hypothesis is sufficient but not necessary. 


DIRECT PROOF 


• PROBUM 1-5 


In the figure shown, the measure of 1 DAC equals the measure 
of 1 ECA and the measure of 11 equals the measure of 12. 

Show that the measure of 13 equals the measure of 14. 
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Solution: This proof will require the subtraction postu¬ 

late, which states that if equal quantities are subtracted 
from equal quantities, the differences are equal. 


GIVEN: 4 DAC « £ ECA, *1 * £2 


PROVE: *3 = £4 


STATEMENTS 


1. miDAC = miECA 
mil - m42 


1. Given* 


2. mfDAC - mil - miECA ~ mi2 2. Subtraction Postulate. 


3* ®£3 - m£4 


3 * Substitution Postulate. 


• PROBLEM 1-6 


Every line in a proof requires justification* In the proof 
below the reasons have been omitted. Give the reasons. 


GIVEN: il - 42; 43 s 44 
PROVE: 4H - 4F 


STATEMENTS 

1. 41 - i2; 43 - 44 1* 

2. mil; + m43 88 m42 + m44 2. 

3. mil + mi3 + m4P - ISO 3. 

and ml2 + mi4 + mtH =180 

4 * mil + mi3 + mlF = mi2 + mi4 + mlH 4. 


5* miF = miH 


5 . 







Solution: For any statement, several reasons may be poss¬ 
ible. In steps 2, 3 and 4, below, alternative reasons are 
given. Any one will do. Even for a given reason, there may 
be a choice between citing or writing out the theorem. 
Generally, the shorter the reason, the better. Postulates 
and famous theorems can be named? however, theorems that 
are less well known should be written out. 

The reasons for the proof in this question are: 


(1) Given, 


(2) The Angle Addition Postulate or the Addition 
Property of Equality? if a = b and c = d, then 
a + c - b + d. 

(3) The measures of the interior angles of a triangle 
sum to 180® degrees or the interior angles of a 
triangle form a linear pair, 

(4) Transitivity Postulate or Substitition Postulate 
or if a ^ b and b - c, then a = c. 


t 5) Subtraction Property of Equality, 


INDIRECT PROOF 


• PROBLEM 1-7 


Prove, by indirect method, that if two angles are not 
congruent, then they are not both right angles. 


^olut^on : indirect proofs involve considering two poss~ 
ible outcomes, the result we would like to prove and Its 
negative, and then showing, under the given hypothesis, 
that a contradiction of prior known theorems, postulates, 
or definitions is reached when the negative is assumed. 


in this case the outcomes can be that the two angles 
are not right angles or that .the two angles are right angles. 
Assume the negative of what we want to prove - that the two 
angles are right angles. 


The given hypothesis in this problem is that the two 
angles are not congruent, A previous theorem states that 
all right angles are congruent. Therefore, the conclusion 
we have assumed true leads to a logical contradiction. As 
such, the alternative conclusion must he true. Therefore, 
if two angles are not congruent, then they are not both 
right angles. 
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INDUCTIVE REASONING 


• PROBLEM 1-8 


Prove by mathematical induction 

I s + t + 2? + ... + n a * |n(nfl)(2ttfl). 


SoTjjtion^ Mathematical induction is a method of proof. The steps are: 

(1) The verification of the proposed formula or theorem for the amalleat 
value of n* It is desirable, but not necessary jto verify It for several 
values of it, 

(2) The proof that if the proposed formula or theorem Is true for n - k p 
some positive integer t It is true also for n « k+1. That is, if the 
proposition is true for any particular value of n, it oust be true for 
the next larger value of n* 

(3) A conclusion that the proposed formula holds true for all values of 
n. 


Proof: Step 1, Verify: 

For n - 1: 1 9 * ^{I>U+1}(2(1)+L] * |u)(2){3) - |(6) - 1 

1 - 1 

For n - 2: l 3 + 2 s - £(2) (2+1) [2(2)41 J - |(2)(3)(5> - |<6)(5) 

1 + 4 - (1H5) 

5 « 5 

For n - 3: I s + t + f - |(3) (3+1) [2 (3)+l ] 

1 + 4 + 9 « |(3)(4)(7) - 1(12X7) - 14 
14 - 14 

Step 2, Let k represent any particular value of n. For 
n “ k t the formula becomes 

l 3 + 2 3 + i 3 + ,,, + k 3 = —k(k+X) (2k+l), (A) 

D 

For n » k+1 r the formula is 

I s + 2* + f + + Is 3 + (k+l) a - ^(k+l)C{k+l) + 13 [ 2 (k+ 1 ) + Ij 

- | (k+ 1 ) (k+ 2 ) (Zk+ 3 ) * (B) 

Wo must show that if the formula is true for n - k, then it mist be true 
for n - k+1. In other words, we must show that (B) follows from (A), 

The left side of (A) can be converted into the left side of (B) by merely 
adding (k+1) 3 , All that remains to be demonstrated is that when {k+lr 
is added to the right side of (A), the result is the right side of (8), 

l 3 + 2* + + 1? + (k+l) a - |k(k+l)C2k+l) + (k+l) a 

Factor out (k+1): 

l*+2 3 +f+,„+1( 3 + (fe+l} 3 - (k+1) jjrk(2k+l) + (k+1)] 
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. ^aaai + ^us] 

. (lcfl) ^ + i ± » + * 

_ (k+1) (2k? + 7k + 6) 

6 

since 2k? + 7k + 6 - (k+2) (2W-3) . 

Thus, we have shown chat if we add (k+1) 3 to both sides of the equation 
for n * k, then we obtain the equation or formula For n - k+1, We have 
thus established that If (A) la true, then {&) must be true; that la, if 
the formula is true for n - k, than it must be true for n - k+1. In 
other words, we have proved that If the proposition la true for a certain 
positive integer k, then it is also true for the neat greater integer 
k+1. 

Step 3, The proposition is true for n » 1,2,3 (Step 1). Since 
it is true for n ■ 3 # it is true for n ■ 4 (Step 1, where k - 3 and 
k+1 -4), Since it ia true for n * 4, it la true for n - 5, and so on, 
for all positive integers n* 


• PROBLEM 1-0 

Prove by mathematical induction that 

1 + 7 + 13 + ... + (fin - 5) - nOn - 2), 

Solutioni (1) The proposed formula is true for n » 1, since 
1 - 1(3 - 2), 

(2) Assume the formula to he true for n ■ k, a positive 
integer; that la, assume 

00 1 + 7 + 13 + ... + (fik - S) » k{3k - 2). 

Under this assumption we wish to show that 

(B) 1 + 7 + 13 + ... + (fik - 5} + (6k + 1) * (k+1)(3k+l). 

When (fik+1) ia added to both members of (A), we have on the right 

k(3k-2) + (fiktl) - 3k a + 4k + 1 -(k+1) (31+1); 
hence, if the formula is true for n * k It is true for n * k + 1, 

(3) Since the formula la true for n - k ■ 1 (Step 1), It 
i« true for n s k + 1 ■ 2 ; helms true for n * k « 2 it is true for 
n ■ k + l - 3; and so on, for every positive integral value of u. 
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CHAPTER2 


BASIC ELEMENTS 


LINES 


• PROBLEM 3-1 


Using the accompanying three-dimensional model, determine 
whether each of the following sets is collinear and/or co* 
planar: {A,F # D}, {P,A,F}, {A,B,C,E}, and {A,F,D,Eh 



Solution s A set of points is collinear if there exists a 
straight line that contains every point in the set. a set 
of points is coplanar if there exists a plane that contains 
every point in the set. 

Each point in the set {A f F,b} lie on the line There¬ 
fore, the set is collinear. Furthermore, points on the same 
line automatically lie on the same plane. Thus, the set of 
points <A,F,D> is both collinear and coplanar. 

Each point in the set {F,A,F) is contained in plane m 
and, as such t points F, A, and F are coplanar, However, point 

p does not lie on the line determined by F and F, Fp; and, 
hence*the points are not collinear. 

{A,B,C f E} are neither collinear nor coplanar. Point E 
does not lie on the plane determined by paints A, B, and C 
(plane m) - thus the set cannot be coplanar. Points E and 
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C do not lie on the line determined by points A and B - thus 
the set cannot be collinear. 


The set of points {A,F,D,B} is not collinear. Although 
F lies on the line determined by points A and D, point E 
does not. Therefore, the set is noncollinear. To determine 
whether or not the set is coplanar, consider the plane that 
contains points A, E, and D. Therefore, the set is coplanar 
if point F lies on this plane. 

Since points A and D are contained in this new plane, 
the line determined by these points, and every point on 

the line lies on the new plane. Since F is a point on £5, 
point F lies on the new plane. Therefore, points A,F, D, 
and E are coplanar. 


• PROBLEM 2-2 


Find point C between A and B in the figure below such that 
AC = CB. 


A B 

^1 0 1 2 “ 4 5 ^ 

Solution ; We must determine point C in such a way that AC ■ 

5§, or AC ™ CB, we are first given that C is between A and 
B. Therefore, since the measure of the whole is equal to the 
sum of the measure of its parts; 

(I) AC + CB *■ AB 

Using these two facts, we can find the length of AC, From 
that we can find C. 

First, since AC - CB, we substitute AC for CB in 
equation (I) 

(II) AC + AC * AB 

(III) 2(AC) * AB 

Dividing by 2 we have 

(IV) AC » k AB 

To find AC, we must know AB. We can find AB from the 
coordinates Of A and B* They are 1 and 5, respectively. 
Accordingly, 

(V) AB * |5 - 1| 

(VI) AB — 4 
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We substitute 4 for AB in equation (IV) 


(VII) AC = 3a (4) 

(VIII) AC = 2. 

Therefore, C is 2 units from A, Since C is between A 
and B, the coordinate of C must be 3. 


ANGLES 


• PROBLEM 2-3 


In the following quadrilateral, find the angles from vertices 
A and B that are subtended by side cEL 


Solution : To do this problem, we first must define "subtend. h 

Consider a point X and a line segment YZ. Wow, draw rays from 
the point through the endpointa of the segment (see figure.) 
There are two ways of defining the relation between the angle 
-)YXZ and segment YZ, The angle $YXZ "intercepts" segment YZ. 
From another point of view, the segment YE "subtends" 4YXZ. 

In this problem, we are given that DC is the segmenti 
We are asked first to consider A as the outside point, and 
then B, If A is the outside point, and CD is the segment, 
then CF subtends 4DAC. If B is the outside point, and C5 
is the segment, then CD subtends 4DBC, 



• PROBLEM 2-4 


In the figure, we are given ££ and triangle ABC. we are 
told that the measure of ^1 is five times the measure of 
£2. Determine the measures of 4C1 and $2. 


II 
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ggltjtion: Since -fl end $2 are adjacent angles whose non- 
common sidea lie on a straight line, they are, by defini¬ 
tion, supplementary. As supplements, their measures must 
sum to ISO 0 . 

If we let x - the measure of *2 
then, 5x - the measure of *1. 

To determine the respective angle measures, set 
x + 5x - ISO and solve for x, Gx * ISO, Therefore, x ■ 30 
and 5x - 150. 

Therefore, the measure of <1 « 150 and the measure of 
*2 = 30. 


PERPENDICULARITY 

+ PROBLEM 2-5 


Me are given straight lines £3 and £3 intersecting at point 

P, 5R _L AB and the measure of 4&FD is 170. rind the measures 
of *1, 42 , 43, and 44. 



goJjUt^on: This problem will involve making use of several 
of the properties of supples®ntary and vertical angles, as 
well as perpendicular lines. 

lAPD and tl are adjacent angles whose non-common sides 

lie on a straight line, S3, Therefore, they are supplements 
and their measures sum to 180®. 

m$APD + m41 - 180, 

Me know m4APh * 170. Therefore, by substitution, 170 + m41 
-180. This implies m41 - 10, 

41 and 44 are vertical angles because they are formed 
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by the intersection of two straight lines, £3 and^B, and 
their sides form two pairs of opposite rays* As vertical 
angles, they are, by theorem, of equal measure. Since mil 
- 10, then mil - 10, 

Since at their intersection the angles formed 

must be right angles* Therefore, 43 is a right angle and 
its measure is 90* ml3 ■ 90* 

The figure shows uo that |apd is composed of 43 and 42* 
Since the measure of the whole must be equal to the sum of 
the measures of its parts, mlAFD - ml 3 + m|2* We know the 
mtAPD - 170 and ml3 - 90, therefore, by substitution, we 
can solve for ml2, our last unknown* 

170 * 90 + m42 
SO * m|2 

Therefore, mil - 10, ml2 - 60 

m|3 = 90, ml4 - 10* 


• PROBLEM 2-9 


Show that the shortest segment joining a line with an 
external point is the perpendicular segment from the point 
to the line* 


F 

A 


f T * _LJ_ - -y 

A Q S B 

Solution : To prove the statement, choose any other line 
segment joining the point and the line? and show that it 
must be of greater length than the perpendicular* Note 
that the new segment, the perpendicular, and the given line 
form a right triangle with the right angle opposite the new 
segment* Since the right angle ia the largest angle of the 
triangle, the side opposite it, the new segment, must be 
greater than either of the other sides* In particular, the 
new segment is longer than the perpendicular. Since the new 
segment was any possible segment, the perpendicular is thus 
shown to be shorter than any other segment* 

GlVE&i AB with the external point F? is 

any segment from F to S other than the perpen¬ 
dicular from F to £3* 
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PROVEt PS < PQ 


statement 

1. AB with the external paint 
P; PS X AB 

2. % PSA is a right angle 

3. select any point Q on AB 

4. £ PQS is acute 

5. m £ PQS < m jc PSA 

6. PS < PQ 


REASONS 
1, Given 


2. Perpendicular lines 
form right angles. 

3. Point Uniqueness 
Postulate. 

4. If a triangle has one 
right angle r then its 
other two angles must 
be acute. 

5* Definition of an acute 
angle. 

6. If two angles of a tri¬ 
angle are not congruent, 
then the sides opposite 
those angles are not 
congruent, the longer 
side being opposite the 
angle with the greater 
measure. 


14 


Urhebsrrechtlich geschutztes Material 



CHAPTERS 


CONGRUENCE 


TRIANGLES 

• PROBLEM 3-1 

In A ABC, m £ G - 125° and m £ B - * Ab drawn In the figure, 

which la the shortest side of the triangle? 


B 


A 

Solution : When the angle a of a triangle are of unequal measure,, the 
•idea are, correspondingly, of unequal length - that la, the shorteat 
aide will be opposite the am*lieat angle. 

Since the svm of the measures of the angles of a triangle la ISO 0 , 
and since m * B - 35° and a * C ■ 12^ / the m * A - 1B0° - (3^+12^) 
18flP - 16CP » 2Q 0 , Therefore, the side opposite < A will he the short¬ 
est , WE la ehla aide. 

Therefore, Be i# the ahorteat aide of A ABC. 


• PROBLEM 3-2 


Given: aiA ■mi L AD - BE . 

Prove: m -fc €Bg ■ al CED, 


Solution: This proof will revolve around the theorem stating that two 
angles of a triangle are of equal measure if and only if the sidea 
opposite them are of equal length. 
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Statementa 

1, m A » m i B 

2. CA « €B 


3, CB - €E + BE 

CA « CD + AD 

4* CD + AD m CE + BE 

5, AD - BE 

6. CD * CE 


7, m * CDE • ta $ C1D 


Rea aorta 

1« Dives 

2. If a triangle haa two angles of 
equal measure, then the aides 
opposite those angles are equal 
is length* 

3* The measure of the whole Is equal 
to the sum of the measures of its 
parts, 

4* A quantity may be substituted for 
its equal. 

5* Given 

6. If equal quantities are subtra¬ 
cted from equal quantities, the 
differences are equal quantities. 

7* If two sides of a triangle are 
equal* than the angles opposite 
those sides are equal. 


• PROB4IM 3-3 


As seen in the accompanying diagram* AABC is constructed in such a way 
that the measure of $ A equals 9x, m -fc B equals 3x - 6, and m 4c C 
equals llx + 2, a being some unknown. Show that &ABC Is a right 
triangle. 


B 

d/Sx-8 


/ta T lls*2 
A C 

Solution; A triangle is « right triangle if one of its angles is a 
right angle. The best way to determine the "rightness*' of this tri¬ 
angle would be to sum the measures of all its angles*set this sum equal 
to 18QP * and aolve for the unknown x, If the measure of one angle 
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turns out to be * then it is a right angle and the triangle is a 

right triangle. The algebra is as follows: 

m$A + m*B + m*€*180 
9x + 3x - 6 + llx + 2 * ISO 
23* - 4 - ISO 
23x - 184 
x - S 

Therefore, 

$ A measures (9)(8) or ?2 

£ B measures (3)(8) - 6 or 18 

And * C measures (11)|S) + 2 or 90 

Therefore, since $ C measures 90 , iABC is a right triangle. 


• PROBLEM 3-4 


I The length of the median drawn to the hypotenuse of a right triangle 
is 12 inches. Find the length of the hypotenuse. (See figure), 


C 



Solution s A theorem tells us that the length of the median to the 
hypotenuse of a right triangle is equal to one-half the length of the 
hypotenuse, tie must identify the median, the hypotenuse, their re¬ 
spective lengths, and substitute them according to the rule cited, 
and to solve for any unknowns. 

AC is the hypotenuse, BD the median of length 12", and the 
length of AC la unknown. By applying the above theorem we know, 

(1) . ID - %A£ and, by, substitution 

(2) . 12'■ - %AC which implies that A€ - 24” . 

Therefore, the length of hypotenuse AC is 24 in. 


• PROBLEM 3-5 

Solution : Draw equilateral MBC. 

Hence, the problem can be restated an: 

Given: equilateral AABC 
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Proves m£A = = m£C. 

STATEMENTS 

1. equilateral AABC 

2. AC - BC - AB 

3. £A - tB 

% 

£ A - *C 
% 

£B - *C 

o» 'V . 

4 * *A - *B - *C 


reasons 

1, Given* 

2, Definition of an equi¬ 
lateral triangle. 

3, If two sides of a tri¬ 
angle are congruent, then 

the angles opposite those 
sides are congruent. 

4 * Transitive property of 
Congruence, 


PARALLEL LINES 


• PROBLEM 3-6 


Givent $ 2 la supplementary to ^ 3 . 
Prove: || l 2 . 


t 



In this problem, we will show that since 4 1 and $ 2 are supplemen¬ 
tary and $ t and 4 3 ere supplementary, 4 1 and 4 3 are congruent. 
Since corresponding angle# 4 1 and $ 3 are congruent, it follows 

<■! II *2 
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Statement 


Reason 


1* $ 2 la supplementary to $ 3 
2. 5 1 is supplementary to $ 2 

3^i = n 
*• *1II t 2 


1. Given 

2. Two angles that form a 
linear pair ere supple¬ 
mentary. 

3. Angles supplementary to 
the same angle are con¬ 
gruent. 

4. Given two lines intercepted 
by a transversal, if a 

pair of corresponding angles 
are congruent, then the two 
lines are parallel. 


* PROBLEM 3-7 

If line £A is parallel to line Efc and line EF Is parallel to I 
line GH , prove that m$l»m$2. 1 



Solution ; To show $ 1 ■ ? 2, ve relate both to $ 3, Because EF || GH, 
corresponding angles 1 and 3 are congruent. Since AS |[ CD, cor¬ 
responding angles 3 and 2 are congruent. Because both $ 1 and 
$ 2 are congruent to the same angle t It follows that ^ 1 M ! * 


1. if ii & 

2. m $ 1 - 03 

3. ® || W 

4. m * 2 • is * 3 

5. m £ 1 M m £ 2 


Reasons 

1. Given 

2. If two parallel lines are cut 
by a transversal, corresponding 
angles are of equal measure. 

3. Given 

4* If two parallel lines are cut 
by a transversal, corresponding 
angles are equal in measure. 

5 * If two quantities are equal to 
the same quantity, they are equal 
to each other. 


19 


Urheberrechtlich goschutztc 







• PROBLEM 3-8 



Solut ion : If two lines are cut by a transversal ■which fora a pair of 
alternate interior angles that are congruent t then the two Hubs are 

parallel. The transversal of lines 66 and & is 36, and $ 2 and 
$ 3 are alternate interior angles of this transversal * Our task is 
to prove $ 2 - £ 3* Fro® the above theorem, it then follows that 

aril 

Statement Reason 

1. BC = CO 1. Given 

2. n £ I i 2. If two Sides of a triangle are 

congruent, the angles opposite 
these aides are congruent. 

3. $ 1 & $ 2 3. An angle bisector divides the 

angle Into two congruent angles. 

4. £ 3 w £ 2 4* Transitive property of congruence, 

5. (!fi \\ At 5* If two lines are cut by a trans¬ 

versal which forms a pair of con¬ 
gruent alternate interior angles, 
then the two lines are parallel. 


• PROBLEM 3-0 

Given: A ABC is isosceles with base As . 

f A S * i 
Prove: AB || ED . 









Solution : To show two lines parallel, it is sufficient to show that 
a pair of corresponding angles are congruent. Here, we use the fact 
that A ACB Is isosceles to show £ A * $ B. Combining this with the 
given, * 1 - $ A, we obtain £ Since these are correapond log 


angles of ED and AB, it follows 
Statements 

1. A ABC Ja isosceles with 
base AB 

2, AC S fc 
3* M-M 

4. ^^1 

5. 

6- AB |1 ED 


that ED |l AB. 
Reasons 
1# Given 


2* Definition of an isosceles 
triangle. 

3. If two sides of a triangle are 
congruent, then the angles 
opposite those sides are con¬ 
gruent * 

4* Given 

5. If two quantities are congruent 
to the same quantity, they are 
congruent to each other. 

6, If two lines are Cut by a trans¬ 
versal so that a pair of cor¬ 
responding angles are congruent, 
the lines are parallel. 


• PROBLEM 3-10 


Let 

li» L ,i 

1* 3 be lines in plane M. Prove that if ]} 

* nd L j 

i L^ f then 

L 3 * h ‘ 



Solution: There are 2 cases to consider; 

I) intersects Lj ; 

11} does not intersect , 

Ieoh case is treated separately. 

Case I ? The figure shows the situation for this case. We shall use 
the fact that the consecutive Interior angles of 2 parallel lines cut 
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by a transversal are supplementary to prove that m $ or - 90 * {i.e., 

L 3 x V* 

First note that acts as a transversal for parallel lines 

and Angles o and EAC are consecutive Interior angles for Lj 

and L ?J and are therefore supplementary* Hence, their measures must 
Bum to ISO , and vc may write: 

a $ SAC + m f a - ISO* {1} 

But, as the problem Indicates, i BAC is a right angle. Therefore, 

m $ BAC “ 90* * {2> 

Substituting (2) in <1} yields 

iq * « + 90* - ISO* 

° r m * a - 90* * 

This implies that i as was to be shown* 

Case H r In this situation, doesn't intersect L^, But, if 2 
lines don't intersect, they are parallel, i,«.( \\ L^. However, we 

know (from the statement of the problem), that J| * Coupling 
these 2 facts leads to the conclusion that |[ 1 y which is con* 
trary to the facts as given by the statement of the problem. Hence, 
this case need not be considered, 

• PROBLEM 3-11 

Prove the angle sum theorem: the aim of the measures of the angles 
of a triangle la ISO . 



A B 


Solution ; In the figure, L is constructed! parallel to AI acri it 
passes through G. Since LC || AB, $ d - £ CAB because they are al¬ 
ternate Interior angles. Similarly, $ e - $ CBA, 

The sum of the angles of the triangle is 
S»m£eAB+m£ACB + m*CSA , 

Using the results found above, 

S-mfcd + n* ACB + m £ e* (1) 
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<2> 


But 

m$d+ife + ?^e - ISO* 
since they aim to a straight angle (segment CL), Hence* 
+ lBt>“ -n^e. 

Substituting (2) into (1), 

S m 1B0 - m $ c + m ACB„ 

But, $ ACB - > c. Thus * 

S - 130*. 


* PROBLEM 3-12 



E 


Sedationi If two angles of a triangle are congruent, then the two sldea 
opposite them are congruent, To show A3 = BE In MBS, we show ^ A = 

* B* *e prove this by the following steps: (l) Since €E - ED, * DCS 
■ f CDE; (2) Since AB || CP, the corresponding angles are congruent. 
Thua, *A « *SGB and * B £ $ CEBi (3) Since 5 A and 5B are 
congruent to congruent angles, 5 A • f B* 


Statement s 
L Ei 

2. a 5 BCD - m 5 CDS 

3. M j| CD 

4 . a 5 BCD » ■ ? A 

5. b ^ CUE n u 4 A 


Reasons 

1, Given 

2, If two sides of a triangle 
have actual .length, then the 
engine opposite those sides 
are of equal neasure, 

3, Given 

4, If two parallel lines axe cut 
by a transversal* the corres¬ 
ponding angles are of equal 
■ensure. 

3. If two quantities are equal to 
the awe quantity, they are 
equal to each other. 
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6, fe f CDK m n * B 


6* If two parallel linos are out 
by a transversal t the cor¬ 
responding angles an of equal 
Htiun. 


7. aH«HS 


a, AK - BE 


7* If two quantities are equal to 
the same quantity, they in equal 
to each other. 

a. If e triangle turn two angles of 
equal fee ami re, then the sides 
opposite those angles are of 
equal Lengths. 


• PROBLEM 3-13 


Gives; AC and EB bisect each ocher ac 0. 
Provei li H 1c < 



Solution i To show two lines are parallel, it la sufficient to show that 
a pair of ml tamale interior angles, such as t A and 7 C» era con¬ 
gruent . 

We first prove MED - ACBD by the SAS postulate* Because cor¬ 
responding parts of congruent triangles are congruent, $ A - 5- C, and 
thus the lines sre parallel. 


Statementa Reasons 


1. AC and EB bisect each other 1. 


at D. 

2. IB 5 IS 2 . 

AD 3 CD 

I. 7 EDA * £ BDC 3. 

4. Aim = &BDC 4. 

5, * A - f C 5. 

4* A| I S5 6a 


24 


Given 


Definition of bisector. 


Vertical angles are congruent, 

SAS - SAS 

Corresponding parts of congruent 
triangles are congruent. 

If two lines are out by a trans¬ 
versal so that alternate interior 
angles are congruent, the lines 
are parallel. 
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• PROBLEM $-14 


Prove that if both pairs of opposite sides of a quadrilateral are 
congruent, then they arc also parallel* 

Given: Quadrilateral ABCS; II = CD; IB « BC 
Provei AD 1 Icj II |] CD 



Solution : In the accompanying figure, the opposite aides of quadri¬ 
lateral A BCD are congruent* Thus, AB * CD end AD - BC* We roust 
show DC II AB and AD || BC, 

To do this, we draw diagonal DB. Remember that If alternate In¬ 
terior angles are congruent p the two lines are parallel* Thus, to 
show AB |1 CD, we prove £ 3 - f 4. To show $ 3 ■ ¥ 4, we prove 
A ADB - A CBD by the §S§ Postulate. Thus, by corresponding parte, 

* 3 - f 4 and H jj W. 

By corresponding parte, ue can also say 1 “ $ 2. Since £ 1 
and £ 2 we alternate interior angles of XS and It follows 

that IB || IB* 


Statements 

1. Quadrilateral ABCD; li C CD; 

13 - cB 

2* DB « Be 

3* A ADB - A CBD 

4. 5 l ■ ? 2 
*- 3 » * 4 

5* IB || BC, AB || CD 


Baas one 
1. Civeu, 


2. A segment is congruent to itself. 

3. The SSS Postulate* 

4. Corresponding angles of congruent 
triangles are congruent. 


3* If two coplanar lines are cut by 
a transversal such that the al¬ 
ternate interior angles are con¬ 
gruent, then the lines are petal- 

el* 


fberr 
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• PROBLEM 3-16 


We are given two triangles, ABC and Ep, as show n in the diagram^ 
and the_Straijght line segment AE . If AD « EC* BC - HD and BC || HD* 
prove AB 1| EH . 


H 

Solution : To prove AB \\ EH, ve firat a how that thg_altemate interior 
angles* ¥ BAC and + HKD, formed by transversal AE and segments 

AB and EH, are congruent. Since a pair of congruent alternate in¬ 
terior angles are sufficient to prove two Una* parallel, we may con¬ 
clude that the AB ]| EH. 

To prove ¥ BAC and ^ HED are congruent* we must first prove the 


triangles containing them, A 1 ! ABC 
SAS S SAS method. 

Stat*n»nt 

i,i = i 

a* bc |115 

3. * BCA - * HDE 

4. AE la a line segment. 

5. IS = W 

6. DC » DC 

7. AD - EC; DC - DC 

8. AD + DC * EC + CD 

9. AC ® ID 

10. AC - H> 

11* AABC « AEHD 

12. * BAC S £ HID 

13. aI || m 


and BHD, are congruent by the 

Reason 

1. Given 

2. Given 

3. If two parallel lines are cut 

by a transversal, then alternate 
interior angles are congruent. 

4* Given 

5. Given 

6. Reflexive property of congruence. 

7. Congruent segments are of equal 
lengths. 

8. Addition Postulate 

9. Point Betweenness Postulate. 

10. Segmenta of equal length are 
congruent, 

11* SAS - SAS 

12, Corresponding parts of congruent 
triangles are congruent, 

13. If two lines are cut by a trans¬ 
versal making a pair of alternate 
Interior angles congruent, then 
the lines are parallel. 


• PROBLEM $-16 


In Figure 1 * ¥ B measures 30 , Stf 1 3uT and || Ac. Determine 

m ¥ l t n ¥ i ¥ 3* m ¥ 4 t and n ¥ 5- 
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Figure 1 Figure 2 

Solution : Prior to attacklug the question at hand, we will establish 
several Important facta about angles formed by parallel lines cut by a 
transversal * He will employ two character1 b tlca about parallel lines: 

(1) Through a given external point, only one line can be drawn parallel 
to a given line; and (2) If one pair of alternate interior angles are 
congruent, then the two lines moat be parallel, (See Figure 2),, 

The first fact we wish to show la that, given two parallel linea 
qj and q cut by transversal t, every pair of alternate Interior 
angles era congruent. He do this by indirect proof. Suppose qJk, 
but alternate interior angles £ 1 and $ 2 are not congruent. 

Draw q, through point £ such that it forms £ ABP so that * ABF - £ 2, 
This leads to two contradictory lines of reasoning: 

(A) Because $ ABP 3 $ 2 and $ I is not - $ 2, It follows that 
# ABFlfinot » $ 1, Since q, and q. make different angles with trans¬ 
versal t, lines and q^ must be different lines, 

(1) Because alternate Interior angles £ ABF and £ 2 are congruent, 
(by as simption (2)) if follows that qjjq, * Since both q and q ere 
lines parallel to q_ and passing through external point J B, (by assump¬ 
tion (1)) It follows*that q^ and q^ are the same line. 

Because the two lines of reasoning lead to different conclusions, our 
original assumption * i 1 la not « $ 2 - must be false. He can thus con¬ 
clude that If two parallel lines are cut by a transversal, any pair of 
alternate interior angles are congruent. 

Next we shall establish that if two parallel lines are cut by a trans¬ 
versal, each pair of corresponding angles are congruent. From the above 
theorem, we know $ 1 - £ 2. Since J 1 and £ 3 are, by definition, 
vertical angles, then $ 1 * $ 3, Therefore, by transitivity, 5 2 - £ 3 
and we have the desired results. 

Finally, we will prove that interior angles on the same side of the 
transversal are supplementary. 

Again, since alternate interior angles of parallel lines cut by a 
transversal are congruent, we have 1 1 ■ i 2, Adjacent angles, whose 
exterior sides are contained in a straight line, are supplementary. 

Thus, their measures Sum to IS® ■ Therefore, 

oj*1 + ©M-!®® 

w*2+m*5-lB0. 

Since m$ 1 • m f 2, the quantities can be interchanged to obtain the 
following; m £ 2 + sM " IS® 

n*l+m*5-18®. 


sschL 
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Angles 2 and 4, as well as $ 1 and £ 5, are interior angles ^ on fcha 
same side of the transversal, and since their Treasures sun to 180* t they 
oust be supplementary to each other. Therefore, we have established our 
third and final point* 

Now we return to the original question* (See Figure 1*> 

Since BQ f| AF and $ B and 1 1 are inter lor angles on the same 
side of the transversal, by a theorem above, £ B and $ 1 are supple¬ 
ments, i*e, mi B4 1 - 180 , We are given m £ B ■ 30, Therefore, 

by substitution, 30 + m % 1 ■ 180, and m f 1 - 150. 

Angles B and 2 are corres pond ing angles formed by a transversal 
cutting parallel lines and ~TF . As such, m * B - m * 2, Therefore, 

* * 2 ‘ 30, _ _ M 

For the parallel llnea BP and AC cut by transversal AP, $ 5 and 
$ 2 are corresponding angles and, accordingly, are congruent. Therefore, 
in * 5 - K>. 

On the same set of parallel lines, $ 5 and f 4 are alternate In* 
terlor angles and, thus are congruent* Therefore, m £ 4 - 30, 

The last angle ve need to determine is ? 3* Angle 3 la on the aane 
side of the transversal as £ 5 and on the Interior of H|]a 2 * There¬ 
fore, ¥ 3 Is supplementary to f 5* Aa such, m$3 + m$5 - 180, 

By substitution, m $ 3 + 30 - 1B0. Thus, m *f. 3 - 150* 

Collecting our results, we have: m f 1 * ISO, m£2»30 f tt$3 - 150, 
d ? 4 - 30, and m * 5 - 30, 


ANGLE BISECTORS 


* PROBLEM 3-17 


Given: DA bisects $ GAB* Oi bisects i CBA. 

m £ 1 - ■ 4 2 , 

Prove: CA - CB. 


C 



Solution: This proof will involve using the definition of angle bisector 
and the substitution and addition postulate# to prove * £ CAB - m £ CBA, 
The desired results will be obtained recalling that the sides of a tri¬ 
angle opposite angles of equal measure are of equal length* 
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Reasons 


Statements 

1. DA bisects 4 CAB 
DB bisects 4 CEA 

2. a 4 CAD - m * 1 

is 4 C5D * a i 2 

3. m 4 ■* 1 “ m 4 2 

4. el 4 CBD - m 4 1 

5. m 4 GAD - m 4 CBD 


6. m 4 CAD + m 4 1 - 
m 4 CBD + m 4 2 

7. m 4 CAB » Tfl 4 CAD + tn 4 1 

CBA = ra«£ CBD + Z 

8- b 4 CAB - tn 4 CEA 


9. CA * CB 


1. Given 

2* An angle bisector divides an angle 
Into two angles of equal measure, 

3* Given 

4* A quantity may be substituted for 
Its equal. 

5* If two quantitlea are equal to the 
same quantity,, or equal quantities 
then they are equal to each other, 

6, If equal quantities are added to 
equal quantities, the sums are 
equal quantities* 

7, the measure of the whole is equal 
to the sum of the measures of its 
parts* 

8, If two quantities are equal to the 
same quantity, or equal quantities, 
then they*re equal to each other* 

9, If a triangle has two angles of 
equal measure then the sides op* 
posite those angles are equal in 
length. 


• PROBLEM 3-18 


Show that the angle bisectors of a triangle are concurrent at a 
point equidistant from the aides of the triangle. 


C 



Solution : The eagle bisector of any angle la the aet of points In 

the interior of the angle tint are equidistant from the aides of the 
angle. 

In AABC, the intersection of the bisector of 4 A and the bi¬ 
sector of 4 B la a point ?. Because P is on the bisector of 
4 A, the distance from P to AG equals the distance from P to 

AS . Because P is on the bisector of 4 B, the distance from P 

to BC equals the distance from P to £1. By transitivity, the 
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distance from P to IS equal h the distance from P to TUT, i.e. 

7 Is equidistant from the sides of £ C, Therefore, point P, i* 
also on the bisector of £ C, and the three bisectors are concurrent 
at m point equidistant froa the sides of the triangle. 

Given: The angle bisectors of &ABC - 

Prove: The bisectors are concurrent at a point equidistant from the 

sides. 


Statelets 

1, The angle bisectors of iABC 

2, Let P be the point of intersec¬ 
tion of the bisectors 

ot-JCA and+B. 

3i P is in the interior of £ A. 

P is in the interior of £ B. 


4. P is In the Inferior of AABC 


5, Let X,T t and be the point* 
on sides AC, CB, and H such 
that FX x PV -l CB, and 

PZ x SB * 

6. PX, FT, find PZ are the distances 
from P to the sides 


7. m * PZ 
PY - PZ 

8* PX - PY 

9* P is in the interior of £ C, 


10* P la on the angle bisector of 

* C. 


11 * P is equidistant from the sides 
of AABC. 

12. The angle bisectors are concur¬ 
rent at a point equidistant from 
the sides. 


Reasons 

1. Given 

2. In a plane, two non-parallel, 
non-ooincident lines inter¬ 
sect in a unique point. 

3. All points (except for the 
vertex) of the angle bisector 
lie in the interior of the 
angle. 

4. If a point is in the interior 
of two angles of a triangle, 
then it is in the interior of 
the triangle. 

5. From a given external point, 
only one line can be drawn 
perpendicular to a given line. 

6. The distance from an external 
point to a line Is the length 
of the perpendicular segment 
from the point to the line* 

7. All points on the angle bi¬ 
sector are equidistant from 
the aides of the angle. 

9. Transitivity Postulate. 

9. All points in the interior of 
a triangle are in the inter¬ 
ior of each of the angles. 

10. All points in the interior of 
an angle that are equidistant 
from the sides of the angle 
are on the angle bisector. 

11. Follows from Steps 7 and B* 

12. Lines are concurrent if their 
intersection conslets of at 
laast one point. Also, Stop 
11 . 


EXTERIOR ANGLES 


• PROBLEM 3-10 

I in the figure, whet can be said about *3 and * 1 ? About £2 
end M? If m *4 > ra* 3 , prove that m$2 > ©*1 .(See figure,) 
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solution t we use the Exterior Angle Theorem to find 
relationships between the given angles. This theorem states 
that an exterior angle of a triangle has greater measure 
than either of its remote interior angles. (An exterior 
angle of a triangle is any angle outside of the triangle 
which forms a linear pair with an angle of the triangle. 

A remote interior angle of a triangle is an angle of a 
triangle which does not form a linear pair with the given 
exterior angle in question.) 

In the figure, i3 is an exterior angle of ABCD. $1 
is a remote interior angle of the triangle, relative to 
angle 3* Hence, mil > mil, Furthermore, £2 is an exterior 
angle of ABAD, and M is a remote interior angle of Abac 
relative to £2. Hence, mi 2 > mi4* 

Given that mjU > mi3, and using the conclusions drawn 
above, we may write the following string of inequalities* 

mi 2 > mi 4 

rai4 > mi3 (1) 

mi3 > mil 

Coupling the first two of these inequalities yields 
mi2 > mi3 and mil > mil. 

Combining these 2 inequalities gives 
mi2 > mil. 


• PROBLEM 3-40 


Find the numerical measure of each of the angles of AABC 
if miA ■ 19x - IS, miC » 9k + 25, and miABB = 26x + 20. 


A 



jp a a 


Solution * To find miA, mil and miC, we first solve for 
3 x can be solved for by using the Exterior Angle Theorem* 
the measure of an exterior angle of the triangle equals the 
sum of the remote interior angles. Therefore, 


ieberrechtlich gesch 


31 





m£ABD - fflJCA + mtC 

26x + 20 = (19* - 15) + (9x *► 25) = 2Bx + 10 

To isolate the variable x, we subtract 26x and 10 from 
both sides, 

2x = 10 or x ** 5. 

Then m£A * I9x - 15 = 19(5} - 15 » 8Q° 
mjcC = 9x + 25 - 9£S) + 25 « 70° 

Since, £A, £B, and fcc are angles of the same triangle, 
m*A + m)cB + m£C = 180° 

or, m*B * 180 - m*h - rtfC - 180 - 80 - 70 - 30°, 


CONGRUENT ANGLES 


• PSOiilM 3*21 


£ABE is intersected by rays BD and BC in such a way that 
*ABC « IDBE* Prove that lABD - *CBE* 



Solution ; This proof will first employ the reflexive proper¬ 
ty of angles (An angle Is congruent to itself) and then the 
Subtraction Postulate (Equal quantities subtracted from equal 
quantities yield equal quantities). 

GIVEN; *ABC * jcoiE 

PROVE; fcABD * *CBE 


STATEMENTS 

1, 5ABC 2 JcDBE 

2. fOBC 2 JcDBC 


REASONS 

1, Given 

2, An angle is congruent 
to itself. 


3. ift^AEC « b£DBE 
mjcDBC * m*DBC 


3, Congruent angles have 
equal measures. 
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4, m*ABC-mJ:DBC=m*DBE-m*DBC 

5. m*ABD - m*CBE 
6 * JCABD - JCBE 


4. Subtraction Postulate* 

5. Substitution Posulate. 

6. Angles of equal measure 
are congruent. 


• PROBLEM 3-23 


in the figure shown, AABC is an isosceles triangle, such 

that BA - BC, Line segment AD bisects XBAC and CD bisects 
*BCA. Prove that AADC is an isosceles triangle. 



Solution : in order to prove AADC is isosceles, we must 

prove that 2 of its sides, AD and CD, are congruent. To 

prove AD = CD inAADC, we have to prove that the angles 
opposite AD and CD, £1 and 12, are congruent. 


STATEMENT 

1. ss - m 

2. £BAC - *BCA or 
ntfBAC = m^BCA 

3. AD bisects £BAC 
£5 bisects JcBCA 

4. mil - ^BAC 
ml2 * JjntfBCA 


mil » m*2 


6. n - n 


7* CD - AD 


8 AADC is an isosceles 3 
triangle 


REASON 

1. Given, 

2. if two sides of a triangle 
are congruent, then the 
angles opposite them are 
congruent. 

3. Given. 

4 * The bisector of an angle 
divides the angle into two 
angles whose measures are 
equal. 

5. Halves of equal quantities 
are equal. 

6. If the measure of two angles 
are equal, then the angles 
are congruent, 

7* If two angles of a triangle 
are congruent, then the 
sides opposite these angles 
are congruent. 

If a triangle has two congru 
ent sides, then it is an 
isosceles triangle. 
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CONGRUENT LINE SEGMENTS 


• PROBLEM 3-23 


Given isoscales triangle ABC with sides aE S 5C f and the 
fact that ffi « IS, prove that SE * SF t 


B 



C 


Solution ; in this problem, we make use of the Subtraction 
Postulate as applied to congruency, ^he Subtraction Postu¬ 
late states that when equal quantities are subtracted from 
equal quantities, the differences are equal< 



STATEMENT 


REASON 

1, 

AB * 

m 

i. 

Given. 


DB - 

EC 



2. 

AB s 

AC 

2, 

Congruent segments are 


DB - 

EC 


equal in length. 

3* 

AB - 

DB » AC » 1C 

3, 

Subtraction Postulate. 

4, 

AD « 

AE 

4, 

Substitution Postulate. 

5, 

m - 

m 

5, 

Segments of equal lengths 
are congruent. 


e MOSLEM 3-24 


bines have been drawn in rectangle ABCO from point A bi¬ 
secting cl), and from point C r bisecting HU {as in the 
figure), in a rectangle, opposite sides are of equal 

length, therefore, - D^!. Prove aF - Sc, 


DEC 
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Solution; The Division Postulate states that congruent 
quantities divided by equal nonzero quantities result in 
quotients that are equal. This postulate will be employed 
in the following proof. 


GIVEN: AB * 0ff; AE bisects DC; CF bisects AB 


PROVE; AF ^ Iff 

STATEMENT 

1, AB - DC; AE bisects DC; 
CF bisects AB 

2, EC - h DC 
AF - *s AB 

3, EC - AF 

4, AF s iff 


REASON 

1, Given * 


2, The bisector of a segment 
divides it into two congru¬ 
ent segments, each of whose 
measure is one half the 
measure of the original 
segment. 

3, The Division Postulate. 

4, bine segments of equal 
length are congruent. 


SIDE - ANGLE - SIDE POSTULATE 

• PROBLEM 3-25 




D 



Solution ; The fact that the relevant triangles overlap 
will aid us in completing this proof, tfe are given congru¬ 
ence between two pairs of corresponding sides. Further¬ 
more the angle included between the sides is shared by the 
two triangles. By the SAS Postulate, the two triangles 
are congruent. 
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REASONS 


STATEMENTS 

1. AD - AE 

2. AB - AE 

3. LA - LA 

4. AADB - AACE 


1, Given, 

2, Given. 

3, Reflexive Property of Congru¬ 
ence j a quantity is congruent 
to Itself t 

4, sas i SAS; if two sides and the 
included angle of one triangle 
are congruent, respectively, 

to two sides and the included 
angle of a second triangle, 
then the triangles are congru¬ 
ent. 


• PROBLEM 3-26 



Solution ; Angles 3 and 4 are corresponding parts of A's EAC 
ahdlBD, we can prove the required congruence, therefore, by 

showing ABAC - AEBD, 

From the given information, we have congruence between 
two pairs of corresponding sides. We can use the fact that 
the angles opposite the congruent sides of a triangle are 
congruent to show congruence of the corresponding included 
angles. Hence, by the SAS posulate, we will have proved 

AEAC - AEBD* 


STATEMENTS 


REASONS 


1. AE = BE 


1, Given. 


2. £A - LB 

3. a£ - IS 


2. if two sides of a triangle are 
congruent, then the angles oppo¬ 
site those sides are congruent, 

3. Given. 


4. AEAC - AEBD 


4. SAS - SAS 


5. *3 3 *4 


5. Corresponding parts of congruent 
triangles are congruent. 
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• PROBLEM 3-27 


in the figure, SR end ST are straight line segments. 
SX - SY and XR i YT. Prove that ARSY - ATSX. 



Solution: The triangles are overlapping in this problem 
because they share a common angle. 

This proof will employ the S.A.S. Postulate for show¬ 
ing congruence between two triangles. 


STATEMENT 

1. §x - BY 

2. XR ~ YT 

3. SX - BY; XR - YT 

4. SX + XR = SY + YT or 
SR * ST 

5. SR “ ST 

6. 

7 * ARSY — ATSX 


REESftM 

L Given. 

2. Given, 

3. Congruent segments are of 
equal length, 

4. Addition Postulate 

5. Segments of equal length 
are congruent. 

i. Reflexive Property of 
Congruence. 

7. S.A,S.^ s.A.S, 


• PROBLEM 3-28 


AD is a straight line segment. Triangles AEB and DFC are 
drawn in such a way that - fcp and aE - dF. Additionally t 
it is given that AC - bd. Prove that AAEB - ADFC, 
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Solution : Since we ere given some information about two 

sides and the Included angle, it seems logical to use the 
postulate which states that if two sides of a triangle and 
the included angle are congruent to two sides and the in¬ 
cluded angle of another triangle, then the triangles are 
congruent, 


W * BD 


GIVEN: *A - *D? AE - DFj 
Prove: AAEB - ADFC 
STATEMENT 

1, AE - Of 1 

2. *A ^ *D 2. 

3* AD is a straight line 
segment 

4. M - DB 

5. b£T - BC 

6. AC- BC - DB - BC 
or AB - DC 

7. AAE& - ADFC 


Given. 

Given, 

Given. 

Given, 

5. Reflexive property of 
congruence 

€• If congruent segments are 
subtracted from congruent 
segments the differences 
are congruent segments. 

7, 5,A.S, s S.A.S. 


# PROBLEM 3-29 


We are given quadrilateral LMNP with LS and MR drawn as 
shown in the figure. If Ep J_ PN, MN M, LP ~ 0N and 
PR - NS f then prove that ALPS - AMNR. 



Solution : Triangles LPS and MNR overlap in the sense that 

RS is shared by both side PS of ALPS and side RN of AMNR, 
This feature will aid us in proving the congruence required 
by the problem. 


STATEMENT 

i.lp - M 


REASON 

1, Given, 


2.LP X pt) MN J_ PN 


2. Given. 
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3* 

*LPS and £MNR are | 

right angles 

3. 

perpendicular lines inter¬ 
sect and form right angles 

4. 

*LPS 

- *MNR 

4 * 

All right angles are 
congruent. 

5. 

m - 

SR 

5, 

Reflexive Property of 
Congruence. 

6, 

■- Tj 

PR - 

m 

6* 

Given. 

7. 

m = 

SR; PR * NS 

7, 

Congruent segments are of 
equal length* 

8. 

RS + 
SP - 

PR - SR +■ NS or 

NR ' 

8. 

Addition postulate* 

9, 

—» ^ 
sp - 

NR 

9* 

segments of equal length 
are congruent. 

10. 

ALPS 

- AMNR 

10* 

sas Postulate. 


• PROBLEM 3*30 

."j| 



Solution : Noticing that a£ and 15 are correspond!ng parts 
of"overlapping triangles CD A and BAD will assist us in 
completing this proof, we are given congruence between two 
corresponding parts and will use the fact that the triangles 
overlap to gain the third congruence. 


STATEMENTS 

REASONS 

1, DC ^ AB 

1. Given* 

2. £CDA i £BAD 

2, Given* 

3. DA - DA 

3. Reflexive Property of 


Congruence* 

4. ACDA - ^BAD 

4. SAS = SAS* 

5. W - fO 

5. Corresponding parts of congru¬ 


ent triangles are congruent* 


Urheberrechtlich geschutztes Material 
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• PROBLEM 3-31 


In the figure, AB - AC and A r B - Using the SAS Postulate 

prove that AaA*B - aaa'C, 



C 


Solution ; We shall use the fact that the base angles of 

an isosceles triangle are congruent to prove that fcS - £6 
(see figure)« Using this and the given facts we can then 

prove that AAA 1 B - AAA'C by the S.A.S. Postulate. 

Because AB - AC and K^B - SJc, AABC and AA'BC are both 
isosceles. Since the base angles of an isosceles triangle 
are congruent, we obtain (see figure) 

n - *2 ( 1 ) 

13 - *4 (2) 


Subtracting (1) from (2) yields 

(*3 - 31) - ($4 - *2) or *5 - *6. 

From the given facts, AB — AG and A'B - A'C. Hence, 
by the £„A.S. Postulate, AAA 1 B - AAA'C, 


• PROBLEM 3-32 


Prove that any point on the perpendicular bisector of a line 
segment Is equidistant from the endpoints of the segment. 



Solution : Let A and B be the endpoints and H the midpoint of 
the line segment. Let P be any point on the bisector. The 
distances frai P to the endpoints are AP and BP. 

AF and BP are corresponding sides of triangles AAPM and 
ABPM. We show AAFM - ABFM by the BAS Postulate and thus AP 
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must equal bp, Since P is an arbitrary point on the bisector 
then all points of the perpendicular bisector must be equi¬ 
distant from the endpoints of the bisected segment. 


GlVlti: P_is any point on thejierpendicular bisector of 

AB ? the bisector and AB intersect at point M. 


PROVE: PA S PB 

STATEMENTS 

1* P is any point on the 
perpendicular bisector of 
AB* The bisector and AB 
intersect at M 

2. %S l AB 

3- £ 1 and 2 are right angles 

4, t 1 ^ $ 2 

5, M ig the midpoint of AB 

6, AM = MB 

7, Draw the auxiliary segments 
PA and FS. 

e. pm — pm 

9 . AFAM - APBM 
10. PA = PB 


REASONS 
1. Given. 


2. The perpendicular bi¬ 
sector of a segment 
is. the line perpen¬ 
dicular to the segment 
at its midpoint. 

3. Perpendicular lines 
intersect at right 
angles. 

4. All right angles are 
congruent. 


5. Definition of perpen¬ 
dicular bisector. 

6. The midpoint of a 
segment divides the 
segment into two 
equal segments. 

7. Any two distinct points 
determine a line [Line 
Postulate). 


9. Any segment is congruent 
to itself. 


9, The SAS Postulate. 


10. Corresponding sides of 
congruent triangles 
are congruent. 


Elich gesch 
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ANGLE - SIDE - ANGLE POSTULATE 


• PROBLEM 3-33 


Me ace given, as shown in the figure, AftCB and AADB and are 
told that straight line XS bisects fcCAD. Also given is )scbe 
= *DBB. Prove AACB - AADB, 



AN 

D 

Solution: The most direct wav to prove congruence in this 
case is to make use of the ASA Postulate. This postulate 
tells us that if two angles and the included side of one 
triangle are congruent, respectively, to two angles and the 
included side of another triangle, then the two triangles 
are congruent. 

STATEMENT j REASON 

1. AE bisects *CAD 

1. Given. 

2 . n - *2 

2. An angle bisector divides the 
angle into two congruent 
angles. 

3 , m - m 

3* Keflexivity of congruence. 

4, AE is a straight line 

4. Given. 

5, *CBE - *DB£ 

5, Given. 

6. *3 is supplementary to 
*CBE and 

M is supplementary to 
*DBE 

8* If the non-cosmnon sides of two 
adjacent angles lie on a 
straight line, then the angles 
are supplementary. 

7. 3 « M 

7, Supplements of congruent 
angles are congruent. 

8. AACB ® AADB 

8. A.S.A. Postulate. 


• PROBLEM 3-34 


Given; AABC. DC - EC. *1 « *2. Prove: IC £ IS. 


Solution; The segments in question, AC and are 
corresponding parts of overlapping A 1 s CDB and CEA« 
The proof is set up using the ASA postulate to show 

ACDB ~ACEA. 
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STATEMENT 

i. *1 « *2 1, 

2 - *1 and £CDB are 2, 

supplements 
£2 and J=eiA are 
supplements 

3* *CDB » £CEA 3, 

4. *C - *C 4, 

5. 65 - SE 5. 

6. iCDB 5 ACEA 6. 

7. SO - BE 7. 


REASONS 

Given» 

Adjacent angles whose non- 
common sides form a straight 
line are supplements * 

Supplements of equal angles 
are equal. 

Reflexive law* 

Given. 

ASA = ASA. 

Corresponding parts of congru¬ 
ent triangles are congruent. 


• PROBLEM 3-35 


If £3 - H and QM bisects fcPQR, prove that M is the mid¬ 
point of PR. 


Solutions To show that M is the midpoint of PM, we prove 
that M divides PR into two congruent segments - that is f 

PM - hr. If we prove 6PQM - ARQM, PM - MR follows by 
corresponding parts. 



we prove &PQM - ARQM by the ASA Postulate; (1) fcl i *2 

because QM bisects *PQR? {2) QM - QM: and (3| £3 - M is 
given, we present our results In the formal, two column 
proof fomat,. 




use hut 




REASONS 


GIVEN: £3 - M? QM bisects *PQR, 
PROVE: H is the midpoint PR. 


1, Given* 

2, The angle bisector of an 
angle divides the angle in¬ 
to two congruent angles* 

3, Every segment is congruent 
to Itself, 

4, asa Postulate, 

5, Corresponding sides of 
congruent triangles are 
congruent * 

6- Definition of a midpoint* 


• PROBLEM 3-3S 


Given: fcl = £2; fc3 - M< Prove: RM - RN. 


M 



a 

solution s in most proofs, the necessary congruences are 
not always given. Frequently, to show two triangles congru¬ 
ent, we have to prove the congruence of corresponding parts 
by proving another set of triangles congruent. Here, we must 

show rm - rn or RM « rn. rm and RN are corresponding sides 
of arms and ARNS, in these triangles, we have that £3 - fc4 
and rE — fu>. To prove congruence, we must also show MS — NS. 
We can show MS — by proving AMST - ANST. Thus we (1) 
prove AMST - ANST by the ASA Postulate? {2} show MS - NS by 

corresponding parts? and (3) show ARMS — ARNS by the SAS 
Postulate, 

STATEMENTS REASONS 

1. *1 - *2; £3 - *4 1. Given, 

2, £MST and $3 are 2, Two angles that form a 

supplementary linear pair are suppl^ientary, 

fcNST and *4 are 

s upplemen ta ry 

b4 


STATEMENTS 

1, £3 - *4 1 QM bisects *PQR 

2, n - ^2 

3, QM — QK 

4, APQM - ARQM 

5, PM - RM 

6, M is the midpoint of PR 






3* *MST - JcNST 

4. ST i If 

5, ASMT - AStJT 
€ * MS ** NS 

7, X§ - RS 

a, ARMS - AHNS 

9. RM - RN 

10. HM = RN 


3. Angles supplementary to congru¬ 
ent angles are congruent* 

4. A segment is congruent to 
itself. 

5. The ASA Postulate. 

6. Corresponding sides of congru¬ 
ent triangles are congruent. 

7. A segment is congruent to 
itself. 

8. The SAS Postulate. 

9. Corresponding sides of congru¬ 
ent triangles are congruent. 

10. Congruent segments are of the 
same length. 


* PROBLEM 3-37 


Prove that the altitudes drawn to the legs of an isosceles 
triangle are congruent. 



Solution ; The accompanying figure shows an isosceles tri¬ 
angle ABC with = B^ f and altitudes 05 and EE* By the 
definition of altitudes, CD J»AB and AE _L bc , 


We must prove that CD — AE, This can be done by 

proving AABC — ACDA and employing the corresponding parts 
rule of congruent triangles. 

The congruent triangle postulate that can be best used 
in this problem is the one which states that two triangles 
are congruent if two angles and a side opposite one of the 
angles in one triangle are congruent to the corresponding 
parts of the other triangle, we shall refer to this rule 
as A.A.S. Postulate, 


STATEMENT 


REASON 


1. in AABC, BA ~ BC 


1, Given, 


2, JCBAC - *BCA 


2. If two sides of a triangle are 
congruent, the singles opposite 
these sides are congruent. 


>*5 


icbei 
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3 


ll§f, cd _Lea 


3. Given. 


4- FCDA and *ABC are 
right angles 

5. *CDA - *AEC 

6. AC - AC 

7. AADC - ACEA 


4, When two perpendicular lines 
intersect, they form right 
angles. 

5, All right angles are congruent, 

6, Reflexive property of congru¬ 
ence. 


7, A,A,S, - A.A.3. 


8. CD - AE 


8. Corresponding parts of congru¬ 
ent triangles are congruent. 


SIDE - SIDE - SIDE POSTULATE 


* PROBLEM 3-38 


Proves the median drawn to the base of an isosceles triangle 
bisects the vertex angle. 



Solutionj Draw isosceles AABC with median Co f as in the 
figure shown, 

We are asked to prove £AC0 - kBCO, By proving AAC0 - 
ABCO, we can derive the desired result since the angles 
are corresponding angles of the two triangles. 

Givens isosceles AABC; median Co 

Prove; Co bisects £C 


STATEMENTS 

1. co is a median 

2. AO " BQ 

3. AABC is isosceles 

4. AC - iC 

5. CO " CO 


REASONS 

1* Given, 

2, Definition of median, 

3, Given, 

4, Definition of an isosceles 
triangle. 

5, Reflexive property. 
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6. AAOC - ABOC 6. SSS - BBS 

7. £ACO - fcBCO 7, Corresponding parts of 

congruent triangles are 
congruent. 

8 * CO bisects fcC B. A segment that divides an 

angle into two angles that 
have equal measure bisects 
that angle* 


• PROBLEM 3-3D 


Prove the median to the base of an isosceles triangle is 
perpendicular to the base, fin the figure,A ABC is 

isosceles, such that CA = CB, and CM is the median to base 
AB, Prove CM AB.) 


C 



Solution ; Two methods can be used to solve this problem,. 
The first method will utilize the theorem which states 
that two lines intersecting to form two congruent adjacent 
angles are perpendicular. The second method will employ 
the fact that two points each equdistant from the end¬ 
points of a line segment determine the perpendicular bi¬ 
sector of the line segment. 

Method 1 : This method involves proving ACMA « acme, 

and by coresponding parts, showing that Kl - K2. Since 
two adjacent angles are congruent, CM AB, To prove 

ACMA - ACMB, use the S,S,S. - S.5.S. method, 

REASON 

1. Given, 

2. Given. 


3. A median in a triangle divides 
the side to which it is drawn 
into two congruent parts. 

4. Reflexive property of 
congruence. 

5. S.S.S. - S.S.S. 

6. Corresponding parts of congru¬ 
ent triangles are congruent* 



*7 
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7* £CMA and XCMB are 
adjacent angles 


8 > CM j_ AB 


7, Two angles are adjacent if 
they have a common vertex and 
a common aide but do not have 
common interior points. 

8. Two line segments are perpen¬ 
dicular if they intersect and 
form congruent adjacent angles* 


Method 2 : This method involves proving that point C 
and pointTM ~are both equidistant from the endpoints, A and 
B, of AB, By the second theorem mentioned above, this will 
prove that CM is perpendicular to AB. 


STATEMENT 

1* S - Cb or C is equi¬ 
distant from A and B 

2. CM is a median 

3. MA - MB or M is equi¬ 
distant from A and b 


4. CM l Xb 


REASON 


1* Given, 


2* Given 

3. A median in a triangle 
divides the side to which it 
is drawn into two congruent 
parts. 

4. Two points, each equidistant 
from the endpoints of a line 
segment, determine the per pen 
dicular bisector of the line 
segment. 


• PROBLEM 3-40 


Let ABC be an equilateral triangle. Let D be the midpoint 

of X§. Prove that ADCB - APCA, What kind of triangle is 
ADCB7 What can be said about fcACO and fcBCD? (See figure.) 


B 



Solutions We use the 3.S.S. Postulate to prove that 
A DCs — ADCA. We know that D is the midpoint of AB, Hence, 

DA - 5®. Also, ABC is an equilateral triangle, thus AC - BC. 
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Lastly, DC - DC by the reflexive property. 
Postulate ADCB - ADCA. 

By the S.S.S, 

Since ADCB - ADCA, 


then mfcADC - mfcBDC. 

(1) 

But, from the figure 


m*ADC + m*BDC = 180°* 

(2) 

Using (1) in (2) yields 
ntfADC - mjCBDC » 90°. 


Hence, ADCB is a right triangle. 

Again, because ADCB - ADCA, 


^ACD - jEBCO 

(3) 

As shown above, 


m*ADC - 90 s * 

(4) 

Since AABC is equilateral. 


mfrDAC =■ 60°. 

(5> 

By the angle sum theorem, 


m£DAC + mf ACD + m*ADC - 180°* 

(6) 

Inserting (4) and (5) in (6) gives 


mf ACD - 30° * 

(?) 

Hence, using (?) in (3} 


m*ACP = m*BCD * 30®. 

• PROBLEM 3-41 


In triangle ABC, lines are drawn from points B and A to 
sides AC and BC, respectively* As shown in the figure, two 

smaller triangles are formed. It is given that CX ~ 5 b, 

5E - ®, and Ie i Ed. 

(a) Prove that £EAB — *DBA; (b) Find the measure of 
fcEAB, if it is represented by 5x - 8 and the measure of 
£DBA equals 3x + 12* 




Separate the Triangles 

i D 



Solution ; {a) By proving that overlapping triangles EAB 
and DBA are congruent, and employing the theorem which 
states that corresponding parts of congruent triangles are 

congruent, we can show £EAB - £dba. Since most of the given 
information concerns sides of the triangles, the logical 
plan of attack is to prove congruence through the S,S.S, 

— S.S.S. method, 

STATEMENT REASON 

1, BE - ad 1. Given, 

2, CA - CB; £k - CD 2. Given, 

3, CA= CB; Cl = CD 3, Congruent segments are of equal 

measure, 

4, CA- CE * CB - CD 4* Subtraction of equal quantities 

from equal quantities yields 
equals, 

5, EA = DB 5, Substitution Postulate, Point 

Be twee n ness Postulate, 

6, Efc - 51 6, Segments of equal length are 

congruent. 

7, AB ^ AB 7. Reflexive Property of 

Congruence. 

8, AEAB - ADBA 8. S,3.S. - S,S.S, 

8, fcEAB - £BBA 3* Corresponding parts of congru¬ 

ent triangles are congruent, 

(b) We proved in part (a) that £EAB - JcDBA. Thus, the 
measures of the two angles are equal, in^EAB - m£DBA. We 
have an algebraic representation for each measure and, by 
setting them equal to each other, we can solve for the un¬ 
known and substitute to determine the measure of £EAB, 

m*EAB = mfcDBA 
Sx - 8 = 3x + 12 
2x = 20 
x * 10 

mtZAB = 5{10) - 8 “ 50 - B = 42, 

Therefore, the measure of £EAB is 42°, 
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• PROBLEM 3-42 


I Givem QS intersects PR at T such that RQ - RS and QT - St* 
Prove: tp bisects fcSFQ. 



solution : W bisects fcSFQ only if fcSPT M fcQPT, Showing 
APTQ = APTS or AP0R - APSR would be sufficient to show 
*5PT - £QPT. Consider AFQR and APSR* PR * PR* QS - SR* 

To show APQR 5 APSR, we need one more congruence » either 
a pair of sides or else £0RT ^ fcSRT. 

We can shew £QRT * fcSRT by proving AQTR = ASTR by the 
SSS Postulate, Thus, APQR ^ APSR by the SAS Postulate* 

*QFT = JFS.PT by corresponding angles, and fp bisects frQFS, 


STATEMENTS 

1, QS intersects PR at T 
such that RQ«RSr0T«ST 

2, OX - ST 
RQ s Ss 


RB&S3MS 


1 * Given 

2, Two segments of equal lengths 
are congruent* 


3. fl - fl 


3, A segment is congruent to 
itself. 


4. AQTR * ASTR 

5. JcQRT * *SRT 


4. The SSS Postulate. 

5. Corresponding parts of congru¬ 
ent triangles are congruent. 


6, pf = PR 


6. A segment is congruent to 
itself• 


7. APQR £ APSR 


7, The SAS Postulate. 


3* JeQPR 3 $SPR 
9* TP bisects iSPQ 


8. Corresponding parts of congru¬ 
ent triangles are congruent. 

9. If a segment divides an angle 
into two congruent angles, 
then the segment bisects 

the angle. 
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HYPOTENUSE -LEG POSTULATE 


• PROBLEM 3*43 


Quadrilateral ABCD is, as shown in the figure, cut by the 

line AS. If £b 1 AB, CD J_ AD, and DC - DC. Prove that AC 
bisects KBAD. 



solution: To prove IC is the bisector of KBAD, it is neces¬ 
sary to prove J=1 "■ K2, This can be done by proving AABC - 
AADC and then using the rule which assigns congruence to 
corresponding parts of congruent triangles in order to prove 

K1 - *2. 


The hypotenuse leg theorem is used in this proof* It 
states that two right triangles are congruent if the hypote¬ 
nuse and the leg of one triangle are congruent to the corre¬ 
sponding parts of the other triangle. Notationslly, it can be 

written hy, leg, — hy, leg. 


STATEMENT 

1. Cl l AB, CD l AD 

2, KABC and KADC are right 
triangles 

3, A*s ABC and ADC are 
right triangles 

- 'V ■SB— 

4. BC - CD 

5. AC - AC 

6, A ABC - A ADC 


REASON 

1, Given 

2, When perpendicular lines 
intersect, they f ©m right 
angles. 

3, A triangle which contains a 
right angle is a right tri¬ 
angle. 

4, Given, 

5, Reflexive property of 
congruence. 


6, Hy, leg ™ Hy, leg. 
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7, n - *2 


7. Corresponding parts of congru¬ 
ent triangles are congruent. 


S, AC bisects 1BAD 


S, A segment which divides an 
angle into two congruent 
angles bisects the angle. 


* PROBLEM 3-44 


On diameter AB of semicircle 0 , two points C and D are 
located on opposite sides of the center 0 so that 

- =—n r * 

AC - BD* At c and D, perpendiculars are constructed from 
AB and extended to meet arc X6 at points E and F, re¬ 
spectively, Using the fact that all radii of a semi¬ 
circle are congruent, prove CE = DF„ 



Solution ; If we can prove AECQ - &FDO t then we will be 

able to conclude that Si - OF* Since the triangles include 
a right angle, they are right triangles and, as such, we 
can use the hypotenuse-leg theorem to prove congruence be¬ 
tween them. Hypotenuse-leg is similar to the SSS Postulate 
because, when you know the hypotenuse and leg of a right 
triangle the third leg is uniquely determined by Pythagoras’ 
theorem, 


STATEMENT 

1* EE X m and FP X m 

2. £1CQ and *PDQ are right 
angles 

3, AECO and AFDO are right 
triangles; 

*. m. - 5F 

5. t£ - re 


6. 

DA 

- AC 

- OB - BD 


or 

OC - 

OD 


or 

m - 

n, -— 

m 

7, 

M 

- OF 



REASON 

1, Given 

2, Perpendicular lines inter¬ 
sect to form right angles. 

3, A triangle which contains a 
right angle is a right tri- 
angle, 

4, Radii of the same circle 
are congruent, 

5, Given, 

6, subtraction Property of 
Equality 


7, Same as reason 4, 
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8 * AECO - AFDD 


9. CE - DF 


8. Two right triangles are congru¬ 
ent if the hypotenuse and leg 
of one triangle are congruent 
to the hypotenuse and leg of 
tht second. 

9, Corresponding sides of congru¬ 
ent triangles are congruent. 


• PROBLEM 3-45 


I Given; DB and AC intersect at 0* m£l = m*2 « 9Q g , £d — SI, 1 

| Prove; OD - OB, 

1 

o c 




A 

B 

Solution; Since OD and OB are correspondinn parts of rioht 
triangles COD and COB respectively, we can derive the re¬ 
quired congruence by proving A COD - ACOB* The hypotenuse 
leg theorem for congruence will be used. 

statements 

REASONS 

1. m*l = m*2 * 90° 

1. Given, 

2* Jtl and £2 are right 

angles 

2, A right angle has a measure 
of 90°* 

3, ACOD and AC0B are right 
triangles 

3, A right triangle is a tri¬ 
angle with one right angle. 

4. CD - SI 

4, Given. 

18 

<>» 

18 

LT> 

5, Reflexive property of 
congruence, 

6. ACOD - iCOB 

6* hy.leg 3 hy* leg 

7. o5 - 55 

7, Corresponding parts of 
congruent triangles are 
congruent» 


• PROBLEM 3-40 

1 Given; AABC is isosceles with base AB, BD AC, AE J_ BU. 1 

| *1 - *2. Prove *3 - N* 

_l 


solution ; in this problem, we must first notice that £3 
and 14 are corresponding parts of rt,A's AES and BOA, 
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respectively. Hence, by proving ABBA - AABB, we can 

deduce that *3 * *4. The hypotenuse leg theorem for congru¬ 
ence will be employed* 



STATEMENTS 
1* BD JL AE l fC 

2. £BDA and £AEB are right 
angles 

3* ABDA and AAEB are right 
triangles 

4, AABC is isosceles 
5 , AC “ BC 

6, AD + DC - AC 
BE + EC = BC 

7* AD + DC = BE + EC 

8* U - *2 

9. 55 ~ EC or DC =-EC 

10. AS “ BE 

11. AB - AB 

12. AIDA - AAEB 
13* *3 - *4 


REASONS 

1* Given* 

2* Perpendicular lines meet 
to form right angles * 

3. A right triangle is a 
triangle with one right 
angle, 

4. Given. 

5* Definition of an isosceles 
triangle, 

6* The whole is congruent to 
the sum of its parts* 

7* Addition Postulate, 

8. Given. 

9, If a triangle has two 
congruent angles, then the 
sides opposite those angles 
are congruent, 

10. if congruent quantities are 
subtracted from congruent 
quantities, then the differ- 
ences are congruent quan¬ 
tities . (Steps 9 and 7). 

11* Reflexive law, 

12* hy* leg - by* leg- 

13, Corresponding parts of 
congruent triangles are 
equal. 
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CHAPTER 4 


INEQUALITIES 


LINES AND ANGLES 

• PROBLEM 4-1 


We are given, as the figures show, ¥ ABC and ¥ DEF, m $ ABC > 
n ¥ DEF* If is * ABC - m ¥ DEH, prove m $ GBG > ra £ HEF* 



Solution : By realizing that when equal quantities Are subtracted from 
unequal quantities, the differences are unequal In the same order, we 
can proceed directly to the proof* 


Consult the diagram to clarify 

the steps of the proof* 

Statements 

leasone 

1 * m ¥ ABC > m £ DEF 

1* Given 

2 * m ¥ ABC * is f DEM 

2 * Given 

3* m ¥ ABC - m ¥ ABC > 
is ¥ DEF - in ¥ DEI or 
is ¥ Cm > m ¥ IIP 

3. If equal quantities are subtract¬ 
ed from unequal quantities, the 
differences are unequal in the 


same order* 


• PROBLEM 4-2 


In the accompanying figure,, unequal angles ABC and DEP are bi¬ 
sected by UG and EH , respectively* If is $ ABC > m f DEF, prove 
<a ¥ ABC > m * DEH. 
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m£mc > m ^DEF 

BG and EH bisect A ABC and 4,DEF respectively 


Solution ; The fact that unequal quant it lea remain unequal In the same 
order when they ere divided by equal positive quantities will be em¬ 
ployed in this proof. (Since we are dealing with m angle bisector. 


the apec1fie form to he used will 
are unequal in the same order.) 
Statements 

1. m * ABC > m * DEF 
% rn^ABC > mi_DEF ^ 

* ABC > $ DEF 

3. BG bisects ^ ABC 
EH bisects *1 DEF 

4. m * ABG * * ABC 

ra £ DEH » * DEP 

5. m £ ABG > m * DEH. 


: that halves of unequal quantities 

Reasons 

1. Given 

2. Halves of unequal quantities 
are unequal In the same order. 

3. Given 


4. A bisector of an angle divides 
the angle into two congruent 
angles. 

5, A quantity may he substituted 
for its equal In any inequality. 
(See steps (2) and (4). 


« PROBLEM 4-3 


let £ A OB and ^ COB be a linear pair and t KPN and £ <JFH he 
another linear pair. Prove that m # ACS > a £ WU if and only if 
a $ QPtl > m $ COB. 

V - 

A O C M P Q 

Solution ; Two angles form a linear pair if they share a cannon ray, 
and if their second rays are directly opposite to each other. In the 
figure, 4 A OB and K COB are a linear pair* They share a cannon ray, 
OB, and their second rays, QA and QC, are directly opposite. Simi¬ 
larly, ■$ KFN and ^ QFN are a linear pair. 
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Since the given, theorem is am ir t£ and only if" theorem* we can 
prove it by breaking it up into 2 parts and proving each part separately. 
Part I : if m $ AO® > m £ MEN* them m £ QPN > m £ CO®, 

Fart II : If ra £ QPN > m £ C€®, then a £ AO® > m £ KPN, 

We proceed to prove Fart I by noting that 2 angles which form a 
linear pair are supplementary. Since £ AO® and 4 co ® are a linear 
pair* 

a £ AOS + a $ COB * 180 CD 

Because £ HPN and £ QPN form a linear pair* 

m£MFN + ra£QPN~ 180* (2) 

Equating Cl) and (2) yields 

m £ MFN + m £ QPN * m £ AO® «t a £ CO® 
or 

m * A<3® - m £ KPS - m £ QPN - m £ CO® (3) 

But, the hypothesis of Part 1 states that 
m $ A OB > m £ MFN 

' r m £ A OB - m £ MFN > 0 (4) 

However* comparing (4) ami (3) yields 

a £ QPN - m £ COB > 0 

OT a £ QPN > m $ C0B 

Therefore, Part I is proven. We next prove Fart II, 

Agaln^ we use the fact that a linear pair of angles Is supplementary. 
We can still use equations (1) and (2) above, because they are a state¬ 
ment of the fact that the angles shown in the figure are supplementary. 
Hence, equating (1) and (2) yields 

m £ HPN + m £ QPN - m £ A OB + m £ COB 

L t a £ QPN - is £ COB - m £ AOB - m £ HFN (5) 

Pros the hypothesis of Fart II, 

m £ QPN > n £ COB 

or m £ QPN - at £ COB > 0 (6) 

Comparing (6) and (5) yields 

a £ AOB - a £ MFN > 0 

or m £ AOB > m £ HPN, 


* PROBLEM 4-4 


If D and £ are the respective midpoints of sides AB and AC of 
A ABC* and AD < AE, prove that AB < AC, 
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A 



B C 


Solution: By the definition of midpoint, AB - 2(AD) and AC * 2{A&)* 

Since we are given AD < AE t then, fey the mu ltipi leafelon postulate for 
inequalities, AB < AC. 

Given: A ABC with D and E as the respective midpoints of AB 
and AC; AD < AE. 

Prove: AB < AC 


1. A ABC, with D and E the 
respective midpoints of KH and 
AC J AD < AE 

2. 2(AD) < 2CAE) 


3, AB - 2(AD); AC * 2(AI) 


4, AB < AC 


Reasons 
1, Given 


2* for *11 reel numbers a,tn P and 
n, if m > n end a > 0, then 
am > an, (Multiplication Post¬ 
ulate for Inequality)* 

3, Definition of midpoint. 


4, Substitution Postulate. 


• PRO BUM 4-5 


Given: * 1 *^ 2 ; *3-* 4; CD - HD; Elf - CG; BHD; ECHCj APGD. 
Prove: m £ 5 < a ¥ 6, 


a B 



Solution s We can relate £ 5 and $ 4 as angles of 4 SAP or we 
can relate them to a third angle not in A BAP. Too many parts of 
A BAP are unknown for the first method to fee useful to us. It is 
difficult to see how we can show PB > AP and, therefore, m i 6 > m i 5. 

Calng the second method, we note the symmetry of the figure: 
5l-£2;£3-£4. It would sees reasonable that A ADB la Iso¬ 
sceles, If this were so, then base angles ¥ 6 and f ABD would fee 
congruent* Since m £ 3 < m f ABD, m $ 5 < a f 6. 

We Show A ADB Is Isosceles fey showing AD - t». Since AD - 


lebei 
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AG + m $ OB » DH + HB, an d it Lb given that GD ■ HO, we need only show 
AG - BH* We do thU by showing A AEG * A BHC by the ASA Postulate* 


Statement 

1* f 1 " f 2; f 3 - 4; GO - M- 
EH " CGj BS>i EGHC j APGD 

2. f HGD = 5 GHD 

3* 5 AGE = ^ HGD; 
f BHC » 5 GHD 

A* f AGE - 5 BHC 


5* EH * EG + GH 
CG - CH + HG 

6. EG + GH - GH + HG 

7. EG - HC 

8. EG - IS 

9. A AEG ■ A BCH 
10* Eg - ’Bfl 

11* AG - BH 

12* HO - GD 
13* AD - AG + GD 
BO - BH + HD 
14, AD * BO 
15* * 6 - f AID 

16* m f 5 < m $■ AID 

17* a f 5 < a f 6 


Haasona 

1* Given* (We show A AEG - A BHC by 
noting that * 3 - * 4, EG * IS, 
and f ACE » $ BHC* In Step 2 to 
4, we show 3c AGE - % BHC,) 

2. The base angles of an isosceles 
triangle are congruent, 

3* The opposite angles formed by in¬ 
tersecting lines are congruent* 
(Vertical Angie Theorem,) 

4* Angles congruent to congruent 
angles are congruent* (We now 
show EG - TU in Steps 5 to 8*) 

5* Point Betweenness Postulate* 

6* Substitution Postulate* 

(Steps 5, 1). 

7* Subtraction Postulate. 

8. Segments of equal length ere 
congruent * 

9, The ASA Postulate* 

10* Corresponding parts of congruent 
triangles are congruent* 

11. Congruent segments are of equal 
length* 

12. Same reason as Step 11, 

13. Definition of "betweenness*" 

14. Substitution Postulate. 

15*.The base angles of an isosceles 
triangle are congruent. 

16* If point P is In the interior 
of f ABD, then tu f ABF < n £ ABD* 

17, If a ■ b and c < a* then c < b. 


EXTERIOR ANGLE THEOREM 


• PROBLEM 4-6 




Solution; The cornerstone of this proof 
a ta11ng that the measure of an exterior 


is a theorem 
angle of a tri- 
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angle Is greater than the measure of either remote in¬ 
terior angle* It can be derived from the fact that both 
the measure of the exterior angle, and the sum of the 
measures of the non~adjacent interior angles, when added 
to the measure of the adjacent interior angle, will sum 
to 180°. Since the non-adjaeent angles must have positive 
measure, the measure of the exterior angle must be greater 
than either one alone. 

The required conclusion, CD > CA, will be reached 
by applying the theorem that if two angles of a triangle 
are unequal, the sides opposite these angles are unequal, 
and the greater side lies opposite the greater angle. 

We will use the first theorem to show ml3 > ntfl 
and then, by the second theorem, conclude CD, opposite 
£3, is greater than CA, opposite jel. 


STATEMENT 


1. In ACBD, m*2 > m*l 

a. Sc - ci 


1. The measure of an exterior angle 
of a triangle is greater than 
the measure of either non- 
ad jacent interior angle. 

2 * Given. 


3. » - « oc 

m*3 = ml 2 

4. m£3 > mlX 

5. CD > CA 


3. Base angles of an isosceles 
triangle are congruent, 

4. A quantity may be substituted 
for its equal in any inequality. 

5 * If two angles of a triangle are 
unequal, then the sides opposite 
these angles are unequal, and 
the side of greater length lies 
opposite the angle of greater 
measure. 


* PROBLEM 4-7 


[ Given: Quadrilateral ABCD and straight rays AD? and ABE, 
Prove: m*EBC + m£FDC > h(mlA + tflJcC). (Hint: Draw I£T) 



Solution ; we have made use of the hint by drawing AC 
in the figure shown. 


61 


Urheberrechtlich geschutztes M 





Notice, that ia£A - mfcBAC + m*CAD and mm - irtfBCA 
+ mthCD, 

Since the measure of the whole is equal to the sum 
Of the measures of its parts, we can substitute m*A = 
mjfcBAC + iftfCAD and mm = m*BCA + m*ACD in the equation to 
be proven. Hence, the equation becomes 

m*EBC + m*FDC * hmmhC + mjcCAD + m*BCA + m£ACD}, 

We will be able to derive this form of the results 
using the Exterior Angle Theorem. Recall that the theorem 
tells us that the measure of an exterior angle of a tri¬ 
angle is greater than the measure of either remote in¬ 
terior angle. 

Hence, in AABC 

m*EBC > m£BAC and m*IiC > m^BCA. 

Similarly, in ABAC, 

m*FDC > m£ACD and m*FDC > mi:CAD. 

We know that the sum of unequals are unequal in the 
same o rder , Accordingly, 

2m*EBC + 2mJtFDC > m*SAC + m£BCA + in*ACD + m^CAB. 

Dividing by 2 and rearranging, we obtain 

IftfcEBC + mfcFDC > h fm^BAC + mjtCAD + mfcBGA + m£ACD> . 

These are exactly the results we set out to obtain. 


TRIANGLE INEQUALITY THEOREM 

• PROBLEM 4-8 


If the lengths of two aides of a triangle are 10 and 14, the 
length of the third aide stay ha which of the following? (a) 2 <b) 4 

(e) 22 (d) 24? 


Solution! Sy the Triangle Inequality Theorem, we know that the at*a of the 
lengths of any two sides of a triangle must be greater than the length 
of the third. 

Therefore, in this example, we can discover which of the lengths are 
possible answers by determining if the Sum of the lengths of the two 
shortest sides is greater than the length of the longest side* 

(a) 2 cannot be the third, side, because 2 + 10 is not > 14* 

(b) 4 cannot be the third side, because 4 + 10 is not > 14* 

(c) 22 can be the third, because 10 + 14 > 22* 

Cd) 24 cannot be the third aide, because 10 +14 is not >24* 

Therefore, the third side may be 22. 
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• PROBLEM 4-9 


Given: Point P le an Interior point of A ABC. 

44 

Prove; AB + AC > BF + PC (Hint: extend BP so thet it Intersect* 
JlE at point N). 



Solution: We are asked to prove an inequality involving the sides of 
triangles. Therefore , we apply the Triangle Inequality Theorem. This 
theorem states that the sun of the lengths of any two sides of a tri¬ 
angle Is greater than the length of the third. We must now find tri¬ 
angles whose sides include AB, AC, If, and PC, We use the Mat and 
extend BP bo that TJ? Intersects KU at point N. Thus, we obtain 
L ABN and 4 PNC whose sides comprise all the lengths In question - 
plus an extra length PH, By the Triangle Inequality Theorem, we know 
in A ABN that AS + AN > BN or (since BN - BP + PH) that AB + AS > 
BP + PS, In A PNC, FN + NC > PC. Svanning the two equation* together, 
we obtain an Inequality involving AB, AC, BP, and PCs AB + AN + NC + 
FN > BP + tC + FN. Combining AN + NC to obtain AC, and cancelling 
PH from both side*, we obtain the desired result: AB + AC > BP + PC, 


Statement* 

1. Point F is in the interior 
of A ABC 

2. V intersect* AC at point 

N 


3* AB 

+ 

AN 

> 

IN 





FN 

+ 

NC 

> 

PC 





4, m 

* 

PN 

+ 

PB 





AC 

m 

AN 

+ 

NC 





S. AB 

+ 

AN 

+ 

FN 

+ 

NC > 

BN + 

PC 

6, AB 

+ 

AC 

+ 

FN 

> 

FN + 

PB + 

PC 

7. AB 

+ 

AC 

> 

PB 

+ 

PC 




Reasons 
1. Given 

t* Two noneoincident, nonparallel 
coplanAr line* intersect at a 
point, 

3* Triangle Inequality Theorem, 

4. Point Betweenness Postulate, 

5 4 Addition Postulate of Inequality. 

6. Substitution Postulate, 

7, If a > b, then a - c > b - c. 


63 


eberrechtliGh geschul 




CHAPTER 5 


QUADRILATERALS 


PARALLELOGRAMS 


• PROBLEM 5-1 


Prove that the diagonals of a parallelogram bisect each 
other. 



solution ; To prove that AC bisects DB (and vice versa) 
we must prove that M - cl and DE - be. We shall do this by 
showing that AAED — ACEB (see figure), 

Because ABCD is a parallelogram, opposite sides AD - 

5b, Also, $DAE - $BCE because they are alternate interior 
angles for the parallel segments A0 and £b cut by trans- 

versa! XC. lastly, £AED — *€1B, since they are vertical 
angles. By the AAS Postulate, AAED — ACEB, Hence, by corre¬ 
sponding parts, AE - CE and DE - BE, From this, we con- 
elude the diagonals of a paraleilogram bisect each other. 


• PROBLEM 5-2 


Prove that a quadrilateral, in which one pair of opposite 
sides are both congruent and parallel, is a parallelogram. 




ischut; 









Solution i In quadrilateral ABCD (as shown in the figure) 
assume AB - CD and AB || CO, We shall prove that ADAB — ABCD 
by the SAS Postulate. We will then know that SI — E?, Since 

we already know that AB - CD, we will have shown that both 
pairs of opposite sides of the quadrilateral are congruent, 
implying that ABCD is a parallelogram. 

As given, A§ - SU, Furthermore, since AB |J CD, then 
% 

KABD - KCDB. This follows because these angles are alternate 
interior angles of parallel segments out by a transversal. 

Lastly, DB is shared by both triangles, therefore DB =- DB, 

By the SAS Postulate, ADAB - ABCD. This implies that DA - BC, 
We have shown that both pairs of opposite sides of 
quadrilateral ABCD are congruent. This implies that ABCD is 
a parallelogram. 


• PROBLEM 5-3 


In parallelogram ABCD, if the measure of KB exceeds the 
measure of KA by SO 0 , find the measure of |B, 


D C 

ZZ7 

A B 

Solution : There is a theorem which states that the con¬ 
secutive angles of a parallelogram are supplementary* This 
fact, more generally stated, tells us that when a trans¬ 
versal cuts across parallel lines the interior angles on 
the same side of the transversal a re supplementary. In the 
parallelogram shown, AD || BC and AB is a transversal. 
Therefore, it follows that KA and KB, being interior angles 
on the same side of the transversal, are supplements and 
their measures sum to 180°. 

Hence, to find the measure of KB (1) Let x ■= the 
measure of KA, (2) Then, x + 50 - the measure of KB, it 
follows then that 

x + (x 4 50) - 180 
2x 4 SO - 180 
2x - 130 

x - 65 and x 4 50 - 115, 

Therefore, the measure of KB is 115°. 
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• PROBLEM 5-4 


Giv en: P, Q, R, and S are the respective midpoints of sides 
A3, 1C, £E, and AD Of quadrilateral ABCD, Prove: Quadri¬ 
lateral PCJRS is a parallelogram. 



n R c 


Solution i There are seven different ways to show that a 
quadrilateral is a parallelogram. We can prove that (1) 
both pairs of opposite sides are parallel, (2) both pairs 
of opposite sides are congruent, (3) one pair of opposite 
sides are both parallel and congruent, (4} the opposite 
angles are congruent, <5) the angles of one pair of oppo¬ 
site angles are congruent and the sides of a pair of oppo¬ 
site sides are parallel,(6) the angles of one pair of 
opposite angles and the sides of one pair of opposite 
sides are congruent, or {7} the diagonals bisect each 
other* 


Here, it is not obvious at all how to proceed* There 
is nothing given about the quadrilateral with which we 
are concerned, neither parallelism nor congruence, that 
can help us. 


By drawing diagonal bd of ABGP, we form triangles 
ABD and CBD, Since sides SP and RQ of PQRS join the mid¬ 
points of two aides of 6 ABD and dCBD respectively, they 
are the midlines of the triangles they lie in. According 
to several theorems on midline®, both SP and RQ are 
parallel to, and half as long as BD, the side of the tri¬ 


angles not cross by them. By 
that quadrilateral PQRS is a 

STATEMENTS 

1* P, Q, R, and s ate the 
respective midpoints of 
sides 55, IS, C5, and 55 
of quadrilateral abcd. 

2. SP is a mid line of A AB D . 


3, SP || DB 


4, SP » % DB 


method (3j,we will prove 
para 1 le1og r am« 

REASONS 

1* Given, 


2. A aidline of a triangle is 
the line segment joining 
the midpoints of two sides 
of the triangle* 

3, The midline of a triangle 
is parallel to the third 
side. 

4* The midline of a triangle 
is half a® long as the third 
side of the triangle. 
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5. Definition of midline. 


5* QR is a midline of ACDB 
5. QR |j DB 

7* QR = % DB 

8. SP || QR 

9. SP « QR 

10. Quadrilateral PQRS 
is a parallelogram., 


S* The midline of a triangle 
is parallel to the third 
side of the triangle* 

7* The midline of a triangle 
is half as long as the third 
Bide of the triangle. 


8. If each of two lines is paral¬ 
lel to a third line, then they 
are parallel to each other* 

9. Transitive property. 

10. A quadrilateral is a paral¬ 
lelogram if two of its sides 
are both congruent and 
parallel. 


* PROBLEM 5-5 


in triangle ABC (shown in the accompanying figure), D is 
the midpoint of AC and E is the midpoint of CB, If DE is 

extended to P so that DE = EF and FB is drawn, prove that 
ABFD is a parallelogram* 



g2is£ifiH* To prove that ABFD is a parallelogram it is 
necessary to show that one pair of its opposite sides are 
both congruent and parallel. The fact that alternate in¬ 
terior angles of parallel lines cut by a transversal are 
congruent will be used to prove two sides are parallel. 

To prove congruence of the same two sides, the corre¬ 
sponding parts rule for congruent triangles will be 
employed. TO derive both of the properties, congruence 
between Vs BEF and CEB must be established. 


STATEMENT 

1 . m ™ BE 

2. m - n 


reason 

1, Given. (E is the midpoint of 
CB *) 

2. Given* 


3, n * £2 

4* ACED - ABBF 


3* If two angles are vertical 
angles, then they are congru¬ 
ent, 

4* S.A.S, - S*A*S. 
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IV, 

5. *3 - M 5. 

I 

6. Ffl {! or Ffl II da 6. 

I 

7. f¥ “ DC 7 * 

B * — DA 8 . 

9 * PB - 6S 9* 

10 * ABFD is a parallels- 10, 

gram. 1 


Corresponding parts of congru¬ 
ent triangles are congruent* 

If two lines are cut by a 
transversal making a pair of 
alternate interior angles 
congruent, then the lines are 
parallel. 

Same as reason 5, 

given, {D midpoint of CE*) 

Transitivity of congruence. 

A quadrilateral is a parallelo¬ 
gram if one pair of opposite 
sides are both congruent and 
parallel * 


RHOMB! 


• PROBLEM 5-6 


If the diagonals of a parallelogram meet at right angles, 
prove that the parallelogram is a rhombus. 



solution i The accompanying fi gur e shows parallelogram 
abcd, whose diagonals (ID and ftfjraeet at right angles. By 
definition, a rhombus is a quadrilateral, all of whose 
sides are congruent. Our strategy will be to use the 

properties of a parallelogram to show that AB - CD and 
Ic - DA, We shall then prove that AAEB - aaed, which im¬ 
plies that Xff ^ S5* Coupling these facts will shew that 
ABCD is a quadrilateral, all of whose sides are congru¬ 
ent. (i,e* a rhombus), 

Since ABCD is a parallelogram, it is a quadrilateral. 
Furthermore, by the properties of paralellograms, opposite 
sides are congruent. That is 

SB - Cd 

and BE - Ea. (l) 







How, focus attention on &AEB and &AED. BE s EE, 
because the diagonals of a parallelogram "bisect each other. 
*bea - hDEA, since both are right angles. Lastly, AE - AE, 
since it is common to both triangles. By the SAS (side 
angle side) Postulate, aaeb ~ aaed* 


Therefore, by corresponding parts 

AB - m (2) 

Using |2) in (1) yields, 

AB - CD 
AB - m 
AD =■ CB 

or AB ^ OT ^ ad ^ cb 

which shows that abcd is a quadrilateral, all of whose 
sides are congruent. Hence, ABCD is a rhombus, 

* PROBLEM 5-7 

In the figure shown, 5? bisects angle CBA* DE || BA and 
G1 11 16, Prove GEDB Is a rhombus. 



solution ; We want to show that GEDB is a parallelogram 
which has congruent adjacent sides, since this Is, by 
definition, a rhombus. 

We will prove that GEDB is a parallelogram, and then 

prove ABEG - ABED in order to deduce that adjacent sides 
GB and BE are congruent* 

i 

STATEMENT REASON 

1* DE [[ b2, ge [[ b£ 1. Given* 

2* GEDB is a parallelo- 2. A quadrilateral in which 

gram all opposite sides are 

parallel is a parallelo¬ 
gram, 

3, BE is the angle bi- 3. Given, 

sector of *CBA 
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4. *DBE - *6B£ 

5. SG - DE 

6. BE - IF 

7. ABEG - ABED 
0. GE - DE 

9, GEDB is a rhombus 


4, An angle bisector divides 
the angle into two congru¬ 
ent angles * 

5. Opposite sides of a 
parallelogram are congru¬ 
ent , 

6* Reflexive Property of 
Congruence. 

7„ S,A.S, - S,A,S, 

8, Corresponding sides of 
congruent triangles are 
congruent, 

9, A rhombus is a parallelo¬ 
gram with adjacent sides 
congruent, 


• PROBLEM 5-8 


As drawn in the figure, ABCD is a parallelogram. The 
lengths of each side can be represented in the following 
algebraic manner; 

AB = 2k + 1 
DC = 3x - 11 
AD - x + 13 

show that abcd is a rhombus. 


Solution ; A rhombus is a quadrilateral in which all 
sides are congruent. Since ABCD is given to be a paral¬ 
lelogram we know it is a quadrilateral whose opposite 
sides are congruent. Therefore, to prove ABCD is a 
rhombus, it is sufficient to show that any two consecut¬ 
ive sides are congruent, (Any congruent sides are of 
equal length,) 

% 

in effect, we are given DC - AB and want to show 



Set the length of AB equal to the length of dE and 
solve for x. Then, substitute back into the expressions 
for the length of M and AD to determine whether they 
are equal, 


DC » AB 

3x - 11 = 2x + 1 
3x - 2x = 1 + 11 
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x - 12. 


Then# AB * Zx + 1 * 2 [12) + 1 » 25 

AD * x + 13 - 12 + 13 * 25. 

Therefore, the length of AB = length of AD and 
AB i AB, 

Therefore, ABCD it a rhombus because it is a quadri¬ 
lateral (a parallelogram) in which two consecutive aides 
are congruent. 


• PROBLEM S-9 

Given; AN is an angle bisector of A ABC; CNBH; Ha J_ M; 

CAB; HR i] AB; ASP; HP || CA, Prove; quadrilateral APHR 
is a rhombus - 



Solution ; Aside from the various collinearitiee, we are 
given; (1) H? || SA; hK |j AB; (2) 0 is an angle bisector 

of AABC; and (3) HA X, AN. Prom (1) r we can show that 
quadrilateral APHR has both pairs of opposite sides paral¬ 
lel, and therefore APHR is a parallelogram. 

Given that a figure is a parallelogram, we can show 
that it is a rhombus if Me show that a diagonal of the 
parallelogram bisects an angle of the parallelogram. Most 
of the information we are given involves vertex A* There¬ 
fore, we prove the result by showing diagonal AH bisects 
1RAP or ffifcRAH - mi:HAP; we set out finding expressions for 
mfcRAH and l&tHAP; and try to show them equal, 

STATEMENTS REASONS 

1, AN is an angle bisector Of 1, Given , 

A ABC; CNBffr Hit AN; CAS; 

HR | | a£; ABP; if j | CA 
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a. RA II rn hr II A? 


3. ^AFHR is a 
paralleogram 


4 * £HAN is a right angle 
or m*HAN - 90° 

5, fcflAB and *BAN are 
complementary 


6, raJcRAG - m£RAH + m*HAH 

+ m*NAC 

7. in me - ISO® 


8. 180° - RAH + 90° 

+ m*NAC 

9. 90° = m^RAH + mjfKAC 

10, fcRAH and *NAC are 
complementary 

11, *NAC - £BAH 

12, £ RAH - ^HAB 


13. HA bisects £RAP 


14» Quadrilateral APHR is a 
rhombus 


2, Two segments each on sepa¬ 
rate parallel lines are 
parallel. 

3, If both pairs of opposite 
sides of a quadrilateral 
are parallel» then the 
quadrilateral is a paral¬ 
lelogram, 

4, Perpendicular lines inter¬ 
sect to form right angles, 

5* Two angles that form a 
right angle are comple¬ 
mentary , 

6, Angle Sum Postulate, 


7* The measure of a straight 
angle is 180®. 

8. Substitution Postulate, 


9, Subtraction Postulate. 

18, Two angles whose measures 
Hum to 90° are comple¬ 
mentary angles. 

11, Definition of angle 
bisector, 

12, Angles complementary to 
congruent angles are 
congruent, 

13, Definition of angle 
bisector. 

14, If the diagonal of a paral¬ 
lelogram bisects an angle 
of the parallelogram, then 
the parallelogram is a 
rhombus, 


SQUARES 

• PROBLEM 5-10 


In the accompanying figure, Aabc is given to be an 
isosceles right triangle with £ABC a right angle and 

AB - BC, Line segment BD, which bisects £X, is extended 
to E, so that BD — DB. Prove BA1C is a square. 
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Solution: A square is a rectangle in which two consecutive 

sides are congruent. This definition will provide the 
framework for the proof in this problem. We will prove 
that BAEC is a parallelogram that is specifically a 
rectangle with consecutive sides congruent, namely a square, 

STATEMENT REASON 

1* BD — B2 and AD — DC 1, Given (IP bisect® 

2. EAEC is a parallelogram 2. If diagonals of a quadri¬ 

lateral bisect each other, 
then the quadrilateral is 
a parallelogram. 

3. f ABC is a right angle 3, Given, 

4. BAEC is a rectangle 4. A parallelogram, one of 

whose angles is a right 
angle, is a rectangle, 

5. AB - 1C 5, Given. 

6. BAEC is a square 6, If a rectangle has two 

congruent consecutive 
sides, then the rectangle 
is m square. 


• PROBLEM 5-11 



D C 


Solution : Pi) and are corresponding parts of AAPD and 
ADQd7~T£ is then sufficient to show AAFD and ADQC are 
congruent, lie do this using the AA5 Postulate. 

STATEMENTS REASONS 

1. Square ABCD; P is an y 1, Given, 

po int of AS so th at ffiSj 
CQ W at R? AQ^ 
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2. *DAP and £ADC are right 
angles, 

3. *DAP - *ADC 

4. IS - DC 

5. *APD and £ADF are 
complementary 

6* $DQR and JeADP are 
complementary 

7* *APD ~ fcDQR 

®. AAPD - ADQC 

9 , PD - QC 


2, All angles of a square are 
right angles. 

3* All right angles are 
congruent. 

4. All aides of a square are 
congruent, 

5* The acute angles of a 
right triangle (ADAP) 
are complementary 

6. The acute angles of a 
right triangle (AQDR) 
are complementary 

7. Angles complementary to 
congruent angles are 
congruent, 

5, The AAS Postulate. 

9, Corresponding parts of 
congruent triangles are 
congruent» 


• PROBLEM $-12 


In the accompanying figure, wxyz la a square, it has been 
placed in such a way inside quadrilateral ABCD that when 

its sides are extended to the vertices of ABCD, AW — BX 

- CY - DZ, All segments shown are straight line segments. 
Show that ABCD is a square. 



Solution ; in this problem we will set out to show A'sAWB, 
BXc, CYD, and D3SA are congruent. Then, by several appli¬ 
cations of the fact that corresponding parts of congruent 
triangles are congruent, we will show that ABCD is a 
quadrilateral all of whose sides are congruent, and which 
contains a right angle <i.e., ABCD is a square}. 


statement 

1, wxyz is a square 

2. AW-SxisiBl 


REASON 

1, Given. 

2, Given, 
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3 . m - 

4, AW+WZ-BX+XW 

6f + fl - DZ + If 
or AZ > BW - CX » DY 

5* DZ - AW - BX - C? 

6. 58, £x, DY and £J are 

straight lines 

7. bw J_ If, aI 1 dy, 
dy J_ Cx and cx { bw 

B. *AZD, JcAMB, *CXB and 
fcCYD are right angles 

9. *AZD - *AWB - £CXB - 
JCCYD 

10 . AAZD - abwA - ACXB - 
ADYC 

11* AD - 5£ - Cl - lA 

12. £WAB is complementary 
to £WBA 

13 . *ZAD - W&h 

14. *WAB is complementary 
to 1ZAD 

15. i^TCAB + mtZAD * 90® 

16. mfcDAB * m^WAB + mjtZAD 

17. m^DAB » 90° 

IS, t dab is a right 

angle 

19, ABCD Is a square 


3. All four sides Of a square 
are congruent, 

4, Congruent quantities added 
to congruent quantities res¬ 
ult in congruent quantities. 


5. Given. 


6, Given. 


7, The sides of a square meet 

to form right angles and are, 
therefore t perpendicular. 

8, Perpendicular lines inter¬ 
sect to form right angles. 

9, All right angles are 
congruent. 

10. SAS - SAS. 


11* Corresponding sides of congru¬ 
ent triangles are congruent, 

12 * the acute angles of right tri¬ 
angles are complementary. 

13. Corresponding parts of congru¬ 
ent triangles are congruent. 

14. An angle congruent to a given 
angle 1 s complement is comple¬ 
mentary to that given angle, 

15. The sum of the measures of 
two complements Is 90°. 

16 * The measure of the whole is 
equal to the sum of the 
measures of Its parts. 

17. Substitution Postulate. 

11, An angle that measures 90° 
is a right angle, 

19, A quadrilateral that contains 
a right angle and all of 
whose sides are congruent 
is a square. 
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RECTANGLES 


• PROBLEM 5-13 


In parallelogram ABCD, as shown in the figure, DE J_ RE 
and If DC, With this in Kind,prove altitudes Be — 5F. 



_ ^ _ 

Solution ; To prove that DE - BF, the best approach would 
be to prove that the triangles, which have 51 and BF as 
corresponding parts, are congruent- Therefore, we want to 

prove that AAED - ACFB, The method of proving congruence 
that is best for this problem is the one in which two tri¬ 
angles are shown to be congruent because two angles and 
the side opposite one angle in one triangle are congruent 

to the corresponding parts of another triangle, (A.A,S, — 
A.A.S,} 


Additionally, to prove the parts congruent it is 
essential to remember that opposite sides and angles in 
a parallelogram are congruent. 


STATEMENT 

1, ABCD is a parallelogram, 

2, AD « CB 

3, %h - ic 

4, m X AB and 6F 1 50 

5, £E and £F are right 
angles, 

6, *E - tr 

7, AAED * ACFB 

8, m - IF 


REASON 

1, Given, 

2 , opposite sides of a 
parallelogram are congru¬ 
ent, 

3, Opposite angles of a 
parallelogram are congru¬ 
ent. 

4, Given, 

5, When perpendicular lines 
intersect they form right 
angles. 

6 , All right angles are 
congruent. 

_ 

7, a,a,s, — a.a.s, 

8 , Corresponding parts of 
congruent triangles are 
congruent, 
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• PROBLEM 5-14 


^^rov^^ha^^^ectangl^^^^^arallelogr^^ 


Solution ; A rectangle is a quadrilateral, all of whose 
angles measure 90°{see figure). We will show that ABCD 
is a parallelogram by analyzing the pairs of angles ABC 
and BCD, and DAB and ABC, 

Since *ABC, £B€B f and frDAB are all right angles, 

A B 



m*ABC = tl> 

m^BCD = 90° (2} 

m^DAB s (3) 

Adding (!) and {2) shows that £ABC and *BCD are 
supplementary; 

m£Ai€ + stfBCD * 180° - £4) 

Adding (1) and (3) shows that fcABC and fcDAB are 
supplementary; 

m£ABC + DAB * 180°* £5) 


How, if the consecutive interior angles of 2 lines 
crossed by a transversal sum to 180°, then the 2 lines 
are parallel* 

£ABC and jBCD are consecutive interior angles of 
line segments AB and DC* Also, tABC and £ DAB are con¬ 
secutive interior angles of line segments XS and KJ, 
Using these facts, plus £4) and (5), we conclude that 
AD |{ BC and XE [| DC. By definition this means that 

ABCD, a rectangle, is a parallelogram* 


• PROBLEM 5-15 


In the figure shown, we are given rectangle ABCD, 
(a) Prove AC = BD. (b) Prove &AEB is isosceles» 



11 








Solution : (a) in this part, we are asked to prove that 

the diagonals a£ and BD are congruent * Since the only 
given fact is that ABCD is a rectangle, we are proving 
that, in general, the diagonals of a rectangle are 
congruent. 

We will do this by proving AACB - & BOA, using the 
SAS Postulate, 


STATEMENT 

1. ABCD is a rectangle 

2. AD - BC 

3. AB i BA 

4. £DAB and fcCBA are right 
angles 

5. *DAB - *CBA 

6. AACB - 4BDA 

7. SE - IB 


REftSOH 

1, Given. 

2* Opposite sides of a 

rectangle are congruent 

3, Reflexive Property of 
Congruence. 

4, All angles of a 
rectangle are right 
angles. 

5* All right angles are 
congruent, 

6. SAS - SAS 

7. Corresponding sides of 
congruent triangles 
are congruent. 


{b) To prove Aaeb isosceles, we roust prove that 

AE - EB. We can do this by showing that the angles oppo¬ 
site these sides are congruent. 


STATEMENT 

1, AACB - ABDA 

2. JcCAB - fcDBA 

3, In &AEB, AE - El 

4. AAEB is isosceles 


reason 

1» Results froro part (a). 

2, Corresponding angles of 
congruent triangles are 
congruent* 

3, In a triangle, If two 
angles are congruent, then 
the sides opposite those 
angles are congruent* 

4, By definition, if a tri¬ 
angle has a pair of 
congruent sides, then it 
is isosceles, 
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* PROBLEM 5-ld 


Prove that the bisectors of the angles of a rectangle 
enclose a square. 



Solution: in the diagram, the angle bisectors of rectangle 

AEHTTntersect at points E, F, G# and H. Ife must show that 
quadrilateral EFGH is a square. To do this we will show that 
(1) EFGH is a rectangle and (2) two adjacent sides of EFGH 
are congruent. 

To show that EFGH is a rectangle, we show that it is a 
quadrilateral with four right angles, tfe will do this with 
several applications of the theorem stating that the angle 
stun of a triangle is 180°, 

AG is an angle bisector of iDAB. Since quadrilateral 
A3CD is a rectangle, then fcDAB is a right angle, Thus, 

£DAH - %(90®J - 45°, Similarly, DE is an angle bisector of 
£ADC, and thus *HDA - h{9®°} * 45°, In AHDA# m*AHD + raiHDA 
+ mfDAH * 180°, or m£AHD = 180°- mJDAH - mfHDA = 180° - 45® 

- 45° * 90®, Because iEHG and fcAHD are opposite angles, 
mfcIHG * mjFAHD - 90®, By similar reasoning, we can show 
m*EFG m 90°, 

TO show ro£DEC is 90°, note that m):HDG ~ JjmJsADG 

- hm a ) = 45®. Also, m*ECD = % mi BCD = ^{90°) = 45°. 
in ADEC t miHDG + m£ECD + miDEC = 180° , miDEC = 180® - 
mjEEBC - miECD - 180® - 45° - 45° ^ 90°. By analogous 
reasoning we can show m£AGB = 90®, 

Since all four vertex angles are right angles, 
quadrilateral EFGH is a rectangle. The proof of the second 
part - that two adjacent sides of EFGH are congruent - 
follows: 


( 1 J DE - EC: note m*EDC » mfECD «= 45®, Thus, A DEC 

is isosceles and DE « 1C, 

(2} AAHD - ABFC: m£BAH - m£CBF =45®, miADH = mtBCF “ 45°, 
Opposite sides of rect an gle ABCD are 
congruent. Thus# AD = BC. By the ASA 
Postulate#, AAHD & ABFC, 


4 3J HD * WCi Corresponding parts of congruent tri¬ 

angles are congruent and equal in length. 


iebei 
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(4) m - HD = 

EC - FC s By the Subtraction property of Equality* 

(5) HE - EF; Substitution Postulate * 

Thus, in rectangle EFGH, two adjacent sides HE and EF 
are congruent. Therefore, EFGH is a square. 


TRAPEZOIDS 


* PROBLEM 5-17 


We are given parallelogram ABCD and straight line segment 
AE, (See the figure,) *CBE — fdB, Present a formal proof 
to show AECD is an isosceles trapezoid. 



Solution ; A trapezoid is a quadrilateral that has two and 
only two sides parallel. It is isosceles if the two non- 
parallel sides are congruent. 


In this problem, we will first prove aecd is a __ 
trapezoid. Then, BE will be shown to be congruent to CJ5 
by first proving that both of the former are congruent to 
the same segment and then applying the transitive property 
of congruence. 


STATEMENT 

1. ABCD is a parallelogram 

2. DC || J® Cor EC || AE) 

3. 0a [ | Cb 

4. 5a >[ d 

5. AECD is a trapezpoid 

6. m - C5 


REASON 

1. Given. 

3. Opposite sides of a paral¬ 
lelogram are parallel. 

3, Same as reason 2. 

4, Through a point not on a 
given line only one line 
can be drawn parallel to 
that given line. 

5. A trapezoid is a quadri¬ 
lateral that has two and 
only two sides parallel* 

6 . A pair of opposite sides 
of a parallelogram are 
congruent, and statement 1* 
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7. 


JcCBE - £ CEB 
8, CB - CE 


9* DA - CE 

10* AECD is an isosceles 
trapezoid 


7. Given, 

8, if two angles of a triangle 
are congruent r then the 
sides opposite those angles 
are congruent* 

9* Transitive property of 
congruence * 

10* An isosceles trapezoid is 
a trapezoid whose non¬ 
parallel sides are congru¬ 
ent. 


• PROBLEM 5-1B 


The lengths of the bases of an isosceles trapezoid are 8 
and 14, and each of the base angles measures 45°, Find the 
length of the altitude of the trapezoid. 



Solution ; As can be seen in t he figure, it is helpful 
to draw both altitudes DE and CF, DCFE is a rectangle 
because DC |[ AB (given by the definition of a trapezoid), 
DE 11 CF [they are both j_ to the same line) and )CE is a 
right angle [DE JL AB). Opposite sides of a rectangle are 
congruent* Therefore, DC - EF - 8, 

AAED - ASFC because £DEA — fcCFB {both are right 
angles), 

Jcdae - fcCBF, and BE - iC*(The last two facts come 
from the definition of an isosceles trapezoid)*Therefore, 

by corresponding parts, EE * EF. Then, AE = *3 (AB - EF) 
and, substituting AE = %(14 - 8) *j(6) s 3* 

In AAED, mfcE =* 90 and m);A » 45. By the angle sum 
postulate for triangles, m*D ** 45, Since AAED has two 
angles of equal measure, it must be an isosceles triangle. 
Therefore, AE = DE = 3, 

Therefore, the length of the altitude of trapezoid 
ABCD is 3, 


• PROBLEM 5-19 

( Prove that the line containing the median of a trapezoid I 
bisects any altitude of the trapezoid* I 
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Solution: The median of a trapezoid is the line segment 
joining the midpoints of the nonparallel sides. Since the 
median is everywhere half way between the bases, it is 
everywhere equidistant from the two bases and, as such, 
is parallel to them. The nonparallel sides and any 
altitude of a trapezoid are all transversals of the 
parallel bases and median. 

There is a theorem that states if three or more 
parallel lines intercept congruent segments on one trans¬ 
versal, then they intercept congruent segments on any 

Other transversal,_5inpe parallel lines QP, NM, and RS cut 
equal segments on QR and PS, they out PT equally. 


Given: Trapezoid PQRS with altitude PT intersecting 
median MN at H, 

Prove: MN bisects PT. 


STATEMENTS 

1. Trapezoid PQRS with 
altitude P*F meeting 
median MN at It. 

2. MN || SR 

3, M is the midpoint of PS 

4, PM - MS 

5, pH - iff 

6 . ffH bisects ff 


REASONS 

1, Given. 


2* The median of a trapezoid 
is parallel to the bases, 

3* Definition of the median of 
a triangle. 

4. Definition of the midpoint 
of a line segment, 

5. If three or more parallel 
lines intercept congruent 
segments on a transversal, 
then they intercept congru¬ 
ent segments on any other 
transversal, 

6 . Definition of bisection. 
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CHAPTER 6 


GEOMETRIC PROPORTIONS 
AND SIMILARITIES 


RATIO AND PROPORTIONS 


■ PROBLEM 6-1 

I Solve for the unknown t c, In the proportion 18 : 6 = 

■Lli___I 

Solution : A theorem tells us that, in a proportion, the 
product of the means is equal to the product of the 
extremes. 

In this problem, 6 and a are the means and 18 and 9 
are the extremes. Therefore, 

6c = ISx 9 

6c - 162 


c 


162 

nr 


= 27, 


The answer c = 27 can be checked by substituting 
back into the original proportion. 


IB ; 6 = 27 : 9 
3:1- 3:1 

Since the two ratios are equal, c = 27, 


* PROBLEM 6-2 


bine segments AC and BD intersect at E, as shown in the 

accompanying diagram. AB is parallel to C5. fa) Prove that 
& ABE % iCDE and fb) if D1 - 10, BE = IS and CE = 20, find 
AE* 
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Solutiont (at For this proof, we will employ the theorem 
which tell* ua that two triangles are similar if two angles 
of one triangle are congruent to two corresponding angles 
of the other. 


STATEMENT REASON 


1. AC and BD are straight 
line segments 

i. Given, 

2, < 1 end JL 1' are 
vertical angles 

2. Definition Of vertical 
angles 

3, « 1 - < 1‘ 

3, If two angles are 

vertical angles, then they 
are congruent. 

4. AB |[ CO 

*. Given, 

S. <2 - < 2' 

S. If parallel lines are 
cut by a transversal , 
then the alternate 
interior angles are 
congruent. 

0. 1ABE ^ iCDE 

V. A.A. Similarity Theorem. 


(b) Corresponding sides of similar triangles must be 
proportional. Therefore, since DE corresponds to BE and CE 
corresponds to AE, the proportion DE t BE ■ CE i AE must 

hold.The lengths of all sides other than AE are known and 
can be substituted into the proportion, enabling us to 
calculate AE. 


ID i IS - 20 ! AE 
10 (AE} - IS ■ 20 
AE - 30+ 
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• PRO BUM 6-3 


In the accompanying figure, the line segment,KL, is 

drawn parallel to ST, intersecting HS at K and ST at L 
in ARST. If RK = 5, KS = 10, and RT - 18, then find RL, 



Solution * If a line is parallel to one side of a triangle, 
then it divides the other two sides proportionally. Since 

KL || ST, RT and RS are divided proportionally. 

Let x « RL, Then 18 - x = LT* Set up the proportion 

“ = ^ and substitute to obtain 

5 _ x 
W IS - x 

or 10x « 90 - 5x 

XSx * 90 

x = 6 

Therefore, x * rl a 6* 

Alternatively, instead of forming a ratio of upper 
to lower segment, we can form a ratio of the upper segment 
to the whole side. 

We are given RT « IS, R£ = IS, and RK s 5, If we let 
RL m x, the proportion becomes 

RK _ RL. 

RS RT 

5 x 

15 “ Tf 

15x - 90 
x - 6. 

It is seen, then, that the same solution can be arrived 
at in several ways. 


85 


Urheberrechtlich goschutztes Material 




PROVING TRIANGLES SIMILAR 

• PROBLEM 6-4 


In the accompanying figure , triangle ABC is similar to 
triangle A'B'C 1 , and AC corresponds to A'C'* (a) Find the 
ratio of similitude, (bj Find A'B' and B f C*. 



Solution* (a) The ratio of similitude of two similar 
polygons is defined as the ratio of the measures of any 
two corresponding sides. We are told AC corresponds to A'C*. 
Therefore, 

Ratio of similitude * ^ | “ 2 i 1, 

fb) The ratio of similitude of Aabc to Aa f B 1 c 1 being 
2 : 1 tells us that each side of AABC is twice as long as 
its corresponding part in AA'B'C*, Conversely, each side of 
AA'B^' is % as long as its corresponding side in AABC. 

U) A*B r - *j (AB) - %(16> - 8. 

(ii) B'C - % (BC) * *iU0i - 10, 


• PROBLEM 6-5 

Let ABC be a triangle where D is a point on AB, and E is j 

a point on AC. Prove that if DE || BC, then AB/AD » BC/DE, 
(See figure.) 



Solution* We will use the fact that DE [| BC to prove that 
AADE * AABC, We can then set up a proportion and show that 
AB/AD “ BC/DE. 
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Since the corresponding angles of 2 parallel lines cut 
by a transversal are congruent, tADE - ^ABC and <AED - 

*ACB, Furthermorej <DAE “ *BAC. Therefore, by the A,A.A. 
(angle angle angle) Similarity Theorem, AADE ^ A ABC. Hence, 
corresponding sides of the 2 triangles must be proportional, 
and we may write 


AD AE DE 
AB AC BC 


or 


AD = D1 
AB BC 


Taking reciprocals of both sides: 


AB _ BC 
M DE 


• PROBLEM 6-0 

fa) In AABC, if D is the midpoint of AB, E is the midpoint 
of AC, and F is the midpoint of BC, then prove that DE || BC„ 
EF || AB, and DF 1 | AC. (b) Prove that ADBF ^ ACBA- 



Solution : (a) The method is to show that AADE ^ AABC* we 

will then have *$AOE - <ABC and be able to conclude that 
DE || bc* The same procedure is used for the pairs of tri¬ 
angles CFE and CBA, and BBF and BAC. 

Focus attention on triangles ABE and ABC* 

First, D and E are the midpoints of BA and CA, re¬ 
spectively. Hence, 

AD AE l 
AB M l 


Also, $DAE ~ -tBAC* Therefore, by the Side Angle Side 
CS.A.SJ Similarity Theorem, AADE 'v AABC. By definition 

then, 4ADE - <ABC* Because these 2 angles are congruent 
corresponding angles of the segments 51 and BC, 51 ]| BC. 

In an exactly analogous manner, we may prove that 
ACPI ^ ACBA, and ABDF 'v ABAC, Hence, £CFE ^ <*CBA and 
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4BDF - 'tBAC. Therefore, FE | | BA and DF || AC. 

(b) From part <a), we know that 
A ABE *v A ABC 

ACFE ^ ACBA (1) 

ABOF * ABAC. 


Hence, from equations (1), 

DE AD 1 
BC AB 7 

PE B CF s 1 
BA CB 2 

DF _ BD M I 
A€ BA “ 7 


( 2 ) 


Here, we have used the fact that D, E f and F are midpoints 
of BA, AC, and CB, respectively. From {2), then. 


DE — FE OF 1 
BC BA AC I 

By the 5.S.S. (Side Side Side) Similarity Theorem, 
&DEF * ACBA. 


« PROBLEM 6-7 


Givens KB is an angle bisector of AABC; point E is on SS 
such that AS * AC - AD * AE. Proves <1 B - 4 AEG, 


A 



Solution i Whenever there are proportions, the best pro* 
cedure is to find similar triangles. There are five poss¬ 
ible triangles in the figure but only two, AABD and Aaec, 
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allow us to use the given fact that 4 Bad - 4 EAC. By using 
this and the information that AB • AC * AD * AE (which show 
that two pairs of sides are proportional) we can prove 
AABD 'w A AEC by the A.S.A, Similarity Theorem* The congruence 
of < B and <1 AEC follows immediately* 


STATEMENT REASONS 


1* 

AB bisects 4 BAC 

1 . Given * 

2. 

4 BAD 2 4 DAC 

2* Definition of an angle 
bisector* 

3. 

AB * 

AC “ AD ’ AE 

3, Given, 

4. 

AB m 
AE 

AD 

AC 

4* g * | if and only if 
ad - be* 

5# 

AABD 

^ AAEC 

S.A.S. Similarity Theorem* 

6* 

4B 

- 4 AEC 

6. Corresponding angles of 
similar triangles are 
congruent. 


• PROBLEM 6-8 

■ 

In the accompanying figure, aabc is Isosceles with ab = 

AC- Segment AF is the altitude on BG. From a point on AB, 
call it D, a perpendicular is drawn which is extended to 

meet tit*. It meets BC at point P, Prove that FC * DB =* 

AC : PB* 


A 



Solution : FC and AC are sides of AFCA and correspond to 

sides DB and PB of ADBP. By proving &FCA ^ ADBP, we can 
conclude that FC s DB “ AC : PB is a proportion, because 
there is a theorem which states that corresponding sides 
of similar triangles are proportional. 
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The corresponding angles of AFGA and &DBP have been 
numbered, in the diagram, by a "prime and no prime" system. 


Similarity will be proved by showing two pairs of 
corresponding angles congruent* 


STATEMENT REASON 


1* AB - AC 

1. Given. 

2. 4 3 - 4 3' 

2* If two sides of a trignale 
are congruent, then the 
angles opposite these sides 
are congruent* 

3. AF 1 BC 

3. An altitude drawn to a side 
is perpendicular to that 
side. 

4* PD _L AB 

4* Given. 

5* <$ 2 and < 2 1 are right 
angles 

5, Perpendicular lines inter¬ 
sect forming right angles* 

S. 4 2*42' 

6. All right angles are 
congruent. 

7* AFCA * &0BF 

7. A.A. - A.A* 

„ FC (opp.< 1) 

0 * bfi (opMl 1 ) 

ff (PEE;- < 2) 

FB (opp* 

8* corresponding sides of 
similar triangles are 
proportional. 


* PROBLEM 6-9 


Prove that any two regular polygons with the same number of 
sides are similar* 


Solutions For any two polygons to be similar, their corre¬ 
sponding angles must be congruent and their corresponding 
sides proportional. It is necessary to show that these 
conditions always exist between regular polygons with the 
same number of sides* 

Let us examine the corresponding angles first. For a 
regular polygon with n sides, the measure of each central 

angle is and each vertex angle is . 

Therefore, two regular polygons with the same number of 
sides will have corresponding central angles and vertex 
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angles that are all of the same measure and, hence, are all 
congruent. This fulfills our first condition for similarity, 
we must now determine whether or not the corresponding 
aides are proportional. It will suffice to show that the 
ratios of the lengths of every pair of corresponding sides 
are the same. 

Since the polygons are regular, the sides of each 
one will be equal. Call the length of the sides of one 
polygon ij and the length of the sides of the other polygon 
is. Hence, the ratio of the lengths of corresponding sides 
will be This will be a constant for any pair of 

corresponding sides and, hence, the corresponding sides 
are proportional. 

Thus, any two regular polygons with the same number 
of sides are similar. 


PROPORTIONS INVOLVING ANGLE BISECTORS 

• PROBLEM 6-10 


The sides of a triangle have lengths 15, 20 and 28. Find 
the lengths of the segment into which the bisector of the 
angle with the greatest measure divides the opposite side. 



Solution t An angle bisector of any triangle divides the 
sISeoir" the triangle opposite the angle into segments pro¬ 
portional to the sides adjacent to the angle. Therefore, 


U) 


BD AB 
DC AC 


if we let bd = x, then DC = 28 - x. Substituting in 
equation (i3, we have 

,,., x _ 15 

(it) I S "-”x IS • 


Reducing the fraction on the right to lowest terms, 


(iii) 


x 

Ik - X 


3 

¥ 


For real numbers a, b, c, d, it must be true that if 
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J i then ad » cb, Therefore, from equation fiil}, we 

have 

(ivl 4x - 3(28 - x). 

Multiplying out, we have 

(v) Ax » 84 - 3x 
Adding 3x to both sides, 

(vi) Ax 4- 3x = 84 - 3x + 3x 

(vii) lx - 84 

Dividing by 7 leaves 

(viii) x = 12- 

Then , 

(ix) BD - 12 

(x) DC - 28 - 12 - 16. 

• PROBLEM 6-11 

A right triangle has legs of length 6 and 8 Inches. CD 
bisects the right angle. Find the lengths of AD and DB. 



Solution ; We roust somehow relate the unknown segment 
lengths to the given data to derive the required results. 

Recall that the bisector of one angle of a triangle 
divides the opposite side so that the lengths of its 
segments are proportional to the lengths of the adjacent 
sides. Thus, 

6 m AD 
f DB * 

8 0E 

We see that ^ “ Kg is always true, Bence, adding this 
to the above proportion, we obtain 

6 + J _ AD + DB 
1“ DB 


;h gesch 
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But, AD + DB * AB, the hypotenuse of a right triangle. 
Applying the Pythagorean theorem, a 1 + b 2 * c 2 f where a - 
6, b ^ 8, we obtain 


Thus, e » 10 r or hypotenuse AB = 10. Substituting we obtain 
fi + a _ AD + DB 

5 DB 

14 _ AB 
T DB 

14 = 10 
“5 DB * 

Since, in a proportion, the product of the means is equal 
to the product of the extremes, we obtain 

14 ■ Di = B * 10, 

DB = M - i£ 

DB l4 7 

To find AD, we notice that 
AD - AB. - DB 


Therefore, 


and DB - 


PROPORTIONS INVOLVING RIGHT TRIANGLES 

• PROBLEM 6-12 

In the figure below, AABC is a right triangle, AD is an 

altitude on the hypotenuse 5c. Bd ■ 2, DC ■ 8. rind ad, 

AB, and AC, 

A 
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Solution j The geometric toe an of two numbers x and z, is 
defined as that number, y, such that 


Z 

z 


In the right triangle, the altitude to the hypotenuse is 
the geometric mean between the segments of the hypotenuse. 
Therefore. 


(i} 


BD 


AD 


AD 


DC 


Substituting in the values, BD a 2 and DC a 6, the 
equation becomes 


fii) 


_2 

AD 


AD 

“ff * 


For the proportionality to be true, the product of 
the means must equal the product of the extremes. 


The equation then becomes 
(iii) (AD) 1 a 2 * 8 “ 16 

fiv) AD ** /ItT = 4. 


To find AB, we note that AB is the hypotenuse of right 
triangle AABD. Since we know the lengths of both legs, we 
can use the Pythagorean theorem, 

<v) c 2 » a 2 + b 2 . 


Substituting,we obtain 

(vi) (AB) 1 " (BD) 2 + (AD) 1 

(vii) (AB) 3 =2 a +4 1 «4+16»20 

(vili) AB a /Iff = /4*S = /¥ * /f s 2 * JE. 


Another method of solving for AB is to realize that 
there is another geometric mean implicit in the triangle 
The altitude to the leg divides the hypotenuse so that 
either leg is the geometric mean between the hypotenuse 
and the segment of the hypotenuse adjacent to that leg. 
Therefore, it must be that 


Ux) 


BD m AB 
AB iC 


We substitute in the values BD - 2 and B€ - ID, 


Cxi 

Cxi) 

(xii) 


_2 _ AB 
AB TO * 

(AB ) 2 - 2 * 10 a 20, 

AB = /20 or 2 /5. 
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We find AC in a similar manner, AC is the geometric mean 
of DC and BC. Therefore, 


txlii) 


DC 

AC 


AC 

BC 


, , , 8 AC 

(xlvl AC To ' 

Remember: the product of the means must equal the 
product of the extremes, 

Ixir) (AC)* - 8 • 10 = 80 

(xvi) AC = /ffO “ /16-5 = /IS ■ /5 * 4 /5, 


« PROBLEM 6-13 


An altitude and an angle bisector are drawn to the 
hypotenuse of a right triangle whose sides are B, IS, and 
17 inches long. Find the length of the segment joining the 
points where the altitude and angle bisector intersect the 
hypotenuse (see figure). Express your answer to the nearest 
hundredth. 



17 

Solution : In the accompanying figure, AABC is a right 
triangle with AB ■ 15, BC - 0, and AC - 17. BD is the 

bisector of the right angle and BE is the altitude drawn 
to the hypotenuse. We wish to find DE. With the given in¬ 
formation, we can determine (1) DC and (2) EC, Since DE = 
DC * EC, we can then solve for DE, 

(1) To solve for DC, note that the angle bisector 
divides the opposite side into segments proportional to 
the sides. 


(i) 


AD AB 
DC “ BC 


Note AB - 15 and BC “ 8. Since AD + DC - AC - 17, AD 
can be expressed as 17 - DC. Substituting these results, 
we have 


(ii) 


17 - DC _ IS 
™~d2 HET * 
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We have one equation and one unknown. To solve for 
DC, multiply both sides by 8 * DC t 

(ill) 8 (17 - DC) = IS ■ DC 

Uv) 136 - 8DC = IS DC 

Adding 8DC to both sides and dividing by 23, we 
obtain 


(v) 


DC 


136 

“33 * 


(2) To solve for IC, note that BE is an altitude 
drawn to the hypotenuse of a right triangle and cuts 

segments AE and EC on the hypotenuse. Since the length of 
each leg of the given triangle ia the mean proportional 
between the hypotenuse length and the adjacent segment, 
we have 


(vij BC* = EC * AC. 

We substitute BC = 8, AC = 17, and solve for ECi 
(vii) 8 s = EC ‘ 17 


(viii) 


EC 


64 

17 


Having found values for DC and EC# we can now solve 
for DE: 


(ix) pe « DC - EC 

™ - 116 _ 64 _ 17(136) - 64(23) 
w “ - -JT - 17 - 777171- 

ixi) DE = - 2.15. 


• PROBLEM 6-14 

D and E are respective points of side AB and BC of AABC, 
so that 36 | and |§ “ If AE and DC meet at P, find 

PC 

PF * 
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PC 

Solution i We are asked to find ratio gg * To find the value 

of a ratio g f we can either (1) find exact values of a and 
b; <2i express the values of a and b in terms of a common 
length } or (3) form a proportion with | as one side and a 

known ratio on the other side. Here, no values are given. 
Thus, PC and DP cannot be solved exactly* Neither is there 
a common length in which DP and PC can be expressed. The 
third method calls for a proportion*Proportions imply fl) 
similar triangles; {2) a triangle cut by a line parallel 
to one side? and (3) sets of parallel lines* To create pro¬ 
portional sides, draw segment DK parallel to AE such that 
K is between B and C. Note that in aCDK, line PE is parallel 

PC EC 

to side DK. Therefore, ^ - gg. Our proportional is formed* 
is on one side. The term on the other side, |g * can be 
found since both EC and EK can be found in terms of BC. 

To find EK in terms of BC, we show, (1) in ABAE, 

§X || side AE, Therefore, sides IS and IE are cut proportion¬ 
ally. 


KE 

m 


B§ ■ Sinee 


AD 

DB 


2 

1 * 


KE 

KB 


2 

T * 


C2) From gg , we can find KE in terms of BI. | . 

Then, KE ^ ^ KB, or KB - | KE* Since BE - KE + BK, BE = KE + 
Y KE a ‘j KE t Thus f 

KE * | BE. 


(3} W© can find BE in terms of BC* From the given 
|| » j or BE « j EC or EC * 4BE. Since BC * BE + EC » 

BE + 4BE = 5 BE, then 

BE - | BC* 

{A) We can combine the results of 2 and 3 to find KE 
in terms of BC. KE - ^ BE and BE “ g BC , Therefore, KE - 



BE 1 

To find EC in terms of BC, note that — ■ ^ or BE ■ 

| EC* Since BC » B1 + IC » ^ BC + EC - | EC, then EC - | BC, 
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Combining these two results,we have 


EC 

KE 



10 . 


PC 


Earlier, we found ^ 


EC 


pc 

Therefore, ^ 


10 * 


PROPORTIONS INVOLVING MEDIANS 

• PROBLEM 6-15 


In triangle ABC, medians AD, BE, and CF intersect at P, as 
seen in the figure. If AD - 24 in., find the length of AP * 



joint ion ; A theorem tells us that the medians of a triangle art con¬ 
current at a point whose distance from any vertex is two-thirds the 
distance from that vertex to the midpoint of the opposite side* The 
vertex in question is A, the point of concurrency is P, and the 
distance to the midpoint of the side opposite A is given by AD, 
Therefore, the length of AP equals § the length of IS. Algebrai¬ 
cally, this means 

AP - § AD 

AP - §(24 H ) - 16'* . 

Therefore, the length of AP is 16". 


• PROBLEM 6-16 


Show that the medians of a triangle are concurrent at a point on 
each median located two-thirds of the way from each vertex to the op¬ 
posite side. 


C 
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Solution*. JR* ferring to the figure above * we must show <1) Q is a 
point on AHj, BM^ and SfijJ and (2) that Aq - § ,BQ - § BMj, and 

CQ - § CM 3 . Sine* Al^ - AQ + QMj,, QHj « AHj - AQ - AKj - | AMj ■ J AMj, 
or QHg - § AM^ .. Thus, to prove the second part, ve need to 
show that the point of concurrency divides the median AH^ Into two 
segments such that the segment near the vertex Is twice the length of 
the segment near the side. In algebraic notation, what we must show 
for the second part la that ^ " 2 • 

Wherever there are proportions* it is wise to look for similar 
triangles. Suppose we first wish to show that m \ ‘ Then ue 

two triangles such that AQ and QK^ ere corresponding sides. fiAqB 
and are such triangles. We show similarity by the A-A Simi- 

lerlty Theorem. Then - HU - |nr • mV 1s known * "A la “ 


<A qH l "A 

midline of AABG. Therefore* AB - 2 


«A 

AB 

*i*t 


*A' VL 


Hri< J m 2 

and 2 t 


proving the second part. We can repeat the procedure for the two other 
sides. 


NOTE: It may seem that we have proven the second part without actually 

shoving that the lines are indeed concurrent, but we really don't need 
the concurrency to show the two-thirds division* In fact, the exact 
reverse is true. We shew that the Intersection of any two medians is 
a point two-thirds the length of each median from the respective ver¬ 
tex. Since there Is only one point that Is two-thirds the median 
length from the vertex, the points of intersection must be the same. 


Concurrency (part one) follows from the two-thirds division (part two). 
Given* AM^, BH^, and CH^ are medians of &ABC, 

Prove: (1) Q is a point on AM^ , BM^, and CH^, 

(2) AQ * § AM- , SQ » § Blip CQ “ § GH^ . 


Statements 

1* AJ+2, BH^, and CM^ are medians of 
MIC 

2. is the intersection of AM^ and 

3. * A^U = 4 

4. is a midi ice of iABC 

5 . || S 


Reasons 
1. Given. 


2. Two non-parallel, non-co¬ 
incident, lines intersect 
in a point. 

3. Opposite angles formed by two 
intersecting lines are con¬ 
gruent. 

4. The segment that connects the 
midpoints of two sides of a 
triangle Is a mid line of the 
triangle. 

5. The midline of a triangle is 
parallel to the third side. 
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i. * * $ QAB 

7* MtJB 


, ¥ a V V2 

~ AQ “ BQ AB 

Vz 

9* AS - 2‘M^ or 


AQ BQ “ 2 
ah 2 - aq + ty} 

Bt^ - BQ + H^Q 


1 

2 


12* MjQ - j AQ i 

V! “ 2 *>! 

13. AKj - l| 

Bl^ * l| BQj 

U. AQ 3 - § AK 2 

BQ l - f BMi ^ 

15* Q 2 Is the inter sect Ion of AM^ 
and CMj 

16. «J 2 -| AHj 
CQ 2 - f cm 3 

17. is the intersection of medians 
CM 3 and BHj 

18. CQ 3 - | CMj 
Bq 3 - f BHj 

19* ia a point on segment AM^ 
such that AQ| ■ £ Atf^ * 
is a point on se@sent Al^ 
such that AQ^ - -| AM^ . 

20* Point Q l la point 


6. Alternate interior angles of a 
transversal are congruent* 

7* If two angles of one triangle 
are congruent with the cor¬ 
responding 'two angles of a 
second triangle, then the two 
triangles are similar. 

B. The corresponding sides of 
similar triangles are pro¬ 
portional* 

9* The mid line of a t riangle is 
half the length of the third 
aide. 

10* Substitution Postulate. 

11, Qj Is the Intersection of two 
segments AM^ and BK^, 
Therefore must lie between 

the endpoints of the segment. 
The equations at left follow 
from the definition Of between¬ 
ness, 

12* Multiplication Postulate and 
Step 10* 


13* Substitution of Step 12 into 

11 . 


14* Multiplication Postulate 


15. Two non-parallel, non- 

coincident lines intersect 
in a unique point. 

1$, attained by repeating pro¬ 
cedure used from Steps 3 
through 13 * T he m idline is 
now not 

17* Two non-parallel non-coInci¬ 
dent lines Intersect in a 
unique point. 

18. Obtained by repeating procedure 
used from Steps 3 t hrou gh 13* 

The midilne is now HjRj. 

19. Repetition of results from Steps 
14 and 16* 


20* Chi a given segment, there is 
only one point 00 the segment 
that is a given distance from 
a given endpoint. 
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21. Q 2 ift a point on segment CH^ 
such that oq^ - £ CK^ * 

Q 3 is a point on segment o«3 
ftuob that €Q 3 - § Qij * 

22. Point Q 2 is point 

23* Let point Q - “ Q 2 “ Q 3 


24. Q Is a point on AM^, and 

25. AQ - f AMj 

*Q “ 1 BM 1 

CQ - | CM 3 


21. Eepctltion of results iron Steps 
16 and 18* 


22. Same reason as Step 20, 

23* From Steps 20 and 22, we have 
shown * Q 2 - Q 3 and hare 

we give this conmon point 
of intersection of the three 
toed lens a more general name, 
24* Follows from Step 23 and the 
definitions of 0^,0^, and 

C 3 * 

25. Substitution Postulate (Sub¬ 
stitute Q for Q 1( Q z , and 

in Steps 14, 16, and IS.) 


PYTHAGOREAN THEOREM AND APPLICATIONS 

• PROBLEM 6-17 


The lege of a certain right triangle are equal and the 
hypotenuse la /8. What is the length of either leg of the 
triangle? __ _ 



Solution : Recall the Pythagorean Theorem, a 1 + b 1 - c 2 , 
where a and b are the lengths of the two legs of a right 
triangle, and c is the length of the hypotenuse. We can 
use this to solve for the length of the legs. Let x * the 
length of each of the equal legs, Substituting in the 
above formula, x ■ a = b and /§ for c, 

x a + x 2 - f/t)* 

2x 2 - S 
x 2 - 4 
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x • 2 


Therefore, each leg is 2 unite In lengths. 


• PROBLEM 6-18 


in an isosceles triangle, the length of each of the con¬ 
gruent sides is 10 and the length of the base is 12. Find 
the length of the altitude drawn to the base. 


9 


Solution ; In the figure shown, altitude BD has been drawn. 
By a theorem, we know that BD X AC and that BD bisects 
AC. Therefore, AD — DC and they both measure 6. 

Since BD X AC, we can conclude that OBDC is a 
right triangle and then apply the Pythagorean Theorem. 

As applied here. It states that 

(DC) 2 + {BD) 2 = (BC) 2 . 

We were given that BC - 10, and we have found that 
DC s 6- If we let x 3 BD and substitute Into the equation 
above, we arrive at 

6 2 + x 2 “ ID* 

36 + x a « IDO 

x 3 « 64 

x - S. 

Therefore, the length of the altitude drawn to the base is 

B. 



• PROBLEM 6-19 


Let aABC be an equilateral triangle of side length s. 
Let D b© the midpoint of BC. Compute AD. (See figure.) 



C 
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Solution: We will apply the Pythagorean Theorem to 
lABDto obtain AD. 


(AB) 2 = (AD) 2 + (BD) 3 
Hence, {AD) 1 - (AB) 1 - (BD) 1 

AD - / (AB) 1 - (BD ) 1 

Since BD - DC - s/2 r and AB » s, therefore* 
AD - / s 1 ~ s 2 /4 
AD - / 3s 2 /4 - s ^ 


• PROBLEM 6-20 


( The lengths of the diagonals of the rhombus shown in the 
figure are 30 and 40. Find the perimeter of the rhombus. 



Solution i Since the diagonals of a rhombus are perpendicular 
bisectors of each other, £A£B is a right triangle in which 
EB - ^(30),or 15, and A E * % (40),or 20* With thia in mind, 

we can calculate the length of the hypotenuse AB# of AAEB 
by using the Pythagorean Theorem: 

(AB) 2 - (EB) 2 + (AE) 2 . 

AB is one side of a rhombus* All sides of a rhombus 
are congruent, thus, the perimeter can be calculated by 
multiplying AB by 4 * If we let AB - x, by substitution, 

x z = (15) 2 + (20) 1 =* 225 + 400 

or x 1 = 625; solving x “ 25, 

Then, the perimeter = 4x or 4 (25) - 100, 


• PROBLEM 6-21 


Suppose that the area of a rectangle is 300 sg. in,, and 
that the length of its diagonal is 25 in. Find the lengths 
of the sides of the rectangle. 
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Solution : Let the sides of the rectangle be labeled as in 

the"figure. Then the area of the rectangle A(R) ie 

MR) ■ ba - 300 sq* In, (1) 

since aabd is a right triangle, 

d ! - a* + b ! (2) 

by Pythagoras 1 Theorem* Noting that d - 25 in.# we can 
writes 

62S sq. in. = a* + b* (3) 

We now have 2 equations {(1) and (2)) and 2 un¬ 
knowns (a and b). We may, therefore, solve explicitly for 
a and b* First solve (1) for a: 



inserting (4) into (2), 


625 sq* in. 



625 sg. in. 


50000 in 1 * + b^ 
b* b l 


625 sq. in* 


b* + 50000 in* 
b a 


b 4 - (625 sg. in*) b^ + 50000 in 4 * 0 

Let x « b* (5) 

then, x 2 - (625 sq. in.) x + 90000 in* «* 0 (6) 

We solve this by means of the quadratic formula. If 
an equation is of the form 

ax 2 + bx + c * 0, 

its roots are 
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In equation (6), a - 1, b - - €25 sq. in,* and c * 
90,000 in . Using these in {?) yields 


x 

x 

X 


625 sq. in, 62S^sc^in ,) 2 


6Z5 sq. in. i J 30625 In* 

5 

625 sg. In. t 175 ag. In. 


(4) (1) (90,000 In*) 


x - 400 sq. in. or 225 sq. in. 

But,from (S), x = to 1 t hence, 

b 2 « 400 sq. in. or 225 sq, in. 

Therefore, b - 20 in. or 15 in. (B) 

(Negative roots are eliminated because b is a distance 
and must be positive.) 


Using (8) in (4), we find 


300 

“IE 


in. 


300 

-T5 


in. 


a » is in., or 20 in. 

Bence, the lengths are 

a ■ 15 in., b • 20 in. 
ox, a » 20 in., b « 15 in. 


• PROBLEM 6-22 

1 A chord, 16 inches long, is 6 inches from the center of a 
circle. Find the length of the radius of the circle. 



Solution : The distance of a chord from the center of a 
circle Is measured on a line perpendicular to the chord 
from the center of the circle. Therefore, as labeled In 

the accompanying figure, OC _L ab and AOGB is a right 
triangle. 


rheben 
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In addition to being perpendicular to AB, the segment 
OC also intersects chord AB at its midpoint* Hence, OC bi¬ 
sects AB, Therefore, ac - bc, and they both measure 8 in. 

We are given that OC = 6 in. 

Since AOCB is a right triangle, we can apply the 
Pythagorean Theorem to calculate the length of the hypotenuse 
of the triangle, which is also the radius of the circle. 

In this problem, 

(OB) 1 - (OC) 1 + (CB) 1 , 

If we let r - the length of radius OB, by substitution 
r 1 * 6* + 8* 
r 2 - 36 + 64 
r 2 « 100 
r - 10, 

Therefore, the length of the radius of the circle is 
10 inches. 


• PROBLEM 6-23 


In a circle, angle ABC, forffled by diameter AB end chord BC, 
is 10°, If the length of the diameter of the circle is 20, 

find the length of chord AC and, in radical form, the length 
of chord bc. 



Solution i From the figure shown, we see that 4 BCA is 
inscribed in a semi-circle, therefore is 90®, Angle CAB 
is the third angle of AABC, and it measures 180° - 
(m 4 ABC + m 4 BCA), or 180° - (38° + 90°) - 60°, There¬ 
fore, &ABC is a 30-60-90 triangle. 

Chord AC is opposite the 30® angle, and, accordingly, 
measures one-half of the length of hypotenuse AB, Therefore, 

A(5 » % aSi ■ fs (20) = 10, 

Chord BC is opposite the 60® angle, and its length is 
given by % the length of the hypotenuse times /3. Thus, 
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ac - h AB /J - k (20) /! - 10 /I. 

Therefore, the length of AC is 10 and the length of BC is 

10 / 1 , 


* PROBLEM 0-14 


Which of the following are Pythagorean Triples7 
(a) I, 2, 3; (b) 3, 4, 5 ; (c) 5, 6, 7; (d] 5, 12, 13j 
te> 11, 60, filj (f> B4, 187, 205, 


Solutions A set of 3 positive integers, a, b, and c, 
{where c is the largest of the set) is a Pythagorean 
Triple if and only if 

c 2 = a* + h* 

(i.e, they satisfy Pythagorean Theorem), 

(a) For (1, 2, 3) to be a Pythagorean triple, 
it must be true that 

3 a - 2 a + l* or 9 - 4 + 1 - 5, 

Since 9 ^ 5, therefore, (1, 2, 3) is not a Pythagorean 
Triple. 

(b) o*5, a * 3, b * 4. 

c 1 2 a* + b » 

25 2 9 + 16 
Since 25 * 25, 

(3, 4, 5) is a Pythagorean Triple, 
fc) c ■ 7, a ■ 5, b ■ 6 

c z 2 a 2 + b 2 

49 2 25 + 36 

49 f €1 

Therefore, {5, 6, 7) is not a Pythagorean Triple, 

(d) c - 13, a « 5, b - 12. 

c J 2 a* + b J 

169 2 25 + 144 

Elich ges- 
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169 * 169 

Hence, (5, 12, 13) is a Pythagorean Triple, 
(e) e - 61, a - 11, b - 60 

c a l a 2 + b 2 


3721 ^ 121 + 3600 
3721 = 3721 

Thereforei {11, 60, 61) is a Pythagorean Triple, 
(f) c = 205, a - 84, b » 187 


o' 2 a » + b 1 

4302S 2 7056 + 34969 
42025 = 42025 

Therefore, {84, 187, 205) is a Pythagorean Triple, 


• PROBLEM 6-25 


A 25*foot ladder leans against the vail such that the base 
of the ladder is 20 feet from the wall. The ladder slides 
until the base is 24 feet from the vail, Locate the point 
X that is common to both ladder positions (see diagram), 



24 ’ 


Solution s AC is the original position of the ladder; DE, 
the final position. The length of the ladder is constant. 
Hence, AC - m - 25 ft. The original distance from the base 
of the ladder to the wall, BC * 20; the final distance BE * 
24. To find the height of the ladder top in both cases, by 
using the Pythagorean Theorem: 


5chii 


IDS 







The original height 


AB - / (AC> 2 - <BC) 2 - / 25* - 20 s - /225 - IS ft. 

The final height 

DB = / (DE> 2 - (BE) 1 = / 25 l - 24* « /49 - 7 ft. 

We wish to find the point X common to DE and AG. 

We draw the line GX X AB. Remember that a line 
drawn through two aides of a triangle and parallel to the 
third side forma 2 similar triangles* Thus, AAGX ^ AABC 
and also ADGX ^ ADBE* tfe can relate theae two similarities 
to find GX and AG- By the Pythagorean Theorem, we can find 
AX- Thus, we will have the location of X: a distance AX 
from the top of the ladder in the original position. 

AAGX ^ A ABC by the A.A. Similarity Theorem (<X A - <A, 
and < AGX — < ABC “ right angles)- Similarly, ADGX ^ ADBE, 

since <X D— < D and < AGX - < ABC♦ Since corresponding sides 
of similar triangles are proportional, we have 


AG s 

AB m 

15 _ 

3 

m " 

BC 

7V 

J 

DG _ 

DB _ 

7 


m 

BE - 

n * 



We can relate AG and DG by expressing AG in terms of 
GX and GX in terms of DG. From (i) and (li), we obtain 

fill) AG * | GX 

(iv) DG - GX or GX - DG. 


By substitution, we have. 



To solve for AG and DG, we need only one more relation. 
Note that AG ■ AD + DG. ad is the difference in ladder 
heights, AB-DB -15-7-8. Then, by substitution. 


(vi) AG s AD + DG ■ I + 
cosibining (v) and fvi>, we 

(vii) AG “ iy (AG - 8) - 

(viii) AG - AG - iyi 
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DG, or DG - AG - 8- 
obtaint 
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Ux) 


or AG 


11 

“7 


AG 


144 



144 


* ~XT * 


AG 


Thus, AG « 

^ GX. Then, GX 


To find GX, remember that by (iii> , 



We could stop here and say that point X f in terms of 

144 

the original ladder position#is —jy ft. down from the top 

of the wall and ft, from the wall? but it may be easier 

to measure distances along the ladder. Therefore, we can 
find AX. Note that AX is the hypotenuse of right AAGX. By 
the Pythagorean Theorem, 


(AX) 2 = {AG) 2 + (GX) 2 



DIGRESSION ; Whenever cumbersome calculations present 
themselves, it is best to look for easier methods. We are 
asked to square two larger numbers and then to find a 
square root. We wonder, therefore, whether or not we are 
squaring unnecessary factors. Note that 


144 


TT 


Jr [3) and 


192 48 

“H it 


(4), 


Then, (AX) 2 


(if * 3 )* + (if * 4 ] 

jH] 1 * 3 s + x 4* - <3 J + 4 s ) 

[if ] 1 <9 + 16) * (if ) 1 <25) * 


Then, A* - /(If)* (25) - /(if) 7 /If = ff (5) - 2« 

240 

Therefore, the point X is —j-y feet down from the top 
endl of the ladder. 


Thus, the point in space that is occupied by the ladder 

240 

in the original position and the final position is —yy or 

21.8 ft. from the top of the ladder along the original line 
of the ladder. 
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TRIGNOMETRIC RATIOS 


• PROBLEM 6-26 


ft ladder 25 feet long leans against a building and reaches 
a point 23*5 feet above the ground. Find, to the nearest 
degree, the angle which the ladder makes with the ground. 



Solution ; As seen in the accompanying drawing, the 
building forms a right triangle with the ground. Angle A 
is the angle the question asks us to determine. We are 
given the length of the aide opposite < A, 23.5, and the 
length of the hypotenuse {the ladder) 25. With this in¬ 
formation, we can calculate the measure of the angle by 
using the sine ratio. 

h length of leg opposite <3 A _ BC 
bin A - length of hypotenuse AB * 

ly substitution. Sin A ™ “ 0.9400. 


How, we consult a standard sine table to determine 
which angles have sines near 0.9400, 

We find that Sin 70° - 0.9397 and Sin 71° = 0.9455, 
Since 0.9400 is closer to Sin 70 fl , we can conclude that 
m 4 A is closer to 70°, 

Therefore, the ladder makes a 70° angle with the 
ground * 


• PROBLEM 0-27 


A guy wire reaches from the top of a pole to a stake in 
the ground. The stake is 10 feet from the foot of the pole. 
The wire makes an angle of 65° with the ground. Find, to 
the nearest foot, the length of the wire. 


Solution : A right triangle is formed by the pole, the 
wire and the ground. The wire acts as the hypotenuse of 
this triangle, and its length is the unknown to be deter¬ 
mined, An acute angle and the length of the side adjacent 
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to it are given and, to find the length of the hypotenuse 
the cosine ratio can be applied. 


I 

S 

_ length of leg adjacent to <3 S m SB 
cos 5 “ “ length of hypotenuse ST 

Let x » ST and, by substitution, Coe 65 s « ^ * 

In a standard cosine table, we find Cos 65° « 0.4226, 

Substitute this value into the equation 
0.4226 - 

x " o.4iit " 23 ‘ 6 ' 

Therefore, the guy wire is 24 feet long, correct to the 
nearest foot* 



• PROBLEM 6-2B 


From the top of a lighthouse 160 ft. above sea level, the 
angle of depression of a boat at sea is 35°. Find, to the 
nearest foot, the distance from the boat to the foot of the 
lighthouse. 



Solution t The distance from the foot of the lighthouse to 
the boat is represented by BA, {see figure), which is the 
unknown we wish to find* We will determine BA by an applica¬ 
tion of the tangent ratio* 

The angle of depression, 4 1LH, is complementary to 
*4 BLA. Since m d BLH » 35 & , the measure of g BXJV is - 
35°, or 55°, We cannot use the angle of depression because 
it is on the exterior of the right triangle* 
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Given the measure of an acute angle of a right 
triangle and the length of the side adjacent to it, we can 
determine the length of the opposite side by a direct 
application of the tangent ratio, 

. „ ji or a — length of leg opposite 4 bla _ BA 
t n ^ " length of leg adjacent 3 BLA LA 

Let x « BA, thus tan 55 °® , Consult a standard 

tangent table to find tan 55° « 1.4281, and substitute 
this to obtain 

1.428! - ^ 

x - (1*428!) 160 
x - 228,496 

Therefore, the boat is 228 ft. away from the foot of the 
lighthouse (to the nearest foot)* 


• PROBLEM 6-29 


In a circle whose radius is 4 in,, find, to the near¬ 
est inch, the length of the minor arc intercepted by a chord 
6 Inches In length. 



Solution s To find the length of minor arc we must first 
find the measure of the arc in degrees* Then we will apply 
the arc length formula which states that 

arc length . degree measure of arc x Clrcumferemce . 

Circumference - C - 2irr, where r = radius of circle. By 
substitution, C * 2ir(4) - Bit. *AQC is the central angle of 
the arc in question, AC* mtAOC is what we wish to deter¬ 
mine* a AOC is Isosceles because, as radii ofcircle Q, OC - 
OA* Drav_the altitude to X?* By a theorem, we know that 
altitude OB bisects vertex angle *AOC, Therefore, miAOC - 
fflfAGB + m*COB and, since OB is the bisector of IAOC, mlAOB* 
m*CQB - l/2m4ACC * 

Bence, wiAOC » 2(mfA0B}. AAOB is a right triangle, since 
ob _Lac. 
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Since we know the hypotenuse end the side opposite 
*AOB, we can use the sine ratio to determine the measure 


of iAOB, 

Sin (*AOB) 


leg opposite jAOB 
hypotenuse 


AB 

OA 


OX is s radius given to be 4 in. Since a line drawn from 
the center of a circle perpendicular to a chord bisects that 
chord, AB “ 1/2(AC) “ 1/2(6) “ 3 

Therefore, sin (<AOC) - J » 0#75 

The measure of the angle whose sine is closest to 0,75 1® **9 * 


Hence, by substitution 

m*A0C = 2(m*A0B) - 2(4#) - 96* 

QQ 

Then, length of minor arc AC * x 8n » 2*2ir 
Using ir= 3,14, 2,2 tt «= 6,9 

Therefore, to the nearest inch, length of minor arc AC - 71n. 


• PROBLEM 6-30 


In circle 0, AB is a diameter, Radius OC is extended to meet 
tangent BD at D, The measles of arc AC and arc CB are in 
the ratio 2:1 and AB - 32, 

(a) Find the number of degrees contained in arc CB. 

(b) Find, to the nearest integer, the perimeter of the 
figure bounded by S© f KT and arc CB. (a a 3.14) 
{See figure) 



Solution : (a) To find the measure of arc 61, we must make 

use of two known facts. First, are ACB is a semi-circle, 

gad, gs such^contains ISO*. Second, the composite arcs of 
ACB; Ac and CB, have measures in a ratio of 2:1, If we let 
x ■ the measure of arc„CB, then 2x = the measure of are At, 
filneg t he measure of ACB « measure of A+ measure of CB, 
and ACB is a semicircle, we may write 180* * 2x + % = 3x or 

x, * 60°. Therefore, the number of degrees contained in arc 

CB is 60*. 

(b) To find the perimeter of the figure in ques¬ 
tion, we must determine the lengths of arc Eh and segments 


il4 
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DC and DB, and then eum these quantities. We will first cal¬ 
culate the length of arc CD. 


length of ere & - mea9Ule a ^ - e - C0S * Circumference 


of circle 0* Arc CB has a measure of 60", and its central 
angle, iCOB, by theorem, has the same measure. Circumference 
of circle O * 2irr, where r is the radius of circle 0. We are 
given diameter AB = 32* Therefore, any radius - 1^ 32 ) or IS 


Circumference of circle O = 2n(16) * 32 it ■ 32(3.14) * 100.5. 
Therefore, length of arc ci « jgQT X 100.5 = 16,75. 


Next, we need to_find BD and DC. AODB la a right tri¬ 
angle, since tangent BD la perpendicular to radius OB. (A 
tangent to a circle is always perpendicular to a radius 
drawn to the point of tangency.) Hence, the various trigo¬ 
nometric ratios can be employed to find the lengths of the 
unknown segments. We know mtDOB *=• 60°, and the leg adjacent 
to it, OB, has a length of 16. We can find the length of 
the opposite leg, DB, by using the tangent ratio, and the 
length of the hypotenuse, op, by using the cosine ratio. 


tan(*DOB> « length of leg o pposite <DOB _ DB 
length of leg adjacent tDOB OB 

By substitution, tan 60° ■ According to a standard tan¬ 

gent table, tan 60* - 1.7321, hence 1,7321 - DB » 

(16) (1.7321). Therefore, BD « 27,7. The final segment, 
whose length we need, is DC. DC p OP - PC. We know OC - 16, 
because it is a radius of o, OD is the hypotenuse of rt. 
M©B. We will use the cosine ratio to find its length, 

- i^th : f f te^°r* coa - §§ 


OB ” 16 and mtDOB “ §0°, By substitution, cos 60* *=• 


00 - HosV- 

cos €0* « ,S, 


According to a standard cosine table, 
OP - ^ - 3 2 


16 

5!f 


Therefore, length of DC » OD - OC « 32 - 16 ■ 16, Hence, 
the perimeter of the figure bounded by W r DC, and arc CB 
is the sum of the measures of these individual parts, or 
27.7 + 16 + 16.75 66,45. The perimeter of the required 

figure is 60, to the nearest integer. 


INTERIOR AND EXTERIOR ANGLES 

e PROBLEM 6-31 


I lf an exterior angle of a polygon is obtuse, what can one 
say about the corresponding interior angle? 
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Solution ! The exterior angle of a polygon and the correa- 
ponding interior angle are supplementary, Itiis means that 
the sum of the measures of these angles is ISO®, If one of 
the 2 angles is ohtuse (i*e, has measure greater than 90°), 
then the other angle must have a measure less than 90 & {i.e, f 
it is acute)* 


• PROBLEM 6-32 


Show that the measure of the exterior angle of a regular n-slded 
36C) 

polygon Is given by the formula , 

Solution : An exterior angle of a polygon is defined to be an angle 
that forms a linear pair (lie*, supplementary) with an interior angle 
of a polygon. Thus, 

CD m $ exterior + m $ interior “180 * 

To find m $ interior $ recall that the sum of the interior angles 

of an n-sided polygon is (tl- 2)'1BQ . Since all interior angles of a 

regular polygon are congruent! each of the n interior angles has 

measure C 11 D -180 _ . Substituting m £ interior ■ * 1B0 in 

n n 

equation (D , we obtain 

Cii> m £ exterior + ^ ■ ISO* - 180* . 
n 

Solving for m £ exterior, we have: 

(iii) m $ exterior ■ 180 - * 180* 

n 

- iao*cx - - iso* A 

, mL t n 


• PROBLEM 6-33 

[ Find the lumber of degrees contained in each interior angle of a i 
regular hexagon, 1 


Solution ! k regular hexagon is a 6 sided polygon In which all sides 
and all interior angles are of equal measure. A theorem tells us that 
the measure of each interior angle of a regular polygon of n sides 

is „ in this case! n equals $, 

Therefore, each angle's measure is calculated aa follows! 

180*(n~2) _ 180* (8*2) _ 180* (4) . l20 * __ 
n 8 8 

Therefore, each angle of a regular hexagon measures 120* . 
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• PROBLEM 6-34 


AX and BX are two adjacent a Idea of a regular polygon. If the 
measure of angle ABX equals f the measure of angle AXB, how many 
sides has the regular polygon? 



Solution : We first determine the measure of vertex 4 AXB* Since tfe 
are told the polygon la regular, the nunber of aides will he uniquely 
determined* The measure of each vertex angle of a regular polygon la 
given by the expression , where n Is the number of sides* 

We will set m 4 AXB - and solve for n, 

_ n _ _ 

Draw AS to complete A AXB* Since AX and BX are aides Of a 
regular polygon, AX • BX . Therefore, A AJCB la Isosceles. 

The measures of the base angles of an isosceles triangle are equal* 
As such, at 4 ABX » m 4 XAB, We are given that m 4 AXB - 3 n 4 ABX. 
The measure of the angles of a triangle sum to ISO, Therefore, 
m 4 AXB + a 4 ABX + m 4 XAB - 180*, By substitution, 

3m 4 ABX + m 4 ABX + m 4 ABX - ISO 
5m 4 ABX - ISO 
a 4 ABX * - 36*. 

Therefore, m 4 AXB - 3(36) * 108. Set 108 - and solve for 

n 

lOBn - lflOn - 360 
-72n - -360 

Therefore, the regular polygon has 5 sides, l.e. It Is a pentagon. 

• PROBLEM 6-35 


For a regular polygon of six sides, find the number of 
degrees contained in (a) each central angle, (b) each 
interior angle {cj each exterior angle. (See figure,} 


Solution : (a) The central angle of a regular polygon Is 

an angle formed by two radii of the polygon drawn to 


11 ? 






consecutive vertices of the polygon 

# where n - the number of sides in the polygon 


Its measure is equal to 
In 


the figure shown, £AQB is a central angle, Hence / mJ;AOB 


360 


60 ° 


Therefore, each central angle contains 60° * 

(b) An interior angle of a regular polygon is formed 
by two consecutive sides of the polygon meeting at a 
vertex. {ABC is such an angle. Its measure is given by 

(n - 2^ 190 ^ where n s the number of sides. In this 

example# n = 6 and, therefore# by substitution# each 


angle measures 


(6 - 2 } 


1B0° 


or 120°. 


Therefore, each interior angle contains 120°. 

Co) An exterior angle of a regular polygon is formed 
outside the regular polygon by one side and the outward 
extension of an adjacent side, £CB£ is an exterior angle* 

360 

(See figure,) Its measure equals degrees. In this 

problem -2421 = 2i°I = 60=. 


Therefore, each exterior angle contains 60®, 
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CHAPTER? 


CIRCLES 


CENTRAL ANGLES AND ARCS 

• PROBLEM 7-1 



The measure of a central angle is equal to the 
measure of the arc it intercepts* 

The ratio of arc length to circumference, in linear 
units, will he equal to the ratio of arc length to circum- 
ference as measured in degrees. 

If n * the number off degrees in the are 2 tt inches long. 

Then 

By substitution, 


1 . n 
£ " M* 

360® - Bn 

n - 45® 

Therefore, the central angle contains 45*. 


« PROBLEM 7-2 


Find the number of degrees, to the nearest degree,In 
an angle subtended at the center of a circle by an arc 5 ft* 
10 In. in length. The radius of the circle is 5 ft. 4 in. 


length of are _ n 
circumference " 360* 
2sin. n 

2tt{& in,) 360® 


119 
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Solution * Let ub convert the nixed unit measures into sin¬ 
gle unit measure, 

(12 in, <■ 1 ft.) 

5 ft, 10 in, - 5(12) +10-70 in, 

9 ft, 4 in, - 9(12) +4 - 112 in. 

We solve this problem by determining whet fraction of 
the total circumference the arc occupies and then multi™ 
plying this by 360* to find the degree measure of the arc. 
The angle subtended at the center is a central angle and 
contains the same number of degrees as the arc. 


Circumference C *it 2 r, where r - the radius length. 
By substitution f C - 271(112) - 224w in. The fraction of 



704, 


Hence, there are (360) [ 7 ^] or 35* 48' contained in this 

arc and in its central angle. To the nearest degree, the 
answer is 36*, 


* PROBLEM 7-3 


In circle 0, the measure of AB is 00* Find the mea¬ 
sure of 4A. 



Solution s The accompanying figure shows that is inter- 
ceptedoy central angle 4A0B, By definition, we know that 
the measure of the central angle is the measure of its in¬ 
tercepted arc. In this case, 

» m<AOB or m^AOB = 00* 

Radius and radius SI - are congruent and form two 
sides of dOAB, By a theorem, the angles opposite these two 
congruent sides must# themselves, he congruent, Therefore# 
m+A - »$i. 

The sum of the measure® of the angles of a triangle is 
180*, Therefore, 

ib 4A + m4B + mil AO B • 180*, 

Since miA ■ m4i, we can write 


eberr 


ge5chu 


120 





m+ 80 


180* or 


2m4A - 100* or 
m*A - 50% 

Therefore, the measure of 4A is 50* 


* PROBLEM 7-4 



Solution i We can prove the two arcs congruent by proving 
that their central angles are congruent. Congruent central 
angles intercept congruent arcs. The central angles of 
lS and are <ROS and 4cSOT, respectively. 

These two angles are contained, respectively in AOER 
and AOET. By proving these two triangles to be congruent 
to each other, we can conclude that the required central 
angles are congruent to each other. 


Statement Reason 


1, 

oS X r¥ 

1, 

Given. 

2. 

lOER and fOET are 
right angle®. 

2, 

Perpendicular lines inter" 
sect in right angles, 

3, 

IOER 

S fOET 

3, 

All right angles are con" 
gruent. 

4. 

or - 

of 

4. 

Radii of the same circle 
are congruent. 

s. 

OE m 

OE 

5, 

Reflexive property of con¬ 
gruence. 

6. 

A OER 

- AOET 

6, 

Hypotenuse-Leg Theorem. 

7, 

4 IDS 

- *S0T 

7, 

Corresponding angles of 
congruent triangles are 
congruent. 

8, 

r! “ 


8. 

Congruent central angle® 


of the same circle inter- 
cept congruent arcs. 
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• PROBLEM 7-5 


in the accompanying figure, if 4C0D - <FOE, prove that 

= W. 


( 

T) 


k 



j 

a— 


Solutp^qfl: In this problem, we will make use of the theorem 
that congruent chorda always intercept congruent arcs In 
the same circle* The converse of this is also truei con¬ 
gruent arcs have congruent chords. 

Statement 


Reason 

1- «COD » <F0E 


1- Given. 

2- Cb • FE 


2- Congruent central 
angles intercept con¬ 
gruent arcs* 

3- ofe s m 


3- Reflexive property of 
congruence. 

4-cd + S£fI + de 
or £e S vb 


4- Congruent quantities 
added to congruent 
quantities result in 

congruent quantities* 

5- CE i fD 


5- Congruent arcs have 
congruent chords* 

INSCRIBED ANGLES AND ARCS 



• PROBLEM 7-6 


In the circle shown, If roPk - 70 and ■ BO, find 
mtP, m$Q, and m^R, 



Figure 1 Figure 2 
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Solutioni By definition, the three angles whose measure 
we are asked to determine are inscribed angles. We will 
prove the theorem which states that the measure of an inscri¬ 
bed angle is equal to one-half the measure of the intercepted 
arc. This theorem can be proved in three cases. One where 
the center of the circle lies on a side of the angle, one 
where it lies in the interior of the angle, and one where it 
is assumed to be on the exterior of the angle* 


Case l * We have a circle with C as the center and IDBF in¬ 
scribed so that BF is a diameter {figure 2)* We draw radius 
CD. Since they are radii, BC - CD. In ABCD, IB » ID be¬ 
cause when a triangle has two aides congruent, the angles op¬ 
posite those sides are congruent. *1 and ic are, by defini¬ 
tion, supplementary. Therefore, mil + mlC - 18Cf. Since they 
are the three angles of ABCD, 

m*D + miB * mlC ISO. 


Therefore, by traneitivity, 
mlD + mlB « mil* 

Since li is a central angle, mil - mDF and 
2(mlB) ■ mDF and 
ralB « j m£?\ 

Case 1 is now established and will be instrumental in proving 
Cases 2 and 3* 


Case 2: How C is in the interior of IDBF (figure 3). If we 
draw - diameter Xb, as shown, then mlDBF = mil + ml2. Angles 
1 and 2 are both inscribed angles with one side of each con¬ 
taining the center of the circle and, as such, their measures 
can be found by referring to caae 1. 


mil ■ ynfk and m|2 * ^ mAD 
mil + ml2 ■ ^ j mffi 

» 2 {mFX + it®). 


As the figure shows, FA and ® 
Therefore, mfi + m® » mFB. 

mil + ml2 « ^ 

By substitution, then, mlDBF » 


compose 


£B. 


1 

j mFB. 


eberr 
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Case 3 : Here, C is in the exterior of the inscribed angle 
[figure 4), but a technique similar to case 2 is used* In¬ 
troduce the diameter to from an angle like that covered by 
case l* 


mi DBF = mi 2 - mil , 

But, by the case 1 result, since 42 and *1 both have one side 
that includes the circle's center, 

mi2 « ^m6X and mil ” 

By substitution, miDBF - Tjnifii - ^mFA 

» -jtmDA - mFA), 

Since DA is composed of DF and FA f the mDA - raFA * mfip. 

By substitution, miDBF = 

Now w© can use the thsoren that states if an angle is insori— 
bed, its measure is equal to j the measure of the intercepted 
arc, to answer the original question. 

We were told that mPR - 70 and mCjk - BCL Therefore, 
since a circle contains a measure of 360, mPg « 360- (70+105 
or m§h - 210, iP, iQ, and iR are all inscribed angles. This 
allows us to find their measure by using the tjfceorem we have 
just proved. 4F intercepts 6k, iQ intercepts PR, and 4R in¬ 
tercepts PQ. 

Therefore, m*P “ |mQk “ y(80) - 40 

miQ - |rapk - ^-(70) - 35 
miR - |mP& * j(210) = 105. 


• PROBLEM 7-7 


In a circle, as shown in the accompanying figure, congruent 
chords AB and CD are extended through B and D, respectively, 
until they intersect at P, Prove that triangle AFC la an 
Isosceles triangle. 
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Solution: To show that AAPC Is isosceles, we must show 
PA = PC. This can be done by showing |A ■ $C. 

The proof of this last point will involve using the 
theorem which states that congruent chords have arcs of equal 
measure. This, along with the reflexive property of arc 
measure, will show that 4A and fC are inscribed In arcs of 
equal measure, which implies the necessary congruence con¬ 
dition. 


Statement Reason 


1, Chord AB S Chord CD. 

1. 

Given. 

2. mBD - mSb = y 

2 . 

Reflexive Property o£ 
Equality. 

3. mSs « X 

3. 

In a circle, congruent 
chords have equal arcs. 

4 * ^ x + y and 

4. 

The measure of an arc Is 
equal to the sum of the 
measures of Its partsi 

5. njVBD » mBDCl 

s. 

Transitive Property of 
Equality 

6 . kh m kc 

6 . 

In a circle, if inscribed 
angles Intercept equal arcs, 
the angles are congruent. 

7. PA - PC 

7. 

In a triangle, if two angles 
are congruent, the sides 
opposite these angles are 
congruent. 

B. AAPC is an Isosceles 
triangle 

8 . 

An isosceles triangle is a 
triangle that has two con¬ 
gruent sides. 


a PROBLEM 7-8 


Let m|A ■ 90* in AABC. Let D, E r and F be the midpoints of 
AB, AC, and BC, respectively. Prove that F is the center 
of a semicircle which contains 8, A, and C. 
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Solution; The figure shows AABC end part of the circle on 
which A, B r and C lie* To show that F is the center of the 
circle, we will prove that EE and fd are perpendicular bi¬ 
sectors of chorda CA and a£* Since the perpendicular bisec¬ 
tor a of the chords of a circle meet at the center of the 
circle, we will be able to show that F is the center of the 
circle passing through A, B, and C* Since an angle inscribed 
in a semi-circle is a right angle, and * A is a right angle 
inscribed in a circle, we will be able to conclude that dAB 
is a semi-circle, and F is its center* 

First, note that E and D are t he midpoints of EX and 
Ilf, as the problem states* Bence, EF |] AB and EF ||Since 
the corresponding angles of 2 parallel lines cut by a trans¬ 
versalare congruent, ICEF ■ ICAD and IBDF - <BAC. There¬ 
fore, FE -L CA and FD _L IB. Because E bisects CA and D bi¬ 
sects aF, FE and Fb are the perpendicular bisectors Of chords 
CA and AB* As explained above, the perpendicular bisectore 
Of the chords of a circle Intersect at the center of the 
circle* Hence, F is the center of the circle containing 
points A, B, and C* {See figure*) Furthermore, IA is in¬ 
scribed in circle F and has measure 90*- Hence, *A must in¬ 
tercept a semi-circle i.e. CAB is a semi-circle, with center 
at F* 


• PROBLEM 1-9 


Giveni Points A, B, C, and D are in §Pf j fic s DC* 

Proves IB « ID* 



Solution; There are two ways of solving this problem* The 
first ifl to prove &ADC & AABC and then, IB - ID follows by 
corresponding parts* The second method is to show |B and ID 
both Intercept equal area* 

Method 1; In the same circle, or in congruent circles, if 
two arcs aracongruent, then their chords are congruent* 
Therefore, AD s AB,which is giv en, implies AD » aF and 
BC “ DC, which is given, lilies DC* AADC S A ABC follows 

by the ESS Postulate, 

Statements_Reasons_ 


1* Points A, B^C, and D 1* Given* 
ge^ii^DPj AB S AD) 
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2* 

AB - AD; BC S DC 

2* 

In the same circle, con¬ 
gruent arcs intercept con¬ 
gruent chords* 

3. 

AC a AC 

3* 

Reflex!vity Property* 

4* 

AABC S AADC 

4. 

The SSS Postulate* 

S. 

*B * *D 

s. 

Definition of congruenct 
triangles, 

Method 2; 

Statements 


Reasons 

1* 

Points A * B,jC f and D 

- aBf 

1. 

Given 

2* 

raAB + mBC * raAD + raffi 

2. 

Addition Postulate* 

3* 

mAB5 ™ m£ES 

3, 

Substitution, 

4. 

abS « £5c 

4* 

Definition of Congruent 

Arcs, 

5, 

*B = *D 

5* 

Inscribed angles that inter¬ 
cept congruent arcs are con¬ 
gruent* 




# PROBLEM 7-10 


Given two intersecting chords of a circle, show that the 
measure of the angle formed by the intersection is one-half 
the s xm of the measures of the arcs intercepted by the angle 
and its vertical angle* 



Solution: We are required to relate $AEM to AM and NF, 

Here, by drawing we can express AM and in terras of 
inscribed angles 4NMF and 4AFM, $NEF can also be expressed 
in terms of these two angles, since 4NEF is an exterior angle 
©£ AMEF. Thus, we solve for iUlF in terms of 4NMF and £AFM, 
Theg^ we solve for ^N&F in term® of Sf and for 4AFM In terms 
of AM* Substituting into the expression for 4WEF, we will 
then have an equation for 4MEF in terms of the intercepted 
arcs* 

Given: AF and MN are chords of ©P that intersect at 1* 

Proves ■* + mlfi*) 
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Statements 


Reasons 


1 . aF and MU are chords 1* 
of €H» that intersect 

at E. 

2. m*AFM - jmAM 2. 

jntSMF - 

3* iNEF is an exterior 3. 

angle of AHEF 


*. m*WEF = miAFM + 4, 

m*NMF 


5. m*NEF - + ^nNF 5, 

or 

m*NEF - |{mAM + mNF) 


Given. 


The measure of the inscribed 
angle is equal to one-half 
the measure of the inter¬ 
cepted arc. 

An exterior angle of a tri¬ 
angle is an angle that forms 
a linear pair with one of 
the interior angles of the 
angle, 

The measure of the exterior 
angle of a triangle equals 
the sum of the measure of 
the two remote interior 
angles - 

Substitution Postulate 
(Steps 2 and 4) 


CHORDS 


• PROBLEM 7-11 


Prove that the line containing the midpoints of the 
major and minor area of a chord of a circle is the perpen¬ 
dicular bisector of the chord. 


D 



Solutions A perpendicular bisector is a line, all of whose 
points are equidistant from the endpoints of the given seg¬ 
ment. We show that two points, the midpoints of the major 
and minor arcs, are equidistant from the endpoints of the 
chord and thus that the line determined by these points must 
be the perpendicular bisector. To show A and B, the mid- 
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points of the arcs, are equidistant from chord endpoints C 
and DiWe show AC £ ad and CB * DB. However, from the given 
St = M) and CB * BD, and the congruence of the segments fol¬ 
lows* 


Givens CD is a chord of OP, A is the midpoint of the 
minor arc 6b. B is the midpoint of major arc 

6 b* 

Prove; 33 is the perpendicular bisector of C&* 


Statements 


Reasons 

A is ^the midpoint of minor 
arc CD* 

B is the midpoint of major 

«c a. 

1* 

Given 

mAC = raAD = 1/2 sicfi 
nBC * r3D ■ £m© 

2* 

The midpoint of an 
arc divides the arc 
into two congruent 
arcs. 

AC - AD ) CB i BD 

3* 

If two arcs are con¬ 
gruent, their chords 
are also congruent* 

A is equidistant from C and 

D* 

B is equidistant from C and 

D. 

4* 

Definition of equi¬ 
distance* 

33 is the perpendicular bi¬ 
sector of S6. 

5* 

If a line contains 
two points equidis¬ 
tant from the end¬ 
points of the segment 
then the line is the 
perpendicular bisec¬ 
tor of the segment. 


# PROBLEM 7-12 


Two chord® intersect in the interior of a circle, thus deter¬ 
mining two segments in each chord* Show that the product of 
the length of the segments of one chord equals the product 
of the lengths of the segments of the other chord* 



solutiont Restating the above problem, in terms of the 
figure, we obtain AP * PB ■ DP * PC* We can rewrite this 
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(divide both Bides by PB - DP) as a ^g, To prove the 

proportionality, we show that two triangles are similar, In 
this case, AAPD * ACPB by the A-A Similarity Theorem* 

Given: Chord h AS and ^ of 00 intersect at point P , 

Prove: AP * PB »= DP * PC, 


Statements_Reasons 


1 . 

Chords AB and CD of 
©Q intersect at point 

P, 

1 , 

Given, 

2 - 

*ADC * ^ABC. 

2 , 

Inscribed angles that cut 
the same arc are congruent. 

3. 

+APD m *CPB, 

3, 

Vertical angles are con¬ 
gruent , 

4* 

AAPB ^ £CPB, 

4, 

The A-A similarity Theorem* 

5, 

AP PC 

PD PB 

5, 

The sides of similar tri¬ 
angles are proportional. 

6 , 

AP * PB » PC ' PD, 

6 , 

In a proportion, the product 
of the means must equal the 
product of the extremes. 


• PROBLEM 7-13 



solution: We know that given two intersecting chords in a 
circle, the measure of the angle formed by the intersection 
Is equal to one-half the sum of the measurea of the arqp in¬ 
tercepted by the angle and its vertical angle. Here, BN and 
oft are the Intercepted arcs of $QFG and Its vertical angle. 
Therefore, 

(1) m$0FG - |(nBS + m6?,). 
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Substituting in the values tnfift = 50 and m$OFG « 35, we 
obtain: 

til) 35 - y(5C + b6g! 

(Ill) (3)35 ■ 50 + mffi 
(iv> iti6S - (3)35 - 50 ■ 70 - 50 - 20 


• PROBLEM 7-14 


In the accompanying figure, diameter BC is drawn in circle 
0. Radius OE is drawn parallel to chord CD. Prove that 
the measure of arc BE is equal to the measure of arc ED, 

i.e. BE - §b. 



Solution: We know that in any given circle, arcs of equal 
measure have central angles of equal measure* Radius OD, 
when drawn, becomes t he transversal of parallel segments 
OE and CD. Diameter CB is also a transversal of these lines. 
If we prove miEOD “ miBOE, then we have shown that the arcs 
which these two central angles intercept are also equal. 


Statement 

1. Draw radius OD 1. 

2. Of || CD. 2* 

3. mtEOD » mtCDO* 3. 

4. OD - DC 4. 

5. miBOE * miOCD* 5. 

6. miOCD * mfCDO* 6. 


Reason 

One and only one straight 
line may be drawn through 
two points. 

Given, 

If two parallel lines are 
cut by a traneversal, the 
alternate interior angles 
are congruent and of equal 
measure. 

Radii of a circle are con¬ 
gruent . 

If two parallel lines are 
cut by a transversal, the 
corresponding angles are 
congruent and of equal 
measure* 

If two sides of a triangle 
are congruent, the angles 
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7, m*BOE “ miCDO* 

8, m*BOE - EOD. 

9, SI » £b* 


opposite these sides ere 
congruent and of equal 
measure* 

7. Transitive property of 
equality* 

8. Same as reason 7* 

9* In a circle, central angles 
whose measures are equal 
intercept congruent arcs* 


• PROBLEM 7-15 


ft. 


the circle shown. 
Prove At " CE, 


BE J_AC and B is the midpoint of arc 


Solution: In this proof, we mist use the theorem that con¬ 
gruent arcs have congruent chords* To show 3? - CE, we 
first prove &ABE • ACEE* To show &ABE « ACBE, we use the 
Hypotenuse Leg Theorem. Right angles bea and BBC are con-* 
gxuent * BE » BE. Por the third congruence, we note that 
AB and BC are chords that intersect congruent arcs* From 
the above theorem, it follows that 5ff * IE. 


Statement 

1* BE X AC 1. 

2. 4BEA and <BEC are 2, 

right angles. 

3* AABE and ABCE are 3. 

right triangles, 

4- B ia the midpoint 4* 

of ife. 

5. Afe = fit. 5* 

6* Af » W 6* 

7. BE = BE 7. 


Reason 

Given* 

Perpendicular lines inter* 
sect to form right angles* 

A triangle containing a 
right angle is a right 
triangle. 

Given. 


A midpoint of an arc divides 
the arc into two congruent 
sections. 

Congruent arcs have con¬ 
gruent chords. 

Reflexive property of con¬ 
gruence * 
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8, hy* leg - hy, leg 


8, AABfi m ACBE, 

9* AE ■ CE. 9. Corresponding sides of con¬ 

gruent triangles are con¬ 
gruent . 

* PROBLEM 7-16 

Given; Point Q la in the interior of GP; QP intersects GP in Rj 
S is any point on GF, 

Prove; RQ > SQ (Hint: Use SP>. 



Solution; We must show RQ > SQ, Since RQ - RP + PQ, this is the 
same as proving RP ■+ Fq > SQ. 

To relate SQ and FQ f ve use the Triangle Inequality Theorem - 
that la, in t SFQ, SQ < QP + SP. Since TSF and FI are radii, 

"5F * FI and QP + SP ■ QP + PR. The inequality than becomes SQ < QP + 
PR or SQ < IQ. 


Statementa Reasons 

1. (see problem statement) 1. Given 

2. QR ■ QP + PR 2* Definition of betweenness. 

3. SQ < QP + PS 3. Triangle Inequality Theorem. 

4. SP - PR 4. All radii of a circle are congruent. 

5. SQ < QP + PR 5* Substitution Postulate (Step 3,4) 

6. SQ < QI 6. Substitution Postulate (Step 5,2) 


■ PROBLEM 7-17 


Given; XU and CD a re chords of circle Pf ___ 

PMXAB at H? Mlct> at N; PM S PM. Prove* AB » 5I>. 








Solution? To prove congruence of lines, we must 1©ok for_ 
congruent triangles. Here, in drawing the radii AP and DP, 

we make use of the fact that all radii of a given circle_ 

are congruent. After proving AAMF - ADHP, we have_AM - DN. 
He could then repeat the procedure, drawing radii PC and 
PB, and prove nc - MB, but that is unnecessary* The line 
containing the center of the circle and perpendicular to 
any chord bisects that chord. Therefore,if EST * W; 

AB (Which equaln 2 *AM) must be congruent to CD (which 
equals l^DN}. 

Statements_Reason _ 


1. AS and CD are chorda 1. 
of circle P; ETI J_ AB 
at Ms _Ftl J-CD at Nf 
PM - PN. 

2 m AP - DP. 2 . 


3. AAMP . ADNF* 3, 


4. AM * DN. 4. 


5. M is the midpoint of 5. 
AB*_N is the midpoint 
of CD. 


6. AB « 2AM 6, 

CD * 2DN 

?, AB « CD. 7. 


B* AB i CD 8* 


Given 


All radii of a circle are 
equal in measure. 

If the hypotenuse and a leg 
of a right triangle are 
congruent to the hypotenuse 
and leg of another right 
triangle, then the two tri¬ 
angles are congruent. 

Corresponding parts of con¬ 
gruent triangles are con¬ 
gruent . 

The line containing the 
center of the circle and 
perpendicular to the chord 
intersects the chord at Its 
midpoint. 

Property ©£ the midpoint. 


Multiplication Postulate 
and Substitution Postulate, 

Two line segments are con¬ 
gruent if they are of the 
same length. 


• PROBLEM 7-18 


Show that in the same circle (or in congruent circles) if two chorda 
are not congruent, then the longer chord ia nearer the center of the 
circle than the shorter chord. 


Solution ; Consider chords AB and CD In the accompanying figure, 
AB < CO. We want to show PM > PN, 
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The inequality AB < CD could lead us to an inequality of angles, 
if Uf end CD were sides of a triangle. Similarly, if ~PK and TFT 
were aide® of a triangle, then by showing the angle opposite P?T is 
greater than the angle opposite PH, we could reach the desired con¬ 
clusion* _ _ 

fcfe can create the necessary triangles by constructing chord ED - AB, 
Consider point R, the midpoint of IS, Then, KD * %ED, Also, 

BN - %DG. 

Since DC > ED, then IN > KD, In triangle A DKN, i^3>idM. 
Because % a DKP and £ DNP are right angles, m £ 3 + m £ 1 - m $ 4 + 

m * 2 « 90 . Since pi f 3 > m * 4, m £ 1 < m * 2* PK > ?N and the 

distance of chord AB from t he c enter, PM - PK, la greater than the 
distance of the longer chord DC' from the center, TFT, 

Given; AB and CD are chords of Q Fj PM jl AB at Mj 


Reasons 
1, Given* 


PH J. CD at HiCD>AB* 
Prove: PH < PM, 

j^atement^ 

1, AB and CD are chords of 
B P; FR i XI at Mj W 4 W 
a t H; CD > AB 

2, Construct chord ED such that 2* 
ED ■ AB and E and P are on the 
same side of DC, 

3, K is the midpoint of ED 3, 


4. KD * %EB 4* 

5, H 4 15 5* 


6* PK « PM 6, 


7, IN - %DC 7. 


8* DC > ED 8. 

3, m > m 9 . 

10, m £ 3 > u £ 4 10. 


From any point on the circle, a 
chord can be constructed of a 
given length, provided the length 
la lees than the diameter. 

Every line segment IKS has one 
and only one point C such that 
AC » CB. 

Definition of the midpoint of a 
Segment. 

Hie line Joining the center of the 
circle and the midpoint of a chord 
is the perpendicular bisector of the 
chord. 

In the same circle (or congruent 
circles), chords are congruent if and 
only if they are equidistant from the 
center of the circle. 

The perpendicular from the center of 
the circle to a chord bisects the 
chord. 

Substitution Postulate 
Halves of unequal quantities are un¬ 
equal in the same sense, 

In a triangle, if the length of the 
side opposite the first angle Is 
greater than the length of the side 
opposite the second angle, the first 
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11* 

m*3+ni*l-90° 

n. 


n5 4 + fflp-M 


12. 

m * 1 - 90 - is * 3 

12. 


m f 2 - 90° - tn % 4 


13. 

90° - m * 4 > 90* - m * 3 

13. 

14. 

a * 2 >e*3 

14, 

15, 

PK > PN 

15. 


16. PH > PN 16* 


angle la greater in measure than the 
second angle. 

if two angles fon^a right angle, thei 
measures sum to 90 . 

Equals subtracted from equals leave 
equals * 

If i ■ b and e < d, then a- c > 
b - d. (the equality is 90 - 90 ; 
the inequality comes from Step 10.) 
Substitu tIon Fos tul ate * 

In a triangle, If the measure of the 
angle opposite the first side is 
greater than the measure of the 
angle opposite the second side, then 
the length of the first side la grea¬ 
ter than the length of the aecond. 
SubstitutIon Postulate 
(Steps 15 and 6> 


TANGENTS, LINES AND CIRCLES 


• PROBLEM 1-W 


Prove that if two circles are tangent externally, tangents 
drawn to the circles from any point on their common internal 
tangent are equal in length* (See figure) 



Solution; A common internal tangent is a line which is tan¬ 
gent to both circles and intersects their line of center. 

The line of center has endpoints 0 and O'. PA,is the com- 
mon internal tangent of circles O and O' r and PD and PI are 
external tangents dra wn from a point P on the common intern¬ 
al tangent* If both Pi and PD can be shown to be equal in 
length to the same line segment , then we can conclude that 
they are equal to each other* 


Statement Reason 

1. and M are tangents 1. Given 
to circle 0. 


2. PD - PA. 

3. and M are tangents 
to circle O'* 


2. The lengtha of tangents 
drawn to a circle from an 
external point are equal. 

3* Given. 


eberr 
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4. PA - PE* 


5* If PD » PA and PE 
PA, then PD « PE. 


4. Same as Reason 2* 

5 * Transitive Property of 
Equality. 


* PROBLEM 7-20 


A belt moves over two wheels which are the same sire 
and crosses itself at right angles as shown In the figure. 
A,B,C, and D are points of tangeney? E is the intersection 
of the tangents; and 0 is the center of one of the circles. 
The radius of each wheel is 7 inches. 


(a) 

Shew 

that mtAOE * 45% 

lb) 

Find 



(1) 

the length of AE 


(2} 

the length of major arc A&. jjJse * - 


(3) 

the length of the entire faelt. 



Solutions (a) We will first show that AOCE Is a square 
in order to prove that iAOC is a right angle. Then we will 
show that diagonal 01 bisects *AOC. If mtAQC a 90% then 
*A0E must equal 1/2 of 9Q d or 45®. 


Statement 
1, GA i OE 


2, Ke and CE are tangents 
at points A and C res¬ 
pectively* 

3. OK JL SB and OC _L OS' 


4. *GAE and *OCE are right 
angles. 

5. iABC is a right angle. 

€. tOAE is supplementary 
to *A£C. 


Reason 

1. Radii of a circle are con¬ 
gruent. 

2. Given. 


3. If a line is tangent to a 
circle, the line Is perpen¬ 
dicular to the radius drawn 
to the point of contact. 

4* Perpendicular lines inter¬ 
sect to form right angles. 

5. Given. 

S, Any two right angles are 
supplementary, 
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7. QA !| ft 

7, 

If interior angles on the 
same side of a transversal 
are supplementary, then the 
lines are parallel. 

a. -tOCE is supplementary 
to 4AEC. 

8, 

Any two right angles are 
supplementary. 

9. oc t\ m 

9. 

Same as reason 7, 

10. AOCE is a square. 

10, 

A quadrilateral in which 
(1) all opposite sides are 
parallel; (2) there exists 
two adjacent sides which 
are congruent; and (3) at 
least one vertex angle is 
a right angle is a square. 

11, 4a 0C is a right angle. 

11. 

All vertex angles of a 
square are right angles. 

12, m*AOC « 90* 

12, 

Right angles measure 90% 

13, OE bisects 4A0C 

13. 

The diagonal of a square 
bisects the vertex angles 
through which it is drawn. 

14, mjADC « 2m 4 aOE 

14. 

An angle bisector divides 
the anqle into two angles 
of equal measure. 

Statement 


Reason 

IS, 2tm*AO£> - 90% 

IS, 

Subs titutlon Po stulate, 

16. m*AOE - 45*. 

16. 

Division Property of 
Equality, 


{b) 1* Since all four sides of a square are of equal mea¬ 
sure, AE « OC, 0€ is a radius (rj given to be 7 iru in length. 

Therefore, AE « 7 in. 


Since central angle jtOC measures 90% minor arc At* 
Therefore, major arc AC * 360 - 90 or 270. 


arc length 


gree measure of the arc 


x Circumference. 


Circumference “ C « 2irr, where r Is the radius. By substi¬ 
tution, C - 2* (7) - 14*. using s - , we obtain C - 14 ^ 2 -i 

” 44 in. Therefore, length of major arc AC - §^(44J » J(44) 

“ 33. Therefore, length of major arc Qt - 33 in. 


3. From the diagram, we £ind_that length of entire belt 
" length of major arc AC + Af+EC + fD + EB + length of 
major arc 15. We fcngw that AS - K « 7 inches , arid that the 
length of major arc AC ® 33 inches. 

Using the same manner we anployed to find the above mea¬ 
surements, we can derive ED, 1 b and length of major arc 6|. 
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I f we drew the radii from D and B to the center of the 
circle on the right, they would form a square symmetric to 
AOCE and, as such, ED s EB » radius of that circle, tfe are 
2 iven_the radius « 7 in. for both circles* Therefore, 

ED - EB - 7 in. 

By a similar symmetry argument, we prove major arc BD 
^as the same length of major arc AC, Therefore, major arc 
BD * 33 in. 

By substitution, length of entire belt -33+7+7+7+7 
+33-94 

Therefore, the length of the entire belt - 94 in. 



Solution; Extend E5 and 15 to the right until they inter¬ 
sect at a point X. 


Since A, B, C, and D aje po ints of texigency, M and 55 
will be tangent to §E and BX and CX will be tangents to 6F, 
Two tangents drawn to a circle from an external point are 
of equal length. Therefore, AX — DX and BX - cx. 

We know that the length of the whole segment is equal 
to the sum of the lengths of its parts. Hence, ST - AB + 15? 

and DX - DC_+ CX. Accordingly, AB - AX' - fx and DC 3 DX - 

CX. Since S5 *» M and W - 5x, we can conclude that If - DC. 


• PROBLEM 7-22 


Circles A and B are externally tangent at C, Prove that A, €, 
and 3 are collinear. 
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Solution* If two adjacent angles are right angles, then their 
non-common sides form a straight angle. Since the rays of a 
straight angle form a straight line, any points on these rays 
are collinear. 



C is the point of tangency of line nx and circle B* Since 
radii of a circle are perpendicular to tangent lines at the 
points of tangency, therefore H radiue CB is perpendicular to 
line m. Accordingly, radius AC is also perpendicular to line 
m* 

Since perpendicular lines intersect to form right angles, 
adjacent angles DCB and DCA are right angles. 

Hence, the non-common sides of + DCB and $ DCA form a 
straight angle, and the points A, C, and B are collinear. 


• PROBLEM 1-23 


Given two circles with a common tangent at a point A such 
that the second circle passes through the center of the first. 
Show that every chord of the first circle that passes through 
A is bisected by the second circle, (See figure,) 
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Solution: Wo are naked to ehov that if circlea P and 0 are 
tangent at a, and o li*o on circle p, then 55 U bisected by 
circle P at point $, tfe will do this by showing thst 55 is 
the perpendicular blase tor of Eft. 

First, note that OPA connects the centers o f 2 circles 

tangent at the same point (See figure.1 Hence, OPA is a_ 

straight line passing through the center of circle P. OPA 
1* # therefore r s diameter of P t which implies that *OSA is 
Inscribed In a semicircle [d£A). this means that 4 osa is a 
right angle, and that OeJLba, However, any line segment 
drawn from the center of a circle perpendlculnr to a chord 
of ths same circle bis act s the chord. Since H5J-IX at S, 

BE m 3a- 


* PRQBL1M 7 -a 4 


Circles A, B, and C are tangent to one another. Find the 
radii of the three circles if AB - 7, AC - 5, and BC " 9- 



Solution; The segment connecting the centers of tangent 
circles passes through the point of tangancy on the cireum*- 
£erence of the circles. Thus, the distance to the point of 
tangency from the center of ac is the radius, c, from tha 
center of BA is the radius, a, and from the center of SB is 
the radius, b. Therefore, the length of the segments be¬ 
tween the canters is the sum of the radii. Hence, 


AC ■ c + a 
AB - a +■ b 
BC - b + c 


Since AC - 5, AB - 7, Slid BC - 9, We have 

(il 5 ■ c + a 
[ill 7 - a + b 
(iiiS 9 - b + c 



m 











Solving for a in terms of c 5- c + a, a » 5 - c* Substitut¬ 
ing this result in the other equations, we obtain: 

(iij 7 - C5-c> + b * 5 + b - e or 2 ■ b • c 
Ciii) s - b + c 

Adding both equations, we eliminate c. 

11 - 2b or b ■= 5.5 

Since 9 ■ b + e, c - 9 - 5, S m 3.5 Hence a“5-c*=5- 
3.5 « 1.5* Thus, a *= 1.5, b » 5.5, and c <= 3.S* 


INTERSECTING CIRCLES 


• PROBLEM 7-35 


Given: circles P and Q Intersect at points A and Cj chord 
AB of OP is tangent to ©Q; chord AD of OQ is tangent to OPf 
E is a point on ®Q| F is a point on ©P* Prove: AABC ^ ADAC 
and AC is the mean proportional between BC and DC. 



fl) A-A 
(3) SSS 

Similarity Theorem, There are no obvious proportions between 
the sides. Therefore, we try to find an A-A Similarity* We 
are to prove AABC ^ ADAC, therefore, 4ABC corresponds to 1CAD. 
4B Is an inscribed angle that Intercepts arc AFC and, thus, 

mlB * ^mAFC. I CAD is an angle formed by a chord and a tangent 
of and has a measure equal to y the intercepted arc or 

2 *nAF&, Therefore, both mlB and m$CAB equal jmAPi and - 
3 CAD. 


In a similar manner, we show 4BAC -v 4CDA. Thus, AABC 
* ADAC, By definition of similar triangles, we show AC is 
the mean proportional between BC and DC, 


Statements Reasons 

1. (See problem statement) 1. Given. 
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2 , jb4b - in op* 

m4D - ^mSi& in DQ. 

2 . 

The measure of the inscribed 
angle equals one-haIf the 
measure of the intercepted 
arc. 

3. m4CAD « in «p, 

m4BAC - in ©Q* 

3. 

The measure of an angle 
formed by a chord and a tan¬ 
gent of a circle equals one- 
half the intercepted arc* 

4. ra4B « mtCAD, or f 

4B S 4CAD 

ra4D * mlBAC, or, 

<$D m <JBAC. 

4. 

Transitivity Postulate and 
Definition of Congruence of 
Angles, 

5. AABC ^ ABAC. 

5. 

The A-A Similarity Theorem. 

* BC AC 

AC “ DC 

S. 

The aides of similar tri¬ 
angles are proportional. 

7* AC 3 *= BC * DC. 

7. 

For a proportion to hold, 
the product of the means 
equal the product of the 
extremes. 

S* AC is the mean pro¬ 
portional between 

BC and DC. 

8 . 

Defintion of the mean pro¬ 
portional. 


# PROBLEM 7-26 


Giveni Circle^ P and Q intersect at points A and Cj 
meets BA and DC at 1*, a point of circle P. Prove that 
m « CE, 


* 



Solution: Construct segment A? so that It intersects PQ 
at point"S. Draw perpendicular line segments from 0 to M 
and The perpendicular to IS intersects ab at E, and 

the perependicular to CE intersects CD at F. (See figure.) 

We first prove that TPSQ is the perpendicular bisector 
of AC. This will enable us to shew that AAT$ » ACTS, which 
implies that t ATS a *CTS. We will then have enough data to 
prove that AQET £ &QFT or that OF “ 5F. Since chords which 
are equidistant from the center of a circle are congruent, 
we will have shown that AB ^ 5U. 
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__ Circles P and Q intersect at points A and C. Hence, 

QA and QC are radii of circle Q, and points A and C are 
equidistant from point Q. Similarly, A and C are equidis¬ 
tant from point P. Since the locus of points equidistant 
from two points is the perpendicular bisector of the line 
segment joining the two points, F and Q must lie on the 
perpendicular bisector of AC. Furthenapre, since two points 
determine a line, PQ is the perpendicular bisector of AC* 

By construction, S and T lie on HJ, TPSQ is the perpendicu¬ 
lar bisector of AC. We use this fact to show that 
MTS - ACTS. 

A?T = CS and 3AST ° ICST because TPSQ is the perpendi¬ 
cular bisector of a£. TS « TS. By the S.A.S. Postulate, 
AATS_= ACTS, and 4ATS * 4CTS. A lies on TE, C lies on TF, 
and TPSQ is a straight line. Hence, the last statement can 
be rewritten as IETQ « IFTQ, By construction, ITIQ S ITFQ. 
Tg = T£ and, by the A.A.5. Postulate, AQET z AQFT. Hence, 

QE c QF or QE = QF. This means that AB and CD are equally 
distant from Q (because QE J_AB and QF J_ CD)* Therefore, 
since chords drawn equidistantly from the center of a circle 
are congruent, AB - CD. 


a PROBLEM 7-27 


Two equal circles are drawn ho that the center of each is 
on the circumference of the other. Their intersection 
points are A and B. Prove that if, from A, any line is 
drawn cutting the circles at D and C, then ABCD is equi¬ 
lateral. 



Solution; In ffie accompanying figure, 60 and 60* intersect 
at A and B. AD is an arbitrary line that intersects 60 1 at 
D and 60 at C. To show ABCD is an equilateral triangle, we 
must either show (1) sides DC - €B - BD or (2) *DCB - ICBD 
* IBDC. We will show that mlPCB = SB* and m-4 BDC m 6{r « 
Therefore, mtCBB * 180 - mlDCB - ml BDC * 60 . Thus, we will 
he able to conclude that &6GD is an equilateral triangle. 

To show mlDCB “ 60°, note that |DCB is the same angle 
as <acb which is an inscribed angle of 60. Thus, mfACB » 

m-tDCB ■ A0^&* 

To find m AO^B, we consider AOAO 1 and AOBO 1 . Because 
equal circles have equal radii, OA - 00 r » q*a and 00 1 ■ 

OB « BO** Thus AOAO* and AQBG* are equilateral triangles 
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and mUOO r - ro4BOO 1 60*^-^tAOB = nrtAOO 1 4 rniBOO' = 

60 4 60 - 120*. Thus, m AO'B = m^AOB • 120% Since 

mlDCB = AO'S, m*DCB - ^(120*) - 60% 

To show mlCDB - 60% we show that its Eupplementt ex¬ 
terior angle +ADB, has a measure of 120*, Note that *ADB 

is an inscribed angle of «0% Thus, miADB * ^ XmS. Since 

mAMB 4 mAOB *• 360, then mXM& = 360 - mAOB = 360 - 120 = 240, 
Substituting, we have m * ADB = I (240 > = iao . 

Because exterior angle *ADB forms a linear pair with 
tCDB, mtADB 4 m*CDB ^180. Thus# nrtCDB = 180 - m*ADB = 180 
- 120 « 60, 

Finally, in ABCD, if m*DCB * 60* and mtCDB ■ 60*, then 
iMDBC = 180 - mtDCB - m*CDB - 180 - 60 - 60 - 60% 

Thus, all angles of &BCD are equal and ABCD is an equi¬ 
lateral triangle. 


TANGENTS, SECANTS AND CHORDS 


• PROBLEM 7-28 



Figure 1 


Figure 2 


Solutions To see why the statement must be true, consider 
the inscribed angle We know that srtWMR • Simi¬ 

larly, for the larger angle *NMS, it is true that m+NHS * 
Even as we pick points on the circle closer to M, 

the statement continues to be true. At the limit, the aeries 
of lines Mr, Hs, MT ... approach the tangent MQ, and what 
we shall prove here is that the relationship still holds: 
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There are two methods for proving the relation and both 
involve relating the angle INMQ with some inscribed angle of 
the circle that intercepts the same arc. 

Method li Let D be the point on the circle such that dm" is 
a diameter. Define Q such that Q is the intersection of Ds 

and the tangent. Inscribed angle II ■ If we prove 

12 - |l r then 12 - |mMN and the proof is complete. We prove 
12 « II by showing ANMQ AMDQ by the A-A Similarity Theorem. 

Given: is tangent to ©P; 

DM is a diameter of ©Pf 
MM is a chord of ©P. 


Prove: mtMMQ - 
Statement 

1 , ia tangent to ©P? 1, 

DM is a diameter of 

©Pf MN is a chord of 
©P. 

2, PM JLmQ.' 2, 

3, |DMQ la a right angle. 3. 

4, ADMN is a right tri- 4, 

angle, 

5, |DNM is a right angle, 5+ 

6, is a right angle 6. 

7, <mm = ^DMQ ?, 

8, INQM fi INQM 8, 

9 , 41 * 42 9 * 


Reason 

Given, 


The tangent to a circle is 
perpendicular to the radius 
of the circle drawn to the 
point of intersection. 

Definition of perpendicular¬ 
ity. 

If one side of a triangle in* 
scribed in circle is a di¬ 
ameter, then the triangle is 
a right triangle with the 
hypotenuse being the diame¬ 
ter. 

Definition of a right tri¬ 
angle. 

If one angle of a linear pair 
is a right angle, then the 
other angle is also a right 
angle. 

All right angles are con¬ 
gruent. 

A-A Similarity Theorem, 

Corresponding angles of similar 
triangles are congruent. 
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10, w$l • ynffi? 


10 


11- m*2 - 


, The measure of an Inscribed 
angle equals one-haIf the 
measure of the intercepted 
arc. 

11* Substitution Postulate 


Method 2: Here, again, we show *1 - *2. By showing *1 and 
4DKN are complementary, and 12 and iDMN are complementary, 

we can equate 11 and 42 and, therefore, mil - m*2 * 


Statement 


Reason 


The 

first 5 steps are 

the 

same as 

the last proof. 

6 , 

41 and fDMN are 
complementary. 


6 * 

The acute angles of a right 
triangle are complementary. 

7. 

42 and 4DMN are 
complementary 


7* 

If the sum of two angles is 
90°, then they are comple¬ 
mentary. 

0 * 

41 * 42 


8 * 

Two angles that are comp¬ 
lementary to the same angle 
are congruent. 

0 , 

mil - 


9. 

The measure Of an inscribed 
angle equals one-half the 
measure of the intercepted 
arc. 

10 * 

ml2 - ^niS 


10 . 

Sub stitufcion Pos tula te. 


• PROBLEM 7-20 


The angle formed by two tangents drawn to a circle from the 
same external point measures 60°. Find the measure of the 
minor intercepted arc* 


Solution s The measure of an angle formed by two tangents 
drawn to a circle from an outside point is equal to one-half 
the difference of the measures of the intercepted arcs. 
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If we let x - the measure of minor arc Sb, then 360*-x 
- the measure of the major arc BC. Applying the above rule f 

m?BAC * y(m (major fib) - m (minor 6b))* 


By substitution, 

BO* - j(360* - 2x ). 

SO* - 180* - x, which implies x “ 100°. Therefore, the 
measure of the minor intercepted arc is 100*. 

An alternative solution for this problem is as follows* 
Draw BC. Since tangents to a circle from the same external 
point are congruent, triangle ABC is an isosceles triangle* 
Bence, m*ABC - m*ACB. But the sum of the measures of the 
angles of any triangle is 180°. Therefore, 

m*BAC + m*ABC + flHACB - 180* * 

Since m+ABC » miACB and mfBAC « 80", we obtain 

m+ABC - m*ACB - 50*. 


Angle ABC is formed by a tangent and a chord. There¬ 
fore, Its measure equals 1 the measure of the intercepted 

arc* i.e*, ABC ® ^mBC. By substituting 50° for the m$ABC, 

we can calculate the mfic to be 100°. This method is less 
direct than the first, but is a valid option. 


• PROBLEM 7*30 


As shown in the diagram, BD bisects ^ ABC, which is Inscribed 
in circle O. EC is tangent to circle O at point C . Prove 
that iABD - *DCE. 


B 



Solution; This proof will involve recalling that both the 
measure of an inscribed angle in a circle and the measure 
of an angle formed by a tangent and a chord to that tangeney 
point are equal to one-haIf the measure of the intercepted 
arc. With this in mind, we can prove {DCE « -JDBC* By ap¬ 
plying the definition of an angle bisector and the transi¬ 
tive property of congruence, we can conclude that £ ABD = 4 DGE* 
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Statement 


Reason 


1. BE bisects 4 ABC 

2 . 4ABD - ■JDBC 

3* is tangent to the 
circle* 

4* m*D€B *= 


5* nrtDBC “ ^riLC 

6 * mtDSC - ffi*D€E 
7* *DBC “ 40CE 
8, 4ABD £ 4Dd 


1■ Given * 

2, A bisector divides an angle 
into two congruent angles* 

3* Given. 


4* The measure of an angle 
formed by a tangent and a 
chord at the point of tan- 
gency is equal to one-half 
the measure of the inter¬ 
cepted arc* 

5* The measure of an inscribed 
angle is equal to one-half 
the measure of the inter¬ 
cepted arc, 

6* Transitive property of 
equality, 

7, Two angles are congruent if 
their measures are equal* 

8. Transitive property of con¬ 
gruence* 


• PROBLEM 7-31 


Two secant lines of the same circle share an endpoint in the 
exterior of the circle. Show that the product of the lengths 
of one secant segment and its external segment equal the pro¬ 
duct of the lengths of the other secant segment and its ex¬ 
ternal segment* 


E —-"D E C V —''D 


Solutioni The secant segment is the portion of the secant 
line bounded by the conmton endpoint and the point of inter¬ 
section with the circle farthest from this point* 

Restating the problem in terms of the above figure, we 
must show that EB * 1A ** EC * ED, We can rewrite this as the 
proportion |B _ |C_ To prove the proportion, we show AEBD 
aeca by the A-A Similarity Theorem, 


Given: ABE and 55E are secant segments of ©P. Point E is 
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exterior to OP* 

Prove: EB * EA - EC * ED- 




Statements 


Reasons 

1 * 

ABE and BS! are secant 
segments of ©P. Point 

E is exterior to ©P. 

1 * 

Given- 

2 * 

m*BAC «= 

m-tBDC - 

2 , 

The measure of an inscribed 
angle equals one-half the 
measure of the subtended 
are. 

3* 

m*BAC - m*BD€ 

3* 

Transitlvity Postulate, 

4- 

*BAC * *BDC 

4. 

Definition of congruence of 
angles. 

5, 

4 E = tE 

5* 

An angle i® congruent to 
itself* 

6 , 

AEBD * AECA 

6 * 

The A-A Similarity Theorem. 

7, 

EB EC | 

ED EA 

7* 

The aides of similar tri¬ 
angles are proportional* 

8 * 

EB * EA = EC * ED- 

8 - 

In a proportion, product of 
the means must equal the 
product of the extremes. 




• PROBLEM 7-32 


in the accompanying figure, the length of a radius of circle 
0 is 4* From a point p o uts ide circle 0, tangent PA is 
drawn* If the length of PA is 3, find the distance fro® F 
to the circle* 



Solution: Let B be the point of intersection of the circle 
with thesegment connecting point P to the center of 60* PB 
is the shortest segment that can be drawn from P to any point 
on the circle* Therefore# PB is the distance from P to the 
circle. 

Now locate point C such that intersects the circle 
at B and C and passes through both 0 and P* 


150 


5Chut 







Prom this, we can determine that PC 1 b a secant to 
circle 0 and, as such, the tangent PA will be, by theorem, 
the mean proportional between the length of the secant, PC, and 
the length of its external Begment, PB, Thus, PC:PA ■ PAiPB 
ia the proportion. 

Diameter CB ” 8, since we are given the radius of the 
circle as 4. 

If we let x - the length of PB, then x + 8 « the length 
of PC. By substitution, (x+8):3 - 3sx. As stated in prior 
examples, the product of the means equals the product of the 
extremes. Therefore, x(x+8) - 9. By the distributive pro¬ 
perty, this becomes x 2 + 8x « 9 or x 2 + 8x - 9 - 0. To solve 
for x, factor the left side of the equation and set each 
factor equal to zero. (x-1) and (x+9) are the factors. 
x-1 - 0 implies x » 1 and x+9 - 0 implies x * -9. The nega¬ 
tive value has no geometric significance and is rejected. 
Therefore, the distance from P to the circle, PB, equals 1, 


• PROBLEM 7-33 


In the accompanying figure, we are given that mifi » 80° and 
m4C - 20*, Find the measures of 41, 42 and BD* 



Solution: 42 is an inscribed angle which intercepts an axe, 
Afi, of 80 s . Recall that the measure of an inscribed angle 
is equal to one-half the measure of Its Intercepted arc. 

Hence, %2 « 40. 

We can derive rafb by noticing that it is intercepted by 
$C, iC 1© ferried by the intersection of two secants outside 
the circle. Recall that an angle formed in this way is equal 
to one-half the difference of its intercepted arcs. The in¬ 
tercepted arcs of 4 c are AE and BD. Therefore, 

4€ - Iiae - fffe). By substituting the given values for 4c 

and ae, we can solve for msfc. 

28* « y(80* - £5} 

40* « 80* - 
£& - 40 *. 

Since 41 is an inscribed angle which intercepts this 40* arc, 
41 must measure one-half of 40*, or 20*. 

Therefore, m4l ■ 20® r r*42 ■ 40*, and irBD ■* 40*. 
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3 , mfM + rntKBC + mtMCB 
- 100* » 

3* 

The angle sum of a triangle 
equals ISO", 

4. ra*MBC + m*MCB - 180 
- m*M. 

4* 

Subtraction Property of 
Equality. 

5* utiNBC + in4MBC - 180 
m*BCP + -100 

5, 

Pairs of angles that form a 
linear pair sum to 180*. 

6 * m4N2C * m*BCP + 

m-tKBC * IQ4KCB - 360 

6 . 

Addition Property of 
Equality. 

7. m*NBC + m*BCP » 360 - 
(m*MBC + nt^MCBj - 360 
- (180 - m<K) - 180 + 
miM. 

7 , 

The Subtraction Property 
of Equality, The property 
that the sum of the interior 
angles of a triangle equals 
180, together with the sub¬ 
stitution postulate. 

0. JONB la a right angle 
*0PC la a right angle 

B. 

The intersection of a tan¬ 
gent with a radius at 
point of tangency forma a 
right angle. 

9* OB * OB 

9* 

Reflexive property. 

10 * OB is a hypotenuse 

10 , 

A aides of a triangle oppo¬ 
site a right angle la the 
hypotenuse. 

11. ON m OP-5A 

11 . 

All radii of a circle are 
equal. 

12* AONB - AOAB 

12 , 

The Hypotenuse-Leg Theorem. 

13* AOAC Sk AOPC 

13* 

The Hypotenuse-Leg Theorem* 

14. *NBO a *ABO (OB bi¬ 
sects 4AON <NBA) 
tOCA a tOCP COC bi¬ 
sects *AOP *ACP) 

14, 

Corresponding parts of con¬ 
gruent triangles are con¬ 
gruent, and definition of 
angle bisector* 

15. m*NB0 - mtABO - 
jniNBC* 

tn^OCA - m*OCP - 

15, 

The Angle Addition Postu¬ 
late, 

|m*B€P, 



IS* &tABO + m+OCA - 

jfaiNBC + m4BCP5 - 

16, 

Angle Addition Postulate, 
and Substitution Postulate 
from step 7* 

y [ISO + tn4M). 



17, m*BOC 4- nrtABO + 
m40CA - 180 . 

17, 

The angle sum of a triangle 
is 180*, 


ESChu 


15* 



adjacent vertices The side we choose Is BD* The angles we 
must show congruent are 4 a (-JBAD) and 4E (4BED) * 

To show 4A ■ 4E, we relate the triangles AAFD and AEFB. 
Note: Since the angle sum of a triangle is 1B0°, m^A + 
mteFD + « 180 * and m4E + m4EBF + m*EFB - 180*, Thus, 

{11 m^A + m4AFD + tn<jFDA - m4E + m-jEBF + m^EFB* But 
4AFD and +EFB are opposite angles* Thus, m$AFD - 
m'te p B, and we delete them from the equation* 

{2) m$A + m^FDA - m4E + ntfEBF, We are given that 
nrifi • ^ABE <= jtn^FBE or m^FBE « 2* m^A 

(3) m4A + m*FDA - m4E + 2mU* 

We have on equation relating 4A, JE, and the unwanted 
4FDA* We rid ourselves of $FDA by showing rn^FDA *= 2 -mgE* 
Note that 4FBA is an exterior angle of AEDC. Its measure 
equals the sum of remote interior angles -JE and 4 C, But AEDC 
is isosceles* Thus, +E ^ 4C* Since iMFBA = m4E + m^C, m^FDA 
= 2 * m4E* Using this result in (3), we have: 

{4) mlA + 2 * m4E * ME + 2 - m*A 

{51 m4A - mlE or 4A - «JE„ 

Since side DB intercepts congruent angles from the non- 
ad jacent vertices, quadrilateral ABDE is cyclic* 

Statements Reasons _ 

1* (See the problem state- 1. 
ment*) 

2. 4e * 4BCD 2. 


3. m^ADE =■ m<fe + m^DCE 3* 

- 2 - m4E, 


4* m4AFD » m*EFB* 4* 


5* m4AFD # kl4a + rn4ADF 5* 

« 180 

m4E + m+EFB + m^FBE 

« iso 

€* m^AFD + tn^A 4- 2 ' m^E i. 

- 180 

la^AFD + m|E + 2 * »4A 
- 180* 

7. m4E - ntfA ** 0* 7, 
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Given* 


The base angles of an iso 
celes triangle are congruent* 

The measure of an exterior 
angle of the triangle equals 
the sum of the measures of 
the remote interior angles. 

Opposite angles formed by 
intersecting lines are con¬ 
gruent . 

The sum of the angles of a 
triangle equals ISO 9 * 


Substitution Postulate. 
(Steps 5 P 4, 3, and 1)* 


Subtraction Postulate. 




I 


5* 

4DAB and #QBD are 
complemen tary. 

5. The acute angles of right 
triangle ADB are complemen¬ 
tary. 

6. 

4AQC and iBQC are right 
angles. 

6. Perpendicular lines inter¬ 
sect at right angles. 

7 . 

4ACQ and 4DAB are 
complementary. 

7* The acute angles of right 
triangles AGAQ are comple¬ 
mentary. 

s. 

<lACQ * 4QBD. 

0, Angles complementary to 
congruent angles are con¬ 
gruent . 

9 . 

CQ a £q. 

9. A segment is congruent to 
itself. 

10* 

A(I * OF. 

10. The radii of a circle are 
congruent. 

11. 

4AQC - 4BQC. 

11. All right angles are con¬ 
gruent. 

12. 

AAOC - A3QC. 

12* The SAS Postulate, 

13* 

4acq s 4boq, 

13* Corresponding parts of con¬ 
gruent triangles are con¬ 
gruent . 

14, 

gacQ a 4 qib, 

14. Substitution Postulate, 
(Steps 13, B) * 

15, 

Tbcq S 4qdb. 

15. Substitution Postulate. 

(Steps 14, 3) 

16. 

Quadrilateral CDQB is 
cyclic, 

16* If a side of a quadrilateral 
subtends equal angles with 
the two nonadjacent vertices 
then the quadrilateral ia 
cyclic. 


CIRCLES INSCRIBED IN POLYGONS 


• PROBLEM 7-39 


Sh aw that in a quadrilateral circumscribed about a circle , 
the sum of the lengths of a pair of opposite sides equals 
the sum of the lengths of the remaining pair of opposite 
sides* 


Solution ; In the accompanying figure, quadrilateral AGEC is 
circumscribed about 00 and is tangent to BO at points H, F , 
D, and B, We are asked to show 
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(i) GE + AC « AG + OE¬ 
Ms can accomplish this by rewriting each side of the 

equation in terms of segments such that each segment length 
on the left side of the equation has a segment equal in 
length to it on the opposite side. 

To find these congruent segments, we use the result that 
the two tangent segments to a circle from an external point 
are congruent. Consider a vertex G and the two segments 
drawn to th e circle, GF and GH. Since GH is tangent to 60 
at H and GF is tangent to ©0 at F f GF and GH are tangent 
segments drawn from external point G and, thus, GF = GH* 

If we consider E, C, and A as external points, then we relate 
the tangent segments by the congruencies EF = ED, CD « 5 b, 
and AB ■ AH, 

Me can rewrite the equation to be proved in terms of the 
tangent segments. Hote that GE « GF 4* FE, AG * AB + BC* GA » 
GH + HA, and EC ■ ED + EG. Substituting these results in (i), 
we obtain: 

(ii) GFtFE+AB+BC-GH+HA+lD+DC, 

Since GF * GH, FE « ED, AH = AB, and CB - CD, the equa¬ 
tion holds and, thus, GE + AC • AG + CE. 


* PROBLEM 7-40 

( Find the radius of a circle inscribed in a triangle whose 
sides have lengths 3, 4 and 5. 


€ 
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Solution : In the accompanying figure, AABC circumscribes 
circle G, AC * 4, BC - 3, and AB = 5, Points D, E, and F 
are the points of tangency of ©G with the aides of AABC. Me 
are asked to find GE - the length of the radius of the in¬ 
scribed circle. We will do this by (1) finding the length 
of tangent segment, CE, and (2) showing ACEG is isosceles 
with Se " tangent segment CE, Thus, the radius, r, will 
equal CE, 

(1) To find the lengths of the tangent segments, we 
use the theorem which states that, from an external point 
(such as C) r the tangent segments (DC and CE) drawn to the 
circle (G) are congruent (DC “ CE), Thus, if we consider 
C, A, and B respectively as the external point, we obtain: 

(i) DC * CE (C is the external point) 

(II) AD * AF (A is the external point) 

(ill) BF = BE (B Is the external point) 

But from the figure, we know that 

(iv) AD + DC - AC = 4 

(v) Cl + EB - CB - 3 

(lv) AF + FB = AB = 5, 

We have 6 equations with 6 variables. To solve for tan¬ 

gent segment CE t we first eliminate AD, BE, and DC by 
substituting in equations (iv), (v) f and (vi) the values 
AD s AF, BE = BF, and DC = CE, 

(vii) AF + Cl - 4 

(viii) CE f BF ■ 3 
(lx) AF + FB * 5. 

We now have 3 equations in 3 unknowns. Eliminate AF by 
substituting (ix) in (vii), 

(x) CE - FB ** 4 - 5 * -1 
(Xi) CE + FB *3 

We eliminate FB by adding (x) and (xi). 

(xil) 2* CE ~ 2 or CE - 1. 

(2) Thu®, we have a value for CE, 

To show ACEG is isosceles, we will show mtECG m m*EGC m 
45*, In order to show mtECG ■ 45*, we prove tDCG a $ECG, 

By the Hypotenuse Leg Theorem, ADCG ■ AZCG, sinc e p oints D 
and E are points of tangency, radii DG J_ DC and 5 e _LCE and, 
thus,_m*CDG ■ nHCEG - 90°, Since DG and Si are radii, 

DG 5 GE and CG s <5L Thus, 4DCG - 4ECG because they are cor¬ 
responding angles of congruent triangles. Because a 3-4-5 
triangle is a right triangle, 4ACB is a right angle. Thus, 
we have 

m*DCG 4 mtECG - m+ACB, 

By substitution, 2‘mtECG ■ 90* 
miECG - 45*, 
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We will now show tutCGE also equals 45*,Since nUECG - 45* 
and m-tGEC - 90", then to find mtCGE, we have the follow¬ 
ing r 

m*GC£ + mtGSC + m*CGE - 1B0* 

45* + 90* + m4CGE - ISO* 
mtCGE - 45*. 

Since ntfCGE ■ miGCE, 5CGE is isosceles. 'Therefore, 

GE - CE, and » - GE - CE « 1* The radius of the inscribed 
circle equals 1. 


• PROBLEM 7-41 


Given: AABC with sides of length a, b, and c, The inscribed 
circle, Q, intersects AB at D, BC at E, and 5S it F. Find 
the lengths AD and DB in terms Off a, b, and c. 



G 


Solution ; We are asked to find AD and DB, the lengths of 
the segments into which the tangency point , D, divides side 
AS of A ABC, in terns of the sides of the triangle. We know 
therefore, that we must [1) use the properties of the in¬ 
scribed circle 0; and (2) relate segments AD and DB to the 
other sides of AABC. 

Because d, e, and F are the points of tangenoy, the 
radii 6fT, £Je, and 5F are all radii to the points of tangenoy 
and, therefore, perpendicular to the sides. 

Thus, from the fact that <3Q is the inscribed circle, we 
know that CD QD * QE « QF (because all radii are congruent )t 
and (2) QDX AB, QE J_ CB, and QF -LSc. 

We now relate segments AD and DB to the corre pponding 
sides. Note, from the problem statement, that AD and DB are 
segments divided by the point of tangency. We can use the 
same procedure as we are using now to find AF and FC, or CE 
and EB. Therefore, it should not be surprising that the ex¬ 
pressions for these segments be, in some way, similar to the 
expressions for AD and DB. Nor should it be unexpected that. 
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when we relate segments AD and DB to side AC, those segments 
correspond to segments AT and FC, In fact, ve can relate 
segment AD to AF,they are congruent. Consider AAQD and MQF. 
QF - QD because they are radii of <SQ, +QPA and *QDA are 
both right angles and therefore congruent, AQ = AQ is true 
by the reflexive property. Since the hypotenuse and the leg 
of right triangle AaQD are congruent to the hypotenuae and 
the leg of right triangle AAQF, AAQD » AAQF. By correspond- 
ing parts, AD “ aF. 

In relating segments AD and DB to aide clT, we note that 
flQDB “ AQEB and, therefore, DB - EB. Segments CF and CE 
cannot be related to AD and DB, but they can be related to 
each other. By showing AQFC 5 AQEC, we know by correspond¬ 
ing parts that CF * ce. 

We have (1) used the properties of inscribed circle Q 
and (2) related AD and DB to the sides of AABC, We collect 
our data, and solve for AD and DB, 

Because F, E, and D are points on AC, BC, and AB, re¬ 
spectively, we have from the definition of "betweenness* 
that; 

AB - AD + DB 
AC - AF + FC 
BC * BE 4 EC. 

From the properties of the inscribed circles we have 
shown that 

15 m W 
D B S EB 
FC - EC 

From the given, we know that BC - a 

AC m b 
AB - c. 

We substitute a, b, c for BC, AC, and AB and substitute 
AO, DB, and FC for AF, EB, and EC in the above •betweenness* 
equations to obtain the following: 

C - AD 4 DB 
b » AD 4 FC 
a » DB 4 PC 

Here, we have three equations In three unknowns, FC is 
a variable for which we do not wish to solve. Therefore, we 
eliminate that variable first. Since b ■ AD 4 FC, FC ■ b - 
AD* Substituting this result In the equation, we obtain the 
following: 


c - AD 4 DB 

a « DB 4 fb-AB* » -AD + DD+b 
Adding the equations, we eliminate AD, 
c 4 a - Cab-ad* 4 db 4 db 4 b » 2 db 4 b 



c 4- a - b 
5 


DB - 


To solve for AD, remember that c * AD + DB and, there¬ 
fore, AD » c - DB, 

_ c+a-b_2e« (c+a-b) _ o + b - a 

AD - c- 2 --- J ---5- 

Remember the earlier auppcsit ion that the expressiona 
would probably be similar? Segment DB touches vertex B, 
and its formula can be written as 

sum of the length of the | _ [length of the] 
sides of A ABC that touch BJ I third side / 

*-- ' -* ’ " 2 -- “ 

The same formula can be written for AD* For any segment that 
touches an arbitrary vertex X, the formula for the length is 

[sum of the lengths of] _ [length of the] 

|aides that touch x | |third side ) 

3 


* PROBLEM 7-42 


Find the radius, r, of the inscribed circle of right triangle 
ABC in terms of leg lengths a and b and hypotenuse length c* 


Solution : In the accompanying figure, circle 0 of radius r 
is inscribed in right AABC with AB * e, BC » a, and AC - fa* 
points P , Q t and S are points of tangency of the circle with 
the triangle^ Point R is the intersection of AB and the ex¬ 
tension of OP* g is the length ofr, We must find r in terms 
of a, b, and c* 


A 



First, we will show AARP * AABC, which will give a re¬ 
lationship involving (known5 a, b, and c and (unknown) g and 
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Solving for r, we obtain 


Evil) 

ivili) 

[ixj 

(x> 


rc " ab-ar-rb 
ra+rb+rc ■ ab 
r(a+b+c) - ab 
„ w ab 
r a+b+e 


CIRCLES CIRCUMSCRIBING POLYGONS 

m PROBLEM 7-43 


Prove that the sum of the alternate angles of any hexagon in¬ 
scribed in a circle is equal to four right angles. 



Solution: Wo see from the figure that each angle is an in¬ 
scribed angle of the circle* As such, each angle has a mea¬ 
sure equal to ^ the measure of its intercepted arc. If the 

alternate angles of the hexagon sum to 360*, the measure of 
four right angles, then we have proved the desired results. 

We choose iA, 4E, and iC as the alternate angles. 
m*A » ’jmBCDEl' 



Hence, ra*A + m*E + m4C - |(mBCDE^ t ffi^Seb +■ m^i?Afe) 

We now show that these three arcs form two entire cir¬ 
cular angles. Note: 

mB£J0& *• ra@ + 

m TflBg b m mFA + tnAB + m|£ + mCD 

mbEFA& * mOE + tn££ + mfX + kM 

Adding these three equations, we obtain 
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3. *F ^ ]CC 


4, AAFE - iBCD 

5, AE - BD 


6 . Quadrilateral ABDE is 
a parallelogram 


7, G is the center Of 
ABCDEF 


8 * AG - BG - CG - DG - EG 
i fg 

9* AAGB - AAGF - AFGE - 
4EGD - ADGC - ACGB 

10, JcAGF - *FGE - £EGD - 
*DGC - 1CGB - £BGA 

11, m*AGF + m*FGE * 
mjEGD + mjtDGC 

+ m£CGB + mfcBGA - 360° 

12, 6 * mlAGF - 380° 

13, Si*AGF - 60® 


14, mfcAGD = zrtfAGF + m*FGE 

+ mfcEGD 

m£BGE “ mJtBGA + m£AGF 
+■ m£FGE 

15, mfcAGD - 60° + 60® + 

SO® • 180® 

mfcBGE ® 60® ■* 60° + 
60° - 180° 

16, *AGD and *BGE are 
straight angles and 
aSd and 551 

17, AD - AG + DG - 2 - AG 
BE 3 BG + EG « 2 • AG 


3, The interior angles of a 
regular polygon are 
congruent. 

4, The SAS Postulate, 

5, Corresponding parts of 
congruent triangles are 
congruent, 

6 , If both pairs of opposite 
sides of a quadrilateral 
are congruent, then the 
quadrilateral is a paral- 
logram* 

7, Every regular polygon has 

a center that is concurrent 
with the centers of the 
Inscribed and circum¬ 
scribed circles, 

8 , The radii of a regular 
polygon are congruent, 

9, The SSS Postulate. 


10. Corresponding parts of 
congruent triangles are 
congruent, 

11* Angles that form a com¬ 
plete circle sum to 360°. 

12, Substitution Postulate. 

13, Division Property of 
Equality. 

14, Angie Addition Postulate, 


15, Substitution Postulate, 


16, A straight angle has 
measure 180®, 


17, Definition of 

* Betweenness 1 ' and 
Subs titu tio n 
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Consider the quadrilateral determined by diameter i>5, 
cyclic qua drilateral ABCD. Side AB has known length b. Di¬ 
agonal a£ has known length a. Diagonal M is a diameter and 
has known length 2 * radius or 2, Furthermore, because DB 1* a 
diameter, ADAB and ADCB are triangles inscribed in a semicircle 
and therefore are right triangles. Side DA is thus a leg of 
rightADAB and can be expressed in terms of known quantities 

2 2 2 

using the Pythagorean Theorem* DA * DB_^_AB or, substitu¬ 

ting the given, DA 2 ■ 2 2 - b 2 or DA ■ 

Of the six elements (4 sides, 2 diagonals) used in 
Ptolemy's Theorem, we have solved for 4, one element is the 
unknown, and DC is an element that is also unknown but for 
which we are not solving. We recap our information up to this 
point! 

AB -= b, AC - a r DB « 2, AD » vOT 

fi) By Ptolemy's Theorem, DB x AC * ADx BC + AB x DC. 
(ii) Because Of rt, ADCB, DC 2 + BC 2 - DB 2 . 

Substituting our known values in (i) and til), we obtains 

(ill) 2 * a - vCb^‘ BC + b - DC 
(iv) DC 2 + BC 2 » 4, 

We then solve Civ) for DC in terms of BC. Then we sub¬ 
stitute for DC in (iii) t o obt ain an expression totally in BC; 

From tiv), we have DC ■ *4-BC 2 , 

(v) 2 * a * A h 2 . BC + b/4-BC^. 

We now have an expression for BC, but we have a long 
algebraic road between (v) and a solution for B C, First, we 
eliminate all BC's in radicals by subtracting , BC f r0W 

both sides and squaring. 

(vij (2a - /T-b^BC) 2 - (A-b 2 bC + b /t-BC 2 - ^-b 2 BC) 2 

(vii) (2a - /4-b 2 * BC) 2 - (b/4-BC 2 ) 2 
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Cviii} 4a 2 - 4a* BC * / 4 -b 2 4 4BC 2 - BC 2 * b 2 - 4b 2 - b 2 BC 2 

Gathering terms on the left side, we have; 

(lx) 4BC 2 - + 14a 2 - 4b 2 ) - 0 

He now divide each side by 4 and uee the quadratic 
formula^ 

(x) BC 2 + {-a^-b 2 )BC 4 ta 2 -b 2 ) ■ 0* 


qx 4 px 4 r - Or x m 


=*£ 


i3£ , in this equation (ix), 


q * ii ? ■ ■ 

_ 

-a/4H?i r - (a 2 -b 2 ). 

(xi) 

ta/^b 7 t /(4a Z -aV) - 4(«‘-b*) 


(xii) 

.CT ± 4b* - a^b 2 

(xiii) 

BC - |/4-b 2 4 |/i-a 2 . 


f 4-b‘ 4 ir/4-a' 


There would seem to be two answers, BC 

and BC - j/i-b 2 - But 4 equals the sum 

of arcs a and b and therefore cannot be their difference. 
(Consult the previous problem.! Therefore the difference 




Note; To see where the extra answer crept In, remember that 
in step (vi>, we squared each side, a procedure that acmetimes 
leads to an extra root in the equation. 
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CHAPTER 8 


AREAS OF PLANE REGIONS 


SQUARES AND RECTANGLES 

• PROBLEM 8-1 

find the area of a equate whose perimeter is 20 ft. 


Bolfrfcion t The perimeter, p, of i equere li given fey 4 times the 
length of one side, a; that fa, p ■ 4s« 

But t fey substitution, p M 20 ft. 

20 ft. - 4a 
5 ft, » a , 


The area of a square la given 
ad tut ion, 

A - 


fey s® . Hence, A * 
(5 ft.f » 25 ft.® 


Therefore he area of the square is 25 aq. ft. 


a* 


and, fey sub- 


• PROBLEM 8-3 


A man has a rectangular piece of property measuring 200 x 300 ft, 
He plana to put a concrete a ldewalk 3 ft» vide around the edge. Hhat 
will the area of the sidewalk be7 


Solution : We aatime that the man puts the sidewalk down as shown in 
the figure. We muat find the area of the shaded region. First, find 
the area of the figure bounded fey the outer border (the large rectangle). 
Next, find the area of the smell rectangle and subtract this from the 
area of the large rectangle. We will then have the area of the aide- 
walk. 

Area of large rectangle ■ (206 ft.)(306 ft.) 

* 63036 sq, ft. 

Area of snail rectangle * (300 ft,)(200 ft.) 

* 60000 aq, ft. 
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306' 


Area of sidewalk ■ (63036 - 60000) sq, ft. 

- 3036 sq, ft. 

This la much more efficient than breaking up the sidewalk region Into 
rectangles , calculating their are**, and summing then up. 


• PROBLEM 8-3 

A nan viahas to put linoleum tile on a rectangular floor which 
measures 5 X 7 yd. If each piece of linoleum tile 1* a 9 In* square, 
how many pieces of tile will be needed? If a quart of tile adhesive 
covers 10 sq. ft.,, how many quarts will he need? 


Solution : The actual problem is to find out how many tiles (9" per 

aide) are needed to cover the surface of a rectangle 5 x 7 yd. 

The area of the rectangle (the floor) is made up of the sera of 
the areas of the square tiles. Let us represent the number of tile* 
needed by x. Then the previous statement may be written, mathematic* 
ally, as 

xfArea of 1 tile) ■ Area of floor, (1) 

The area of 1 tile Is (9 in*) 3 * 81 sq, in,, since each tile is a 
square. The area of the floor is (3 yd.)(7 yd.) ■ 35 sq, yd,, since 
the floor Is rectangular. Using these results In (l), we obtain 

x(fll sq. in,) * 35 sq. yd. 

Dividing both sides by 01 sq. in,, 

* ■ « 


How, we have mixed units in (2), In order to get a pure number in 
(2) (which we must, since the number of tiles (x) Is dimensionless) 
we must change either sq. yds, to sq. las., or vice versa. We taka 
the former course. 

1 sq. yd. (1 yd.)® - (36 in .? - 1296 aq. in. 

Using this In (2), 


(SI sq. la.) 


The man will need 560 tiles to cover his floor. 

As for the adhesive, we know that each quart of adhesive covers 
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10 sq. ft. We mat cover the *rea of the floor, which is, froa the 
above calculation*, 35 aq. yd. Since 

1 aq, yd, - (1 yd,) 8 - (3 ft.) 8 * 9 iq. ft. 

the floor area la (35)(9) sq, ft. - 315 *q. ft. 

The man will therefore need 

■^o * 31,5 quart* of adhesive. 


TRIANGLES 


• PROBUM 8-4 


In right triangle ABCjJ C measures 9(f , AB is of length 
20 in., end the length of AC Is 16 In, Find the area of triangle 
ABC. 



Solution s As suae, as in the accompanying figure, that AC la the 
base of triangle ABC. Since fc C la a right angle, W is the 
altitude to the base of the triangle. 

The area {A) of a right triangle is given by one-half the product 
of the length of the base (b) times the length of the corresponding 
altitude (h). A - %bh . 

W« are not given the length of the altitude, but can calculate 
it by applying the Pythagorean Theorem to AABC, If we let a * the 
length of the altitude, then, 

*? + (16 in,) 8 - (20 in ,f 
x? + 256 in. 3 « 400 in * 
x 3 - 144 in, 3 

which Implies x - 12 in. 

The area of A ABC ■» %bh. By substitution, 

area of AA1€ - %<16 In.)(12 in.) - 96 In 3 
Therefore, the area of MIC Is 96 sq. in. 


* PROftLlM 8-5 


The area of a certain triangle is 52 square feet and the height 
is 13 feet. What la the measure of the base of the trianglef 
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length, bp and measured height, hp the expressions for their areas 
are the sane, hence, their areas must be equal. Therefore, to ahow 
that two triangles have the same area. It la sufficient to shw that 
their bade lengths sad their heights are equal. 



Consider as the base the side of the triangle to which the median 
is drawn. Then, the base of the triangle la divided Into two equal 
segmenta by the median# The bases of the two triangular regions creat¬ 
ed by the median are equalL.e., AM - IE * The median does not affect 
the height W; both regions have the same height to the bases AM and 
MC , respectively* Since the two triangular regions have the same 
height and base length, they have the same area. 

Given: BH Is a median of AABC . 

Prove: Area of AABM - Area of ACBH * 

Statements Seasons 

1* BM is the median of AABC . 

2* M Is the midpoint of AC . 

3, AN - IC, 

4* locate N in 1c? so that 

ii a X? * 

5. BH Is an altitude of both 
A ABM and ACBH, 

6* Area of AABH - Area of ACBH. 


• PROBLEM 8-8 


1* Given, 

2* Definition of the median of a 
triangle* 

3* Definition of the midpoint of a 
line segment. 

4* Through a point external to a 
line, there is one and only one 
line perpendicular to the given 
line. 

5* Definition of an altitude of a 
triangle* 

6. Two triangles have equal areas 
if their bases have the ease 
length and the altitudes to their 
bases have the same length* 


The semiperimeter s of a triangle of side# a,b, and c la 
defined as half the perimeter, or, 
a+b+c 
t ' 

Find an expression for the area of &ABC and show that it is equi¬ 


ps (s-a)(s-b)(a-c) 


Solution ; The area of a triangle equals %Q■H where Q Is the length 
of the base and H is the altitude. If, in AABC, we choose XE as 

1 ?8 
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D e-x . B 


the base* then Q - AB « c. Then the altitude H must be EE* ©r 

H " <H) “ 2 c */(b+a+c) (b+c-fl) (a+c-b) (a+b-c) * 

The area, therefore, equals ^Q*H or 

|(e)[^ */(a+b+c) Cb+c-a) (a+c-b) (a+b-c)] 

or . } __ 

'j ^(a+b+c) (b+c-a) (a+c-b) (a+b-c) * 

Consider the expression */s{a-a) (s-b> (a-c) ; 

_ _ a+b+c a+b+c b+c-a . 

n s 2 * 2 ' a “ 2 1 

S-b - ^ - b - S&& ; and a-C - - C - ^ . 

The °- 7.(.-.H.-b)Ca-c) - (*&*)(«&*) 


Factoring out the Vs, we have 


—(a+b+c)(a+b-c)(a+c-b)(b+c-a) 


^ y(a+b+c)(b+c-a)(a+c-b)(a+b-c) „ 

Thus, the two expressions we ha ve found are equivalent. Therefore, 
Heron’s Formula,. (s-s) (a-b) (s-c) Is a valid formula for the area of 

* if ^ 

* 1 

where a,b, and c are the lengths of the sides of the triangle. 

• PIOBLEM 8-9 


Show that the ratio of the areas of two similar triangles equals 
the square of their ratio of similitude. 


Solution : Suppose each aide of A1 is a times larger than the 

corresponding aides of A2. Then, Area of A2 “ x^h^ t * ie 
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area of , Sine* bj - ab^ and * ah^ , 

■rea of A1 - XabpCah^) * a a Clb^h^} or a 8 tinea larger 
than the area of A2. 



Given; 

Prove; 


MBCAA’B'C - BD and B’D 1 are the altitudes of their 
respective triangles. The lengths are Indicated in the figure* 
Area of aABC /b b 

Area of AA’S'C* * tbV where |T la the ratio of aimilitude. 


Statementa 

1* AABC ~ aA'BV - r II and I 7 ® 7 are the 
altitudes of their respective tri¬ 
angle ■ * £3DC and ii’D'C* are right 
angles* 



3, Area of AABC - \bb 
Area of iA'B’C 1 - 4b*h* 


i Area of AABC frhfa bh 
* Area of aA'B'C' “ Ib'h 1 " bV 

5* ilDC m £ B’D'C 1 * 


6 . * C = £ C 1 * 


7. ABAC - AB*D r C r . 



in Area of A ABC m /b\ 0 

' Area of aA'B'C' 7b 1 )* \|y 


Reasons 
1* Given, 


2. The aides of similar tri¬ 
angles are proportional, 

3* The area of a triangle of 
base length b and altitude 
h equals %bh* 

4, Multiplicative Property, 

5, All right angles are con¬ 
gruent, 

A. Corresponding angles of 
similar triangles are con¬ 
gruent, 

7, If two pairs of correspond¬ 
ing angles of tm triangles 
are congruent, then the tri¬ 
angles are atmilar. 

8. The sides of similar triangles 
are proportional* 

§* Transitive Property (Step 2), 
ID* Substitution Postulate, 
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• PROBLEM 8-10 




Solution : In the trapezoid A8CD, DC j| AB . Then, A DEC ~ &AEB, 
because a line parallel to one aide of a triangle, which intersects 
the other two sides at different points , creates a triangle similar 
to the given triangle. Therefore, by corresponding parts, the pro¬ 
portion 

length of altitude E? . length of base OS 
length of altitude EG length of bate AB 
Is valid. Let x ■ EF, then k + 6" ■ EG. By substitution, 

P £L „ 

x+6" 24" 24 ' 

Since, in a proportion, the product of the means equals the product 
of the extremes, 

24x * 8x + 48" 

16 * - 48 " 
x - r , 

Therefore, the altitude of ADEC to PC, EF, measures 3 in. 
b) The area. A, of APEC _ %bh ■ %DC X EF . By substitution, 

A - %{8 in. X 3 in.) 3 - 12 in 3 . 

Therefore, the area of ADEC * 12 sq. In. 


• PROBLEM 8-11 


Let the two congruent sides of an isosceles triangle have lengths 
a, and let the included angle have measure 9. Choosing the third side 
as a base, let the corresponding altitude he of length r. Trove that 
the area enclosed by the triangle is given by the formula 

A * I 3 * tan 8/2 . 
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Solution : The figure shew# lsoscelea AABC, with altitude AD of 

length t. By definition of an altitude, KB r BC, a* Indicated, We 
will use the general formula for the area of a triangle, and "tailor" 

It to the special properties of an Isosceles triangle to prove that 
A « # tan e/2, 

The area. A, of any triangle with base length b and correspond¬ 
ing altitude length h is 

A - 4bti* 

In the &ABC, the length of the base Is BC, and the length of the al¬ 
titude KB ie r. Hence, 

A - b<BC)r . 

It la now necessary to find BC in term* Of the known quantities t 
and B. In order to do this, ve must digress for a moment. 

We note that 

BC « BD + DC (1) 

Therefore, If we can find BD and DC, in terms of r and 0, our 
problem will be solved. We will do this by proving AAEffl ■ AADC, 
and concluding that BD ■ DC, finding either ID or DC in terms 
of r and 8, and using (1), we will have finished the problem. 

First, note that AABC La an Isosceles triangle. By defini¬ 
tion, this meant that AB • AC , Furthermore, AD * AD. Bow, the 
■urn of the measures of the angles of any triangle is IS# • Applying 
this fact to ^ABB and AACD, 

m £ BAD + at i ADB + m i DBA - 11# (2) 

m * GAB + m 4 ABC + m * DCA * IS# . 

But m i ADI - m A ADC * 9#, end m i DBA » m 4t DCA, (The laat Equality 
follows from the fact that MIC is an isosceles triangle.) Being 
these facta, (2) may be written 

m i BAB + 9# + ni DBA - IS# ^ 

m 4 CAB + 9# + # 4 DBA • IB# , 

Coopering the 2 equations in (J), we conclude that a BAD - m -Jr CAD, 

Or £ BAB t <4 CAD, By the S.A.S, (aide-angle-*Ida) Postulate, 

AADB - AADC, Hence, bIS b DC end BD * DC, upon which (1) becomes 

BC - 2BD . (4) 

Being (4) in the formula A - %{BC>t yields 

A - (BD)r- (5) 

We may write BD in terms of 8 and r by introducing the concept 
of the tangent of an angle (abbreviated tan)# The tangent of an 
angle of a right triangle is defined as the ratio of tba length of 
the aide of the triangle opposite the angle and the length of the 
side of the triangle adjacent to the angle, so Long aa neither of the 
sides are the hypotenuse. For instance, in the figure, 
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• PROBLEM 8*13 


In parallelogram ABCD, K is the midpoint of Bide DC* as shown 
in the figure. Line segment Ifi, when extended, intersects W at K* 

a) Prove that triangle AIM Is congruent to triangle KCM, 

b) Prove that triangle AKB Is equal In area to parallelogram ABCD, 



Solution ; a) In this proof, ve will prove congruence of the two 
triangles by the A.S.A, - A,S,A, method. 



1. ABCD is a CJ 1, Given* 

2. KA and '0T are straight lines 2. Given, 

3. Jt 1 .at A 2 3, If two angles are vertical angles 

__then they are congruent. 

4. AD |[ BC. 4. The opposite sides of a parallel¬ 

ogram arm parallel* 

5. £ 3 - «jt 4 3. If two parallel lines are cut by a 

transversal, then the alternate in 
_ _ ter lor angles are congruent. 

6. W ■ CM 6, A midpoint divides a Him Into two 

congruent segments. 

7. 7* A.S.A, * A,S»A, 

b) To prove that the area of AA® Is equal to the area of G ABCD, we 
must show that the aim of the areas of quadrilateral ABCH and fiKCH is 
equal to the sua of the areas of quadrilateral ABCH end AAIM. The 
first sum is precisely the area of &AKB; the second sum is the area of 
€7 ABCD. 


1, ARCH * AADM. 

2. Area of A KOI “ Area of AADH, 


3. Area of ABCH ■ Area of ABCH. 

4* Area of ARCH + Area of ABCH ■ 
Area of AADH + Area of ABCH. 


5. Area of ARCH + Area of ABCH • 
Area of AAKB and Area of AADH + 
Area of ABCH - Area OfOftJCD. 


1, Proved in partfch 

2, If two triangles are congruent* 
then they are equal In area. 

3, Reflexive Property of Equality, 

4, Equal quantities added to equal 
quantities sum to equal quanti¬ 
ties (see step (2})« 

5* If a polygon which encloses a 
region is separated Into several 
polygons which do not overlap, 


sc hill 


m 





6. Area ol fiAKB - Area ofZIZABCD. 


Chan Its area is the sura of the 
areas of these several polygons, 
(Area-AddIt Lon Pos t ulate). 

6. Substitution Postulate* 


* PROBLEM 8-14 

I Find the area of a rhombus, each of whose sidea la 10 in,„ and I 

one of whose diagonals is 16 in. 1 


D C 



A 10 B 


Solution : Since the area of a rhombus is equal to one-half the product 
of the lengths of the diagonals, we oust determine the length of the 
second diagonal before the area can be calculated. (It has been re¬ 
presented In the accompanying figure). 

Since the diagonals of a rhombus bisect each other at right angles, 
we can conclude that H JL ¥D , and that Ai - EC ■ %AC, AC la as¬ 
sumed to be the given 16 In. diagonal* Therefore, 

AE - %(16 in.) - 8 in. 

Because AAEB is a right triangle we can apply the Pythagorean 
Theorem to determine the length of half-diagonal EE, Let a * El. 

Than, 

a 3 + (8 in,) 3 - (10 in.) 3 
x 3 + 64 in. 3 « 100 in. 3 

>? ■ 36 in, 3 
x ■ 6 in. 

Therefore, the whole diagonal ID mess urea twice EB or IP ■ 2P - 
2(6 in.) - 12 in. 

Area of a rhombus " , where and ^ are the lengths 

of the rhombus diagonals. By substitution. 

Are* - %U2}U«)ln. a 

- 6(16) in. 3 - 96 in. 3 

Therefore, the area of rhombus A BCD ■ 96 sq. in. 


• PROBLEM 8-15 


In the accompanying figure, AB and DC era the bases of trmpeeo<idl 
A BCD. Diagonals AC and BD intersect in B* Prove that triangle 
ALB la equal in area to triangle BCE, 


ESChu 


185 









Solution: To find the area, we must first determine the length of both 
bases and the length of the altitude of trapezoid ABC0. 

Triangle AED is ft right triangle; end since m 4 CAE ■ 6(f , then 
the a 4 ADE - 3(f , 

In a 30*60-90 triangle, the length of the side opposite the 
30° angle equals h the length of the hypotenuse. 


Therefore, AO * 2AE , Let AE ■ x. Then, At) - 2x. We are told 
that CD exceeds AD by 5. Therefore, €0 - 2x + 5* 
since DOPE is e rectangle, EF * CD - 2x + 5* 

Because ABCD is isosceles, Ami « ACBF, by A.S.A. - A.S.A, 

{AD - BC - 2x; m 4 ADE * a 4 BCF « 3(f ; and m 4 DAE - m 4 CBF - 6<f .) 

By corresponding parts, AE - FB « x, _ _ _ _ _ _ 

Referring to the diagram, we see that AE+EF+FB+BC+CD+DA* 
perimeter of ABCD, By subs tltutLon, 

x + (2x*5) + x + 2x + (2x+5) + 2x « 110 

iox + io * no 

10x - 100 
x - 10 . 


Therefore, the length of base CD ■ 2(10) 4“ 5, or 25. The length of 
base AB - 10 + <2(10) + 5) + 10 » 45. 

To calculate the altitude DE of trapesold ABCD vs apply the 
Pythagorean Theorem to right triangle AID. Let h ■ length of alti¬ 
tude IS . 

We have found that AD - 2€ end AE ■ 10. By substitution, 

(20 f » + UQ) 3 

400 - + 100 

- 300 

h * V® “ - 10 JS * 

Therefore, since the area of a trapetoid - %hCb+b r ), by plugging in 
the values we have determined, we obtain 

A » % (10^X25+45) 

• 4(10^X70) 

- 35(10^3) 

* 350/3 . 

Therefore, the area of the trapesoid fa 35Qjj , 
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AREA OF A CIRCLE 


• PROBLEM 0-17 


The circumference of a tree trunk is 6,6 ft* 

a} What is the diameter of the trunk? 

h) What is the area of a cross-section of the 
tree trunk? 


Solution ; To a first approximation, we may assume that the 
tree trunk is cylindrical, and that its croas-aection is 
circular, 

a) The circumference, C, of a circle of diameter, d, 
is 


C * rd. 

In our case, we want d and we know G, Hence, 

d " * * fif? (t - ■ 2 - 10 ft - 

h) The area, A, of a circle of radium, r. Is 

A - *r 2 (1) 

Since 2r - d, where d Is the circle 1 a diameter, we may 
rewrite (1) as 

2 

A • w (d/2) 2 - Ej- 

Using the value of d found in part (a), we have 
A » (2,10 ft) 2 

A - 3,46 ft, 2 


s PROS LEM 0-10 


Find the area of a circle of radius 4* What is the area of the 
aector subtended by a central angle of 45° * 


Solution : The ares of the circle 1 b ttt 3 . Thera fora, for a circle of 
radius 4, the area la TK4) 3 - 16 tt , 

The area of a sector with radius r and a central angle of seesur* 


n equals 

In this esse, m ■ 45 s 


360 

and area equals 


11. 

360 


n(4)* ■ ^ * nlfi ■ 2 tt , 
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• PROBLEM 8-19 


In s circle whose radius I# 12, find the are* of a minor segment 
whose arc has * central angle of 6(f * [Leave the answer in terms of 
Tl, and in radical form,] 



Solution : A segment of a circle is the union of an arc of the circle, 
Its chord and the region bounded by the arc and the chord, While there 
Is no formula for the area of a segment, a general rule that can be 
applied is to subtract the area of the triangle formed by the rays of 
the central angle and chord of the arc from the area of the sector 
bounded by the rays of the central angle and the arc, in the accompany¬ 
ing figure, Area of segment A5B - Area of sector QASB 

- area of triangle AOS, 

Area »« sector OLSB - — eeotral an " le x m* , 
where r la the radius of the circle 0, By substitution. 

Area of sector 0AS1 » x tt(12>* - |(144)tt » 24ft • 

Since GA and OB are radii of a circle, QA - OB, and, since the 
angle Included between them is given to be 6tf , AAGB is equilateral. 

g8 - 

As such. Its area equals — , where a la the length of 1 aide of 

the A , We are told s ■ 12 and, by substitution. 

Area of AAQB - 

Therefore, 

Area of segment ASB * Area of sector QASB - Area of triangle AOB 
e 24n - 36^3 . 

Therefore, Area of segment ASS - 24rr - 36/3 . 


• rtoiUM 8-to 

I The ratio of the area of two circles is 16:1. If the diameter I 

of the smeller circle is 3, find the diameter of the larger circle, H 


joint ion : The ere* of * circle equals tti* and, from this, ve can 
conclude the ratio of areas is equal to the equate of the ratio of 
radii length* However, we know that r * %d, where d ■ diameter, 
therefore, by substitution, 

A ■ tt C%d !f ■ %nd* . 
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This shows the ratio of any two area* will ha equal to the equate of 
the ratio of the diameters* Let A/A 1 * the ratio of araaa. Alio, 
d* - the aBailer diameter, and d - the larger diameter. Then, 


By substitution, 




ii- 

1 

144 - 


9 


—> d 


12 . 


Therefore, the diameter of the larger circle la 12. 


• PROBLEM 8-31 


Given: P la a point on 3 o f ci rcle Q, so that £l^ a B^; fifB 

la an arc of circle ?; AQB , 

Prove: The area of the shaded region - (PQ) a * 



P 


Solution: To find the area of any Irregular region, look for areas 
that can be calculated and that either aunt or fora, by their difference, 
the desired region. Here, the shaded region la the difference of seal* 
circle Q minus the region ANBQ, The ares of semicircle Q can he 
found with the formula Vnr 3 . The region AKBQ Is the difference of 
sector PANE and AAPB. Therefore, the area of region AHBQ equals 
the area of the sector FAHB minus the area of AAFB« 


Statements 

Reasons 

1. P Is a point on £5 of circle 

l. Given* 

Q, so that XP - Br; AM Is an 
arc of circle F; AQB , 

2. AB Is a diameter. 

2. Any chord that passes through 
the center of the circle Is a 
diameter. 

3. m £ AQB - 18CP . 

3. The measure of a straight angle 
is 18tf * 

it m 4 AQP a 4 PQB , 

4* Central angles that Intercept 
congruent arcs are congruent. 

5. w £ AQF + n HJB - e i AQB, 

3. Angle Addition Poetulate. 

6, 2m i AQP - iaO or 

6* Substitution Postulate* 

m £ AQP - m $ PQB - 9tf . 

7. AQ « QB • PQ . 

7, All radii are congruent. 
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8, FB 3 « tiff + Ptf - 2-Ptf * Si 

9. A APB 1* a right triangle. 9, 


10. 4APB is s right angle. 10. 

11. Area of sector PANB « 11. 

360 * » * P!? • 

12. Area of sector FANE - 12. 

* Tt(2Plf} - * n Kf , 

13. Area of AAPB - %ABQF, 13. 

14. Area of AAPfl - %PQ* (2PQ) 14. 

• wf ■ 

15. Area of region AjtBq - (Area 15. 
of sector PANB) * (Area of 

AAPB) - %ttP- Ftf . 

16. Area o f se micircle with dia- 16. 
meter AQB - |n(AQ) s . 

17. Area of shaded are a * (Area 17. 
of semicircle AJiJti) - (Area of 
region ANBQ). 

IS. Area of shaded region ■ IS. 

- ftnFlf - 

19. ftir - %n + l)wf • PJ* , 19. 


Pythagorean Theorem and Substi¬ 
tution Postulate. 

Any triangle inscribed in a seal- 
circle with the diameter as a side 
ia a right triangle, with the 
hypotenuse being the diameter. 
Definition of right triangle. 

The area of a sector with radius 
r and central angle n la 



Substitution Postulate and Step 8, 

The area of a triangle with base 
b and altitude h is %bh. 

Substitution Fob tulate, 

The area of non-overlapping re¬ 
gions is the Biia of the areas of 
each region. Also, Substitution 
Postulate. 

Area of a semicircle of radius r 
equals ^mc 3 . 

The area of non-overlapping regions 
is the sum of the areas of each 
region. 

Substitution Postulate. 

Substitution Postulate and Factor¬ 
ing. 


• PROBLEM 8-22 


A farmer La cutting a field of oats with a machine which takes a 
5 ft. cut. The field he is cutting is circular and when he has been 
round it 11% times (starting from the perimeter) he calculates that he 
has cut half the area of the field. How large la the field? (Answer 
to the nearest 100 sq. yds.) 
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Solution : In the accompanying figure, the shaded area la the area 
already cut; r la the radlua of the field. Originally the entire 
field was uncut and the uncut area waa a circle of radius r, The 
first trip around, he reduces the uncut area from a circle of radlua 
r to a circle of radlua r -* 5, On the nth trip, he reducea the 
uncut area from a circle of radius r * 5(n-l) to a circle of radiua 
r - $n* Thus, on the 11th trip, the uncut area la a circle of radiua 
r - 55. Because the farmer made 11 and \ tripe, the uncut area con¬ 
sists of a semicircle of radlua r * 55 and a semicircle of radius 
r - 60 ♦ 

We are given that the area of the uncut portion equals the area 
of the cut portion. Thus, the area of the implowed area Is one- 
half the area of the field. The area of the uncut portion is the sum 
of the areaa of the semicircle of radius r - 55 and the area of semi¬ 
circle of radius r - 60. Given that the formula of the semicircle of 
radlua x Is » we have 

<i) area of semicircle of r - 55 » Vrrtr-SS) 3 

(li> area of semicircle of r - 60 - Wr-fcD)* 

(ill) area of unplowed area - IrrCr-SS) 3 4 %n(r-60)^ 

• ^((r-SS) 8 4 (r-60) 3 ) 

<vi) area of field * 2 * area of unplowed area. 

(v) ttt* « 2 * ^Ur-SSj® 4 <r-60)*) 

(vi) r 3 - r* - llOr 4 3025 4 i* - 120r 4 3600 

(vii) ** - 230r 4 6625 ■ 0 

Uaing the quadratic formula, _ 

-bVb'-if.c 

i* + bK + € - 0, X - - Yt - • 

we obtain for the radius of t he field. 

230 * JlW -4(6625) 230 ± V26400 

(viii) r - - - - - - - - 

230 4 162 #46 

<ix) r • - 1 - - 196.24 or 33.76, 

Note that the answer r ■ 33.76 makes no sense since this would 
imply that the radius of the unplowed portion would be r ■ 33*76 - 55 ■ 
-21*24. Thus, r « 196*24 a 196 ft, is the only solution. 

To find the area of the circular field, remember that the area of 
the circle la nr 8 , 

<x) Area of field - n(196> a * 36416* 

36416 it h 120687 sq, ft. 

Since I sq, ft. - ~ sq, yd,, 

(xl) Area of field - 120687(| sq* yd.) - 13,400 sq. yd. 


AREA BY THE PYTHAGOREAN THEOREM 


• PROBLEM 6-23 


A rectangle is Inscribed in a circle whose radius la 5 inches. The 
bsse of the rectangle is 8 inches. Find the area of the rectangle* 

(See figure.) 
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Solution ; The diagonal of the rectangle is a diameter of the circle 
and as such, each of the two triangles shown in the figure La inscribed 
in a semi-circle. Therefore, they are right triangles. 

Since ABAC Is a right triangle, we can use the Pythagorean Theor¬ 
em to determine the altitude, h, of ABCD, as Indicated In the figure. 

We will need this to calculate the area of the rectangle. Therefore, 

+ <fl in.) a * (10 in./ 
t? + 64 in. s - 100 in. 

h 8 - 36 is. 8 and 
h - 6 In. 

Now, Area ■ bh. Let b - 8 iti,, h - 6 in. By substitution, 

A - (8 > 6)in* - 48 in. 8 

Therefore, the area of the inscribed rectangle la 48 sq. in. 


• PROBLEM 8-24 



Solution: The shaded region consists of square ABCD, whose side is 12, 
and four major sectors whose areas are equal because their radii and 
central angles are equal. We will calculate the area of the square and 
the major sectors, and then sum them, to determine the area of the 
shaded region. 

Area of the square ■ (AB) S * (12 ) 2 ■ 144. 

Each sector spans 27CP, since the corners of the square cut off 
arc lengths that measure 90° from each circle. Since the area of a 
Sector is proportional to the central angle, the area of each sector 
la 
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angle bisector of each vertex angle. Because E It on the bisector 

of £ Ml, E is equidistant from sides AD and AB, Because E 
is on the bisector of $ ABC, E is equidistant from sides AB and 

BC, Because_E is on the bisector of ^ BCD, E is equidistant 

from aides BC and DC. Combining these three facta and using the 
transitive property, we have that E la equidistant frost all four 
sides. Therefore, E, the center of the inscribed circle, ifl the same 
point as i , the intersection of the diagonals. 

To show the second step, that ADEC is a right triangle, we 
remember that the diagonals of a rhombus are perpendicular to each 
other. Therefore, PEC is a right angle and A PEC is a right tri¬ 
angle. 

In right APEC, ve have the length of the hypotenuse, DC * 25. 
Because the diagonals of a parallelogram bisect each other, we have 
that the measure of the leg DE - %DB - %(40) - 20* By the Pytha¬ 
gorean Theorem, 

EC? - DC? - DE 3 - 25? - 2C? « 225; 
or EC - 15. 


We wish to find the radius EF, IF, as the altitude to the hy¬ 
potenuse, Is the mean proportional of the hypotenuse segments, DF 
and PC. To find DF end FC, remember that the adjacent leg is the 
mean proportional of the segment end the hypotenuse, thus. 


DF 

DE 


DE 

DC 


or 


DF 


DE? 

DC 


2 &_ 

25 


16 . 


Then, DF * 16 and FC - DC - BP - 25 - 16 - 9. 

Since altitude IF is the mean proportional of the base segments, 
ve obtain jjp gp 

H - pe or EF 0 - PF’FC - 16-9 - 144. 

Then EF - J\AU « 12. 

Since the radius of the inscribed circle, EF, equals 12, the area 
of the circle ■ nr® - nfl2) 3 » 144tt . 


* PROBLEM 8-28 

A circle is Inscribed in an equilateral triangle, whose side is 
12. Find, to the nearest integer, the difference between the arja of 
the triangle and the area of the circle. (Use n ■ 3,14 and ,/3 ■ 
1*73*) 





Solution : The diameter of the Inscribed circle equals the side of 

the equate, Therefore, the area equal $ m? * Tt(4r - I6 tt < 

The diameter of the circumscribed circle is the diagonal of the 
square* The diagonal of a square la the hypotenuse Of the right tri¬ 
angle formed by any two aides of the square adjacent at a vertex 
not intersected by the diagonal* Its length can be found by applying 
the Pythagorean Theorem, since we know the length of two sides of 
right A ABC* (AC) 3 + (AB) a - (BC) 3 


AC - AB ■ S and accordingly, by substitution, 
iBf + (8) 3 - (BC) 3 


2(BA) - 
BC 


( bc r 
Mb 


1 $ - %Ji 

The diagonal equals &/2 t therefore, r - 4A- Th e arefi of ctie circle 
equals tt {Ajlr * 32tt * The area of the circumscribed circle exceeds 
the area of the Inscribed circle by 32tt - 16tt * 16tt * In general, for 
a given square, the area of the circumscribing circle is twice the area 
of the inscribed circle. 


• PROBLEM 8-2$ 


The side of a regular pentagon Is 20 Inches in length* (a) Find, 
to the nearest tenth of an inch, the length of the apothem of the pen¬ 
tagon. (b) Using the result obtained 1n part (a), find, to the near- 
eat ten square inches, the area of the pentagon. 


D 



Solution : (a) When the central an gle AOB i« drawn, as shown in the 
figure, its raya, along with side AB of pentagon ABODE fora a 
triangle. The central-angle theorem states that the measure of a 
central angle of a regular polygon equals 36Cf divided by the number 
of aides of the polygon. Therefore, the measure of AOB is 36CP/S, 
or 72®, where 5 is the number of sides In the pentagon* 

By theorem, apothem OF bisects central angle AOF and pentagon 
side XI. Since OF X XI, therefore, &0FA is a right triangle. 

m £ AflF « k(m % A0(B) « %(7i°) * * 

Therefore, m * FAO - lS(f - (m * A OF + m * OFA), 

By substitution, m £ FAO - lfltf - (3^ + , He also know. 
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IT - - %aO in.) « 10 in. 

S1dc« A®P la a right triangle, knowing an angle measure and 
the length of ita adjacent aide, we can calculate the length of OF 
by using the tangent ratio. 

tan > Qkj * length of leg opposite * OAF 
length of leg adjacent £ OAF * 

Let a » length of lag oppoeita * OAF (see figure*) Then, by substi¬ 
tution, 

t * n ‘ 10"in. • 

Fron a standard tangent table, we find tan 54° - 1.3764. Therefore, 


10 in. 

a - (10 in.)(1,3764) 
The length of apothem OF i B 13.g in. 


13*J64 in* 


Cb) The area of a regular polygon 1* given by A . 4(epothem length) 

, " ’* p ‘ The ? erl ™ter, P, of pentagon ABODE - 5{20)in. - 

100 In. Therefore, by substitution, 

A - |(i3.8) (100) in. 3 * (50) (13*8) in. 3 • 690 in. 3 . 
Therefore, the area of pentagon ABODE is 590 sq. la. 


* PROBLEM 8-29 

c i rCum scribed about a square of edge length 
?* ™ at “ s t “ e ® rea the region outside the square but 
inside toe oircle? 



hutffiJs nii. th ® are ? of , the region inside the circle 
Sfth. . kTm be A(R), Furthermore, let the area 

wi^avf ““ ° f the HtJuare A(a > - 


U) A(R) - A(C> - A (S) . 

Since the square is of edge length s, A(s) - s 1 . 
To find A(c) ■ wr ! , we must first find the radius r. 


.. fir ? fc “ how that the diameter of the circle equals 

the diagonal of the square. Let e be the center of the 
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circu msc ribing circle. To show DB is a diameter, we must 
show DEB is a straight line. We will show thil by showing 
that £DEA and j^BEA form a straight angle„ From an earlier 
theorem, we know that the central angles of a regular 
polygon are congruent. Therefore, mfc'DEA * m^AEB ■ mfcBEC 

=■ mfcCED - * 90°. mfcDEA + mfciEA = 90 s + 90° « 180°. 

Since mKDEA + m£BEA = m£DEB, mfDEB = 180°, then *DEB is 
a_straight angle and D, E r and B are collinear. Thus 
DB, the diagonal,ie also a diameter. 

To find DB, note that ADBC is a right triangle. 

Using the Pythagorean Theorem, we hawe DB 2 = DC 2 + CB 2 “ 
a 2 + s 3 • 2s 2 . Thus, DB ■ /Is? - /fs. 

The radius of the circle equals % the diameter DB or 
h(/5e). The area of the circle equals 



Returning to equation (1), we obtain 
MR) = - s 1 = s ! - lj 


• PROBLEM 8-30 


The area of pentagon ABODE fa 13 sq* In*; the area of a similar 
pentagon A'B'C'D'E 1 la 32 sq. in. The diagonal AC is 6 tn*t flod 
the length of A 1 C T , 



Solution ? For two polygons to be similar, all corresponding angles 
are congruent, and all corresponding sides isuat be proportions 1 * Me 
will first show that the ratio of similitude of the diagonals, 

A r C * /AC, Is the same a# the ratio of similitude of the sides, A*B*/AB. 
Then, we find this ratio of similitude of the two polygons using the 
fact that the ratio of the area of similar polygons equals the square 
of the ratio of similitude. 

To show that A’C'/AC - ratio of similitude, we show 


&ABC . 

Rote $ B 5 £ B 1 and because ABODE and A'l'C'D'E 1 

•re similar polygons. By the f.A.S. Similarifey Theorem, AAJJC — AA^'C*, 
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*nd thus 


A'C» _ kW 
AC AB * 

Since Is the ratio of similitude, ■ ratio of aiallltude. 

To find the ratio of similitude, remember that 


. . . * . ... . >a area of A'B’C'D'B' 32 16 
(ratio of (iail ituda) - ar ^ of WCB g -18 “ 


ratio of similitude 
A *C * L 

Thus* j < Since AC - 6, 


■ ~ or A’C* * j{6) “ 8 in. 


• PROBLEM 8-31 

Prove that the area of an inscribed regular octagon is equivalent 
to that of a rectangle whose dimens ions are the aides of the inacribed 
and circumscribed squares. 



Solution : In the accompanying figure, AEBFCGDJ is the Inscribed 
octagon' ABCD, the inscribed square; HELST, the circumscribed square. 

We are given circle P with radius of length r. 

We will proceed by first determining the ares of the octagon. 
Second, ve determine the sides of the inscribed and circumscribed 
squares| which are the width and length of the rectangle. From this, 
we calculate the area of the rectangle. If the two areas are equal our 
work Is done. 

The area of octagon AEBFCCDJ ar ea of ABCD + area of &AEB + 
area of aBPC + area of &DGC + area of AAJD. 

The area of ABCD * AB 3 , To find AB, note that it is the hypoten¬ 
use of laosceles right triangle AFB, The legs are formed by radii 
of BP. Hence, by the Pythagorean Theorem, 

AB* « + r* ■ 2r* and AB « tjl , 

The area of ABCD - - 2^ , By the S.S.S, Postulate, all the 

triangles are congruent and the expression reduces to area of ABCD + 

4 (area of AAEB), area of £A£3 - %CbaseH*ltitude) - k (AB) (EIC). We know 
AB - */2 , 

EK - r - KP . KF can be found and, hence, EK will be known (in 
terms of r). 

Since the octagon is regular, AE » EB, In the same circle con¬ 
gruent chords Intercept congruent arcs which have congruent central 
angles. Hence, £ APK * £ BPK or 7R is the angle bisector of the 
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vertex ingle of Isosceles triangle APB* As such, TK la the perpendi¬ 
cular bisector of AB. Therefore, AK “ KB - KAB) - \tJ2 . aAKP Is 
a right triangle* Hence, we can apply the Pythagorean Theorem to find 
KP, given that we know AF - r and AK ■ 

(AP> 3 - (AK) a + <KP) a 

** - Oitjti* + (KF>* 

r 3 - k&f - (KP) 3 

- c m* 

£ --l-r. KP 

J2 J2 

%r J2 - KP 

As such, EK ■ r - * 

Area of £A£B - 

- - %2t*> - tfCfi - 1) > 

Recall, area of AEBFCGDJ - area of ABCD + 4(area of aAEB). 

By substitution, - 2r 3 + * 1)) 

- 2i* + Zr* CA * 1) 

Therefore, Area of_octagon * 2i*Jz « We have one aide of the required 
rectangle, AB - c^/2 * We will now find MR, the other side* 

Since MRST e square. Iff || SR and MR is the perpendicular 
distance between M I and 3 7, A and C are points of tangency* As 
such, CA i KT end CA i SR and CA Is also a i distance between 
MI and 37* Since parallel lines are everywhere equidistant, MR * CA, 
CA is a diameter of OP* Hence, CA « 2t and MR ■ 2r* 

The proposed rectangle has sides 2r and r./2 * Its area then 
equals 2i 9 ,Jl * Since this is the area of the octagon, we have shown 
the desired results* 


AREA BY THE TRIGONOMETRIC FUNCTIONS 

• PROBLEM S-32 

Using the fact that the area of an n sided regular polygon is 
nt 3 ten rr/n , find the area of a circle, (Here, the polygon is com¬ 
posed of n isosceles triangles, with height r* See figure*) 



Solution ; The figure shows the situation for n - 12 * The idea hera 
la that a circle is the limit of a regular polygon as the number of its 
sides Increases without limit, W* obtain the desired result by letting 
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n gee very Urge in the formula for the area of an n-aided regular 
polygon. 

First, note that a* n geta larger, tangent of n/n gets very 
small. Wow, the tangent of any small angle li approximately equal to 
the angle Itself* Hence, 

as n -» », tan tt/o ** n/n. 

Then, using this in the formula given in the problem 

ag n — ® , nt 3 tan ff/ft -* m* n/n - nr 3 , 

Hence, the area of a circle of radius r Is ttt 3 - 


• PROBLEM 8-33 


Prove that the area bounded by a regular polygon of a sides 
circumscribed about a circle with a radius of length r is given 
by the formula A - nP* tan n/n * 



Solution ; The figure shows the situation for the case where n - 6* 
In general, we sea that we may consider the polygon of n sides to 
be composed of n triangles (for example, AAOfi t ^BCC, etc.) 1 . Since 
the polygon is circumscribed about circle 0, i XSL This makes 
Of^ p of length r, an altitude of AA01. If &AGB were Isosceles, 

we could find its area by using the formula A * r* tan 0/2. Jfe now 
prove that &AG 1 is, indeed, isosceles* 

In the figure, we have circumscribed a circle about the polygon, 
By definition, the center of a regular polygon is also the center of 
the inscribed and circumscribed circles. Wow, look at ftAGB. 

575 ji 175, since both ere radii of the larger circle. Hence, AAOa !■ 
isosceles. Its area is, then, 

A * r 8 tan 0/2 

where r and # are as shown. 

Wow we prove that each triangle (of which there are n) is con¬ 
gruent toevery other triangle of the polygon* Consider AAOS end 
A10C, X75 ■ CO, since both are radii of the large circle. 7M * IS. 

AB » because the aides of a regular polygon are all congruent. 
Therefore, by the S.S.S, (aide-side-side) Postulate, AAOB = ABOC. 

This may be done a timer to prove that alt the triangles comprising 






the polygon are congruent* Hence, they all have the same area* 
Since the n-slded polygon is composed of the n adjacent triangles 
(sea figure), the area of the polygon Lb the asm of the areas of 
each of the n triangles* Hence, 

A - nr 3 tan i/2 * 

p 


But 


nfi - 2fi 
or 

§/2 ■ rr/n * 


Hence, 


A - tan rr/n * 
P 


• PROBLEM 8-34 

Find the area of a regular hexagon circumscribed about a circle 
of radios r. Calculate the area explicitly if 

a) r - 4; b) r - 9;, e) r « d) r *■ 25. 

Solution* The area of a regular n-sided polygon circti&scrlbed about 
a circle of radius r is given by 

A - nr 3 ten tr/n * 

la a hexagon, n * 6. tan tt/6 * 75/3 

T ^ 1U8 A ■ bt 3 tan tt/ 6 te Ie 3 75 


a) For r - 4, A - 2<16)75 - 3275 

b) For r - 9, A - 2(81)75 - 16273 

c) For r - 16, A - 2(256)75 - 51275 

d) For r - 25, A » 2(625)73 - 125^ 
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CHAPTER 9 


CONSTRUCTIONS 


LINES AND ANGLES 


• PROBLEM 9-1 


Construct a line perpendicular to a given line through a given 
point outside the line. 


P 



Solution : We are given line AB and point P f not on AB* as in the 

figure shown* We wish to construct a line through P, perpendicular 

to AB * Cali this line p # 

_ *-* 

There Is a segment CD on AB such that line p is the perpen¬ 
dicular bisector of CD , To perform the construct ton we will 
(1) locate CD j (2) construct the perpendicular bisector of CD , 

(1) Using F as a center, and any convenient radius k construct 






an arc which intersects AB tc € and D * Since PC and PD are 
radii of Che same arc, we have PC - PD . Since point P Is equi¬ 
distant fro® points C and 0, point f must be on the perpendicular 
bisector of CD , 

(2) Construct the perpendicular bisector of CD , 
the perpendicular bisector contains point P and Is perpendicular 
to given line Thus, the perpendicular bisector la the required 

Hne p. 


• PROBLEM 9-3 




Solution s QX, bisects <$PQR if and only if ^FQX * <XQR * let T be 
a point on QP and S be a point on QR such that &QIX ■ AQSX . 
then 4fQX and «JXQR ate corresponding parts of congruent triangles 
and <$PQX * «JXQR . Therefore, if we construct AQTX and AQSX auch 
that AQTX - AQSX ( then # bisects ^PQE. We construct the tri¬ 
angles by the SSS Postulate. 


Construction: 

1. Using Q ae the center and any radius, construct an arc of a 
circle that intersects Qf at T and Q& at S. Since radii of a 
Circle are equal, Q3 - QT . By ref leaivity, QX « QX , 

2. Since SX oust equal TX for AQTX - &QSX t aa required by 
the earlier reasoning, we make certain of this by construction. 

Using S as a center and a radius of more than half ST, make an arc 
in the Interior of ^FQE* 

Using T as a center and the same radius, make an arc in the 
Interior of 4PQR. 

Since the radii are the same, SX - TX. 

3. Draw 0. . Since QX-ql, TX - SX, QS - Q? , then AQTX - 
AQSX by the SSS Postulate. Therefore, -$TQX » <jXQS t and Cjk bisects 

4m * 
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• PROBLEM 0*3 


Construct an angle containing 
point. (See figure). 


o 


60 


whose vertex la a given 



Solution ; Sine* all angles In an equilateral triangle measure 6t f 
(or J(10O) ), by cone true ting such a triangle a 60° angle can be 
readily determined. This may seem like a "back door 11 method; however, 
there exists a fairly straightforward way to construct an equilateral 
triangle. This can be accomplished by drawing two radii of a circle 
whose points of intersection with the circle are a linear distance 
apart equal to the length of the radius. 

L. Given point A, construct any line segment AB * 

2* Using A as the center, and a radius whose length la equal to 
AB, construct an arc of a circle, 

3, Using B as the center, and the same radius as before, nark off 
another arc which Intersects the first arc at C. 

4i Construct CA and CB , forming equilateral triangle ABC. Th* 
triangle will be equilateral because all three sides are radii of 
arcs which have been constructed with radii of the sane length. 

Since MUG is equilateral,, and, as such, equiangular, 
m $ CAB ■ ^ of 180 , the total^of th* measures of the angle* of 
a triangle. Hence, m £ CAB * 60 , the required angle to be 
constructed. 


• PROBLEM 9-4 

I Divide a given line segment into parts proportional to given I 

line segmenta, I 



N 
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Solution : We know that a line Intersecting two sides of ■ triangle, 
and parallel to the third side, will divide the two aides proportionally. 
First, we construct a triangle with (i) the first side equal in length 
to the given segment; and (2) a second side that can be easily divided 
into segments proportional to the given segments. Then we construct a 
line parallel to the third side that divides the second side into parts 
proportional to the given segment. By the above, we knew that this 
line must also cut the first side, the given length, proportionally. 

To find the second aide that can be easily divided, note that 
there is no restriction on the length on the second aide. Therefore, 
we construct the second side to be the length of the given segments 
combined. _ 

1. Given segment LH and line segments of lengths r and a, draw 
Ltf making any convenient angle MLN. 

2* On LN f construct LA ho that IA - r and construct AD so that 
AD - a. 

f-* 

3. Construct CM to complete the triangle, flDML. 

4* Through A, construct AC parallel to 5?. € la the intersection 

Of AC and LM. 

5* LC and CM are the required segments of Length x and y. 

The construction makes A? || E?, Therefore, x:y * r;a because 
a line parallel to one aide of a triangle and Intersecting the other 
two sides divides the other two sides proportionally. 


• PROBLEM B-5 


Construct the mean proportional between two given segments. 


A B C 


D 



Solution; The mean proportional of two numbers a and b Is defined 
as that number c such that We ™ c/h . The key here is '^sean pro¬ 
portional r \ Whet geometric figures have properties involving the 
oaan proportional? 


20? 


Urheberrechtlich geschutztes Material 




parallel* 

Given: lint m and point P * 

Wanted: 1 Ine t»H.. 

Construction: 

(1) Let M and Q he points on ta, with Q on the right of M» 
Draw fj? * 

(2) Let R be any point of MRP on the earns aide of P from H* 

On Pft construct { RPN with N to the left of MPR such that 
* HPN - Ptf} * 

(3) Draw N? , $ HPR a * ft**} by construction. By congruence of 

alternate Interior angles, nI|| m . 


TRIANGLES 

* PROBLEM 9-7 


Construct a triangle when two sides and the Included angle are 
given. (See figure). 


b 



Solution ' We are given two aides of lengths b end c, as shown In 
the figure, and one angle, $ 1. We will duplicate £ A ( and then 
construct segmenta congruent to h and c along the sides of l A. 
Then, by connecting the endpoints of the segments farthest away from 
the vertex of 1 A, a unique triangle can be drawn* 

Follow the construction shown In the sketch. 

H 

I. On any line ST , use point A as the vertex to construct 
jt RAT « # A, the given angle. (The construction of an angle 
congruent to another angle was done previously*) 
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to the opposite side. In the case of an obtuse triangle, the opposite 
aide will have to be extended, and the point of intersection between 
the side and the perpendicular will be outside the triangle. 

The construction can be followed in the accompanying sketch: 

1. Through point A, construct a line perpendicular to CB* 

Extend CB If necessary. (The construction of a perpendicular 

to a line through a given point outside the line has been described 
previously.) 

2. In scute triangle ABC , A*? lntersects_ CB at point D* AD Is 
the altitude from vertex A to aide CB* 

3. In obtuse triangle ABC, jft intersects CB extended at point D, 

Line segment AD is the altitude from vertex A to side CB* 

4. In right triangle ABC, the point of intersection of and side 

IS is a vertex of the triangle, namely vertex S. Therefore* In 
addition to being one side of the triangle, BC is the altitude of 
right triangle ABC* This is so because i b Is a right angle* 

• PROBLEM 9-9 

I Construct an isosceles triangle which has the sane base as a 

given scalene triangle, and which ia equal in area to It. (See figure). 


Solution : The key to this construction lies in the fact that the area 
of a triangle is equal to % X base X height. The isosceles triangle 
to be constructed is to have the same base as the given scalene tri¬ 
angle . To iaaure that the isosceles triangle has the sane area as 
the scalene triangle, we must construct it in such a way that both 
triangles have the same altitude. 

If we draw line RS parallel to base Al , the distance between 
the two lines will be the altitude of the scalene triangle (4&BC)* 



Any other perpendicular distance hetween rf3 an d ab will be equal 
to the altitude of the scalene triangle. The altitude of the Isosceles 
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chord in the circle. By choosing two non-parallel chorda (so chat 
their perpendicular bisectors do not coincide) and constructing 
their perpendicular bisectors, we know that only the point that lies 
on both bisectors can be the center. 

Given: Any circle. 

Wanted: The center, 0, of the circle. 

Construction: 

(1) Draw any two nonparslie! chords and label then AB end CD . 

(2) Construct the perpendicular bisector of each chord. Name them 
EF and GH, respectively, 

(3) The intersection of $ and GH Is 0, the center of the circle. 

• PROBLEM 9-11 

[ Construct the lines tangent to a circle through a point external I 
to the circle, 1 


Sfllytiojp Let P be the point of tangency, A line is tangent to a 
circle at point X, if the line is perpendicular to the radius drawn 
to point X. Therefore, in the figure shown. Bp i TK or £ BPA Is 
a right angle and fiBPA io a right triangle. Thus, there are two 
requirements for point P; (i) P, the point of tangency, must be on 
circle A \ and (££) £BPA must be a right triangle. The locus of 



points satisfying condition (i) Is the circle A, The locus of points 
satisfying condition (il) la the circle (not the semicircle) with BA 
as the diameter. (To see this, remember that any triangle inscribed 
in a semicircle is a right triangle with the hypotenuse as the 
diameter* The converse is also true. All right triangles with given 
hypotenuse length can be inscribed in a semicircle with diameter equal 
to the hypotenuse,) 
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The intersection of the loot are thus the possible points of 
tengoncy, point P and Q * 

Given: Point B in the exterior of 0& . 

Wanted: The lines through B tangent to SA * 

Construction: 

(1) Drew and bisect AB » Label the midpoint M . 

{2) With H as center and MB as the radiue construct the circle 
through A and E. Circle K, with diameter AB , intersects 
QA at F and Q * 

(3) Draw BF and BQ » the required tangents. 


POLYGONS 


• PROBLEM 9-12 



‘□ s z£7 

b b* 

Area of Rectangle * Area of Parallogram 
bx = bV 
b : b r *b*: x 



Solution : We are given parallelogram AB€D, with base of length b* 
and altitude of length h* * Accordingly, area of £J ABCD * b'h' * 

The rectangle we want to construct has a known base length of 
b, and an unknown altitude, say x. Then, area of rectangle to be 
constructed - bx . 

Since we want the area of the rectangle to equal the area of 
the parallelogram, it must be that bx * b'h* . Therefore, 

i . hi 

b' x 
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or b; b 1 » h';x is a proportion. We must find the fourth propor¬ 
tional of bjb 1 and h, (i*e*, x), and then construct the rectangle 
with base b and altitude x. 

Follow the construction in the accompanying sketch: 

(1) Construct H, the altitude of D ABCD, whose length has been 
represented by b* « 

(2> Construct the fourth proportional to b,b‘, snd h' , (i,e. p x)* 
(This cons traction is vitally important to the problem* It was 
done previously*) 

(3) The eepnent we have Just determined, whose length is x, is con¬ 
gruent to the altitude of the required rectangle. 

(4) Let EF represent the hose of the rectangle of length b. At 
points E and F p construct perpendiculars to EF of length 

K- f these are the altitudes of the rectangle, (This construction 
has also appeared previously,) ^ __ 

(5) Through points H and G, construct HG * Since HE « FG , 

HE || T5 and $ R£F is a right angle, EFGH is the required 
rectangle, whose base is a segment of length b, and whose area 
is equal to tha area of O ABCD * 

Since the construction makes x the fourth proportional of 
b p b' and h* t then bib* ■ h 1 : x or bx - b’ta 1 * Since the 
area Of ^7ABCD - bV , and the are* of rectangle EFHC - bx , 
the area of rectangle EFGH - area of & ABCD, Therefore, EFGH 
is the rectangle we set out to construct* 


• PROBLEM 9-13 


Inscribe a regular hexagon in a circle. 



Solution : Consider the n-slded regular polygon in the figure above 
(n p in this case, equals 6), From the center of the circumscribed 
circle, draw the radii to the vertices. Because all radii are con* 
gruent, two sides of every triangle must be congruent to two sides 
of every other triangle. Because this is a regular polygon, all the 
aides, VT, VP, FQ, etc*, must be congruent* By the SSS Postulate, 
all the triangles must be congruent, and, by corresponding parts, all 
the cent raj. angles must be congruent* Since the central angles must 
sum to 360 f the measure of the central angle of each side of an n* 
sided regular polygon must be 3€0/n * 

This is the crux of every problem that involves inscribing a reg* 
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• PROBLEM 9-16 


Given two parallel lines and a transversal , construct the 
circle tangent to both the parallel lines and the transversal * 



Solution ; To construct a circle, we must find (a) the center; and 
(b) the rad ius. ■ *- 

;z i ii i (a) The center; Consider the radii drawn to the tangent points, 
AD, BD, and CD, Because these ar e radii drawn to tangent points, 

IB i line t, H5 i line n* and CD x line m, Then, by definition, 

AD, BD, and CD are the distances from limes t,n, and cq to point 
D, Therefore, D, the center of the circle, which must he equidistant 
from t,m, and n. 

The locus of points that are equidistant from n and m Is the 

line parallel to n and m and equidistant from both. Find the mid¬ 

point of the transversal segment cut by n and m and construct 
line 4 parallel to n, The distance BD between n and 4 must 
be the radius of the circle* The center must also be a distance HI 

from t* The locus of points a distance HI from t Is two parallel 

lines a distance II from t * The center of the circle Is the Inter¬ 
section of 4 and the lines parallel to t, _ 

(b) The radius is the length of 11 where BB is a line perpen¬ 
dicular to n,m, and 4 * 

Given: Two parallel lines n and m, and a transversal t* Let F 
and G he the points of Intersection of the transversal 
with n and m. 

Wanted; Construct the circle tangent to both the parallel lines and 
the transversal* 

Construction; _„ 

(1) locate the midpoint of FG, label it M* 

{2) Construct line 4 through M parallel to n* 
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CHAPTER 10 


COORDINATE GEOMETRY 


PLOTTING POINTS 


• PROBLEM 10-1 


( Describe the location of the point (-1,-2) and then plot it 
on coordinate graph paper. 




■ 

Y 












0 

H 

r 



l! 

1 

|X 











_| 












Solution ; The first number in the point, the abscissa, is -1 
and represents the number of horizontal units along the x-axis 
that will be moved left of the origin of the Cartesian plane 
when plotting this point* The second number, the ordinate, is 
-2 which represents the vertical distance to be moved downward 
from the origin. 


with this in mind, we can plot the required point on the 
graph. We find that (-1,-2} will lie in the lower left re¬ 
gion of the graph. Quadrant 111, 2 units below the x-axis and 
1 unit to the left of the y-axis* 


* PROBLEM 10-2 


Give the coordinates of points h,B,C,D,E,and 7 in the figure 
below and determine the quadrants in which they lie. 


Sglutlon i To find the coordinates of a point, z for example, 
imagine a line parallel to the y axis passing through z. 
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H 1 * 6 li«« intersects the x-axis, gives the x-coordlnate. 
Similarly, the Imaginary line parallel to the x-axls passing 
through s, gives the y coordinate. For example, the y-eo- 
ordinate of A Is 2. Similarly, the x-coordinate of A is 2. 

Repeating the procedure for points B,C,D,E, and F, we obtain 
the table below. 
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In determining the quadrant of a point, note that any 
point above the x-axis and to the right of the y-axis is in 
the first quadrant* A more common way of expressing first 
quadrant is to use the Roman numeral notation* Thus the 
first quadrant becomes Quadrant I* Similarly, if the point 
is above the x-axls but to the left of the y-axis, it is 
said to be in the second quadrant, or Quadrant It* Points 
below the x-axis and to the left of the y-axie are in Quad¬ 
rant III) and points below the x-axis but to the right of the 
y-axis are in Quadrant IV* Points that lie on the x or y axis 
are said to lie on the x or y axis and are not in any quad¬ 
rant* 


There is a second method of determining the quadrant 
of the point. Note that all points above the x-axis have 
positive y-c©ordinates. Similarly, all points below the x- 
axls have negative y-coordinates. Points to the right of 
the y-axis have positive x-c coordinates* Points to the left 
of the y-axis have negative x-coordinates* Since all points 
in Quadrant I are above the x-axis and to the right of the y- 
axis, all points in Quadrant I have the form (positive, 
positive). Repeating the procedure for the other five cases, 
we obtain: 


Quadrant lit (Negative, positive) 

Quadrant III: (negative, negative) 

Quadrant IV: (positive, negative) 

On the x-axis: (positive or negative, 0) 

On the y-axis: (0, positive or negative). 

Given the graph and asked to find the guadrant of the 
point, method 1 Is easier. If we are given the coordinates, 
method 2 is better. 


DETERMINING DISTANCE 


• PROBLEM 10-3 


Problems Show that the triangle with vertices A(6,7), 
B(-11,0), and €(1,-5) is isosceles* 



Solution s To prove that triangle ABC is isosceles, we must 
find two equal sides* Calculate the length of the sides using 
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The length of the radius is /TU. 


• PROBLEM 10-5 

I Prove, using coordinate geometry, that the diagonals of a 
rectangle are congruent. 



Solution : Prior to getting into the proof, let us draw a 
rectangle on the Cartesian pla n e. (See figure). Place one 
vertex at the origin and side OA along the x-axls, as shown. 
Extend side AB into quadrant I, so that vertex B is the point 
(b,aK The coordinates of the vertices of the rectangle are 
0{0,0), A(b,0), B(b,a), and C(0,a). 

Since ABCO is given to he a rectangle, with OlT and CA 
as the diagonals, proving OB * CA will be sufficient to prove 
that the diagonals of a rectangle are congruent. 

We can use t he general formu la for the distance between 
two points, d - /(x r x 2 ) + (y 1 'y 2 S , to obtain the desired 
results. Here, (x^,y^) and [XjjYj) are coordinates of 
the 2 points. Distance OB is given by 

OB - /(O-b)** + (0-a) 2 - A, 2 + a 2 . 

Distance AC is given by 

AC - 4b-0) Z + (0-a) 2 - d?' +"a 2 '* 

Therefore, since OB = AC we can conclude that OB £ AC, 


MIDPOINTS 


• PROBLEM 10-6 


Find the coordinates of the midpoint of the line segment 
Which joins the point R{4,6) and the point S(B,-2). {See 
figure) 
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Solution : By a theorem, we know that the coordinates of the 
midpoint of a line segment are equal to one-half the sum of 
the corresponding x and y coordinates of the endpoints of 
the line segment, (These results can be checked by applying 
the general formula for the distance between two points). 

Let M - (x^y^), the midpoint of segment RS, 

Also let R « (x 1 ,y 1 ) where - 4, * 6 

and S - (XjfYj} where x 2 * y 2 * 

Then, x^ - ^{x^Xj) " * 6 

and y w - ylyi+yj) - y(e-2> - jt4) - a. 

To check that H "(6,2) is the midpoint of RS r calculate RM 
and MS by using the general distance formula to verify that 
they are equal, 

KM - / <*!-**>'* + 

By substitution, RM ■ / (4H5p(6-2) * “ / (-2) Z + (4) 2 “ /I+16 
RM - 

MS - /<V*2> 2 + {y m“ y 2 )i! 

By substitution, MS « / (6-8) Z +( 2-7-2) 7 - / <-2> a +(4)* - /4+16 
ms - ysir 

Therefore, RM ■ MS 

Therefore, the coordinates of the midpoint of line segment 
1ST are x *■ 6, y “ 2 or (6,2), 


• PROBLEM 10*7 

( The midpoints of the sides of a triangle are (2,5), (4,2), 
(1,1). Find the coordinates of its three vertices. 1 
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Again sum (4) 
But (G) telle 
we have 

From (4), y 3 > 


yi+y 3 

-V 1 " S < *1^3 ’ 

10 

(4) 

Yi+y, 

—j— - a. Vj+yj ■ 

4 

(S) 

y 2 +y 3 

-M- l ' *2^3“ 

2 

w 


and (S) to obtain 2yj+y 2 +y 3 - 14 
us y 3 +y 2 " 2. Hence, by substitution, 

2yj+2 - 14 and y 1 - 6. 

* 10-y 1 - 10-6 - 4 - y 3 


From (55, y 2 “ 4-y^ “ 4-6 * -2 » y ; 

The vertices of the triangle in this problem are A ■ (5,6), 
B - (3,-2), and C - (-1,4)* 


SLOPES 


• PROBLEM ID-8 


What is the slope of the line that passes through the origin 
and point (1,2)? the slope of a horizontal line? a vertical 
line? 



SgjigtjLon» The slope of the line determined by two points, 
(r l'*r and (x 2 ,y 2 > such that ^ * * 2 and is the earn© as m, 

the slope of any segment of the line. The line that passes 
through the origin and point (1,2) is determined by the 
points (0,0) and (1,2), Therefore, the slope of the line is 
the same as m, the slope of the line segment between (0,0) 
and (1,2). 


Ci * m * H 


*3 - *1 
*2 “ x i 


2-0 


2 , 
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A horizontal line is, by definition, parallel to the 
x-axls. Therefore all the ordinates must be equal. Let 
^l ry l* and f*2' y 2* k® two di8tijlct points on the horizontal 
line. Then the slope of the line equals 


<ii> m - £ 




Since and UjfYj) lle 0X1 t* 1 ® horizontal line, 

y 2 - y l* Therefore, the numerator " 0, and m = 0. 

The slope of a horizontal line equals zero. 

A vertical line ia, by definition, parallel to the 
y-axis, and, consequently, all abscissas are equal: For 
all points (x^y^ and (x^y^) on the line, x^ * x^* 

Therefore, we cannot apply the above theorem since the theo“ 
rem requires that the line be determined by two points 

fl ,Y l^ * nd * x 2 ,y 2* Snch that *1 ** X 2* No two muc}l 

exist on the vertical line and we are left to conclude that 

a vertical line has no slope. 

If we did try to find the slope using the formula, then 
A V *3 “ Y i 

we would obtain m ~ -r£ « / _ * . For a vertical line, 

i5! *2 *1 y- - y, 

x 2 * x^f thus x 2 - x 1 ” 0 and m * -=—g—- . Because the de¬ 
nominator is zero, the value of m is not defined. 


• PROBLEM 10-0 





Solution : Three points are collinear if the slope of the 
line segment between the first and second point is equal to 
the slope of the line segment between the second and third 
points. 

Let A - (x L ,y^) = (2,3) 

B “ (x 2 ,y 2 ) - (4,4) 

€ - (x 3 ,Y 3 ) - (&,6) 
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These three points have been plotted on the accoi 
graph, If the slope of XF equals the slope of B< 
are collinear* 


Slope of AB 


y 2 * y l 
X 2 - 



1 

I 


p allying 
, the points 


Slope of BC 


y 3 - y 2 
x 3 - x a 


6-421 

F^T T 7 


Since the elope of AB - slope of BC^the points A,B, and C 
all lie on the flame straight line, AC, and are, therefore, 
co11inear* 


• PROBLEM 10-10 


Prove, by means of slope, that the triangle plotted in the 
accompanying graph, whose vertices are A{0,2), B(2 r 3),, and 
C(l,5), is a right triangle* 



Solution ; We can prove that lines CB 1 AB, making AABC a 
right triangle, by demonstrating that rhe slope of £F is the 
reciprocal of the slope of AB* 


Let A 
B 
C 


then. 


(x l' y l 5 “ 

(x 2 ,y 2 ) * (2,3) 

^3^3^ 11 fl#5) i 


Slope of AB - “ j-z-j- - y 

slope of sr = ~~ - f-=4 - - r 


The slope of AB is the negative reciprocal of the slope 
of CB because (^) (-2) *» 1* Therefore, AB J_ BC* Hence, AABC 
is a right triangle because it contains a right angle* 
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• PROBLEM 10-11 


Given A(-4,~2), B(l,-3), and C(3,l) find the coordinates of D f 
in the 2nd quadrant such that quadrilateral ABCD la a parallel¬ 
ogram. 



Solution : The many properties of a parallelogram allow ua 
several - methods of proceeding? however, not all of them are 
equally straightforward. We know, for example, that opposite 
sides of a parallelogram are congruent and, therefore, AD * CD 
and DC - AB, However, to use the diatance formula 

d - / 4- (¥2~Yi> 2 

would yield two equations with square roots of unknowns. 
Similarly, any attempt to show congruence of angle would bring 
more complications than it would solve. The best method is to 
use the property which states that opposite sides of a para¬ 
llelogram are parallel, in coordinate geometry, this reduces 
down to the problem of showing that the slopes of the opposite 
sides are equal. Let the coordinates of D be Cx,y3 

Slope of JE - " j ” ffi? . - 

Slope of D^ * ^ 

Slope Of CB « y j — } 2 

Slope of K- " x V"| 

By the properties of the parallelogram. A®* f | 5ET 
(I) slope of 0 - slope of D& 

<ii) - i -1-=-4 

By cro small Implication, 

(ill) x - 3 « -5(y-13 - -5y + 5 

fiv) x + Sy - 3 - 5 
(v) x 4- 5y * 8 

Since DA and CB are also opposite sides. 
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(vi) slope of Ea « slope of EE 


(vil > 2 ■ H4 

(vtl£) yU - 2 (x+4) « 2x + @ 

(ix) -2x + y + 2 - 8 
(x) -2x + y - 6 

Equations (v) and (x) form a system of two simultaneous 
equations in two unknowns, tfe can eliminate x from the equa¬ 
tion by multiplying equation Cv) by 2 and adding the result to 
equation (x) : 

{xi) 2x + lOy - 16 
(x) + *2x + y » 6 

txii) lly = 22 

(xiii) y - • 22-2 

Substitution y * 2 into equation (v), we obtain: 

(xiv) x + S{2) - 0 

(xv> x - B - 5(23 - 0 - It m ~2. 

Therefore, D - (-2,2) for ABCD to be a parallelogram. 


• PROBLEM It-12 

[ Given: A (0,0), B(6,0), and C(3,3), find the equation for the I 
median to aide SE. 1 



Solution: To find the equation of a line, we need two points 
on the line. Let ER be the median to AB, Then vertex C ia 
one point on the median. Similarly M, the midpoint of SE, is 
also on the median, using the Midpoint Formula, 


ii 



(3,0). 


Thus, with M(3,0>, C(3,3), the equation Of the median is 


Z3Z 
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given by the Point-slope form. 


Form: y-y^ « mtx-x^), where (x 1 ,y 1 ) is point M(3,0) and 

the slope si - | or undefined* 

The only straight lines whose slopes are undefined are 
vertical lines* The equation of a vertical line is x-c, 
where c la the abscissa of any point on the line* Since the 
slope of ® ii undefined, m is a vertical line containing 
points (3,3) and (3,0)*^ 3 is the common abscissa* There¬ 
fore, the equation of Ot is *«3. 

There is one last step* x-3 is an equation of a line* 

A median Is a line segment* Therefore, we must make it clear 
that the endpoints are (3,3) and (3,0) - that the ordinates 
must be between 3 and 0* Equation of the median: 

x«3 where 0£y&3. 


LINEAR EQUATIONS 


• PftOBlIM 10-13 


a) Draw a line with slope 3 through the origin* b) Write the 
coordinates of the points whose x coordinates are -2, -1, Q f 
1, 2, 3* c) write the equation of the line, d) Describe the 
set of coordinates of the line two ways using set builder no¬ 
tation* e) Verify that the coordinates of part (b) satisfy 
the equation of part (e) * 


y 
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two alternative ways* First, the line AB consists of all co¬ 
ordinate pairs (x,y) such that x is an element of the set of 
real numbers, and y is 3x, That is, 

S » t(*,y)| x t R, y - 3x} , 

where we have labelled the set of points lying on IS as s. 
Alternatively, the line M consists of all coordinate pairs 
(x,3x) such that x is an element of the set of real numbers 
(Here we have used the fact that y « 3x) . In set builder no¬ 
tation, 

fi - {(x, 3x) | x £ R}* 

e) By the table of part (b) and equation (1), all 
the coordinates of part (b) satisfy the equation of part (c)* 


• PROBLEM 10-14 


Write an equation of the line which is parallel to 6x + 3y - 
4, and whose y-intercept is -6, 


Solution: We employ the slope intercept form for the equa- 
tion to be written, since we are given the y-intercept, Our 
task is then to determine the alope. 

We are given the equation of a line parallel to the 
line whose equation we wish to find. We also know that the 
slopes of two parallel lines are equal. Hence, by finding 
the slope of the given line, we will also be finding the un¬ 
known slope. To find the elope of the given equation Gx + 

3y “ 4, we transform the equation Gx + 3y » 4 into slope in¬ 
tercept form, 

6x + 3y - 4 


3y - -6x + 4 



y - -2x + 


Therefore, the slope of the line we are looking for is -2, 
The y-intereept is -6, Applying the slope intercept form, 
y - rm + b, to the unknown line, we obtain, 

y - -2x - $ 

as the equation of the line. 


* PROBLEM 10-15 


Find the equation of the straight line passing through the 
point (4,-1) and having an angle of inclination of 135*, 
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Solution t We are given one point on the line* If we had 
the alope of the linei we could apply the point elope theorem 
to determine the equation* 

To determine the slope we will make use of the fact that 
the angle of inclination is 135 % The angle of inclination 
is the angle between the positive x-axis and the part of the 
line above the x-axis with the interior of the angle lying to 
the right of the line. 

We shall show that the slope of the line ^ - tan \ P^PjO " 
tan {angle of inclination). 

Given points P 2 {x* ,0) and P 3 (0,y' ) on the line we can 
represent the slope m as 



In right triangle F 3 0? 2 , ftn<3 x * are respective lengths 
of sides OP^ and OP 2 ■ Hence, the tangent of <P 3 ? 2 Q is the 


length of leg opposite <p 3 p 2 o 
length of leg adjacent <^ 3 P 2 0 


tan ^P 3 P 2 o - 3L. 


Since 


tan $? 3 P 2 o « ^ , 
by substitution. 


or 


. Il 


and 


m ■ - tan $? 3 p 2 Q 

Exterior angle <P 3 P 2 x is given as 135° and can be observed 
to be the supplement of ^P 3 P 2 0* Accordingly, ra$P 3 P 2 0 ■ ISO* — 
135* » 45®. Hence, by substitution, m » - tan 45*** 1* How 


iebei 
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we know a point on the line, (4,-1) and the slope m - -1, The 
point - a lope theorem is fy^-y^ = m(x-x^). Making one final 

substitution, we obtain 

fy+1) « -X(x-4) 

Y+l » -x + 4 
y = -x + 3 

Therefore, the equation of the line is given by y « -x + 3 
or y + x - 3* 


« PROBLEM 10-16 


Find the equation of the perpendicular bisector of that 
portion of the straight line 5x + 3y - IS ■ 0 which is inter¬ 
cepted by the coordinate axes. 


Solution t Prior to finding the midpoint of the segment and 
the negative reciprocal of its slope, which are essential to 
determining the equation of the perpendicular bisector, we 
must more clearly describe the segment. 

To determine the slope of the segment, let us rearrange 



the equation into the form y ■ tm + b, where m is the slope 
and b is the y-intercept. 


5x + 3y - IS * 0 

3y - -5x + IS 

y - - |k + 5. 

Bence, the slope, m, is - The coordinate axes provide the 
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boundary of the segment in question. Since the y-lntercept 
ie 5, one endpoint la (0,5). 

The other endpoint can be found by setting y » 0 and 
solving for x. 



*<|> - * 


3 » x. 

Hence, the other endpoint is (3,0), 

The perpendicular bisector of the segment will have slope 
- or I*. Also, it will pass through the midpoint of the 

given segment, (5^, or (|*, - 

We apply the point-slope form, (y-y^ - m(x-x^ , to obtain 
the equation of the perpendicular bisector. Hence, 




Multiplying through by 5 to remove the fractions, we obtain, 
for the equation of perpendicular bisector, 5y-3x-8“0. 


• PHOUEM 10-17 


Problems Find the point of intersection of the two lines 
4x + 2y - 1 - 0, x - 2y - 7 » 0. 





Solution ; If Y*> Is the required point, and if we use 

the two slope intercept forms of these equations, we see that 
x Q and y 0 must satisfy them both. The slope intercept form 

of 4x + 2y - 1 - 0 is y » -2x + j (just solve for y), Simi¬ 
larly, the slope intercept form of x - 2y - 7 ** 0 ia 
1 7 

y “ ^ - y. Plugging in (Xq,Yq )r the points to be determined, 
yields two expressions for Yq, 

y 0 - - 2 x q + £ and Y 0 - 5*0 - j- 

Substituting the second value for y Q back into the first 
equation gives us an expression in x Q alone; 

7*0 * 7 = "**0 + ?■ 

eg g 

Collecting like terms yields ijXg « j r or x Q - Substituting 
this value into either of the slope-intercept forms gives 
Yq “ - yj- Thus, the point of intersection is Cj, - |J), 


• PROALEM 10-18 



Solution ; a) The graph of the set 5 consists of all points 
(x,y) such that y - x, The points (0,0), (1,1), (2,2) and 
(3,3) all satisfy this requirement. The graph, a straight 
line, is shown in figure fa). 

The graph of the set T consists of all points (x,y) 
such that y »=-*, The point (0,0), (1,-1}, (2,-2) and (3,-3} 
satisfy this reguirement• The graph, a straight line, is 
shown in figure (a)- 
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Note that three points were UHed but two were sufficient 
to determine the line. 


AREAS 


• PROBLEM 10-20 


I Plot the points A (- 2, 3> , B Cl, 5) and C C4, 2) and 
find the area of AABC, 



Solution : After plotting the points, as the graph shows, 
we find that no side is parallel to either of the axes. 
Therefore, when the altitude is drawn, its length is not 
easily determined. This makes the standard area formula 
for a triangle inapplicable. 

To overcome this problem, we can inscribe the 
triangle in a figure whose sides are parallel to the axis, 
the lengths easier to calculate, and whose area formula 
can be applied. Any area within this figure but outside 
of the ficrure of main concern must be subtracted from the 
larger area in order to obtain the desired results. 

In this problem, construct rectangle EPCD by drawing 
lines parallel to the x-axis through B and C and lines 
parallel to the y-axis through A and C. 

The area of AABC - area of rectangle EPCD * sum of 
the areas of right triangles, CDA, BEA and BFC. 

Now, the endpoints of all line segments, whose lengths 
are needed for the calculation, will match in either the 
x or y coordinates. The length will be equal to the absolute 
value of the difference of the non-matching coordinates of 
the two endpoints for each segment. Me will calculate the 
relevant lengths and then the area. 

Since, A » 2, 3), B * Cl, 5J, C = (4, 2) 

D = (- 2, 2), E = 2, 5), F = (4, 5) 

Therefore, ED = |5 - 2 | - 3 

EF = |, - (-2)| . E 
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Recall 


EA = 15 - 3 | <" 2 

EB = |1 -{-2)| - 3 

BF = 14 - 1 I - 3 

FC = 15 - 2 | - 3 

DC = 14 -(-2) | “ 6 

AD = \3 - 2 | - 1 

Area of AABC - area of rectangle EFCD - (area of rt 
ACDA + area of rt, ABEA + area of 

rt* ABFC). 

We must now determine the areas on the right side then 
substitute for the desired results. 

Area of rectangle EFCD « bh ■ DC * ED - 6 0-18 

Area of rt. ACDA - h leg * leg = *S$AD*DC) = h (1*6) = 3 

Area of rt. ABEA » % leg * leg ■ *s(2*3> = 3 

Area of rt. ABFC « h leg * leg = h (BFxFC) -H (3*3) « 4.5 

Therefore r by substitution , 

Area of AABC - 18 - (3 + 3 + 4.5) * 18 - 10.5 

Therefore, Area of AABC * 7*5 sq, units. 


• PROBLEM 10-21 


Find the area of the polygon whose vertices are A (2, 2), 
B (9, 1), C (7, 6), and D (4, 5). 



Solution : The polygon described in this question t and 

drawn on the accompanying graph, does not have any 
opposite sides parallel to each other, in which case it 
cannot be a type of parallelogram or trapesoid. Addition¬ 
ally, it is not regular, since no two sides are congruent. 
Therefore, no standard area formula for quadrilaterals can 
be applied. 


We must therefore use a method for solution In which 
figures are constructed which have straightforward formulas 


2^2 
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for area and the length of whose sides and altitudes are 
known* This will enable us to indirectly determine the area 
of the given figure. 

The usual approach is to extend lines from the vertices, 
perpendicular to one of the axis and calculate the area of 
the largest figure bounded by these lines and the sides of 
the polygon* We then subtract any area lying in this region 
not in the polygon, whose area we desire to find. 

In this problem we draw line fit, 5 m, £1 and It all 
perpendicular to the x-axis. Since they are all perpendicular 
to the same line, they are all parallel to each other and, 
as such, will provide the bases of several trapezoids that 
will be used in this calculation. The trapezoids are LMDA, 
MRCD, KSBC and LSBA. 

The area of polygon ABCD can be found by adding the 
areas of trapezoids LMDA, MRCD, HSBC and subtracting the 
area of trapezoid LSBA from the sum. 

The formula for the area of a trapezoid with altitude 
h and bases bj and b 2 is 

A = h h (bi + b a ). 

Area of ABCD = (area of trapezoid LMDA + area of trapezoid 
MRCD + area of trapezoid HSBC) - area of trapezoid LSBA. 

We will calculate the area of each trapezoid and 
substitute it into the above to find the area of ABCD* 

The lengths of the bases of the trapezoids will be 
given as the distance from each vertex to the x*axlsj and 
the altitudes as the horizontal distance between the bases 
along the x-axis. 

Let us determine all necessary base and altitude 
lengths. The base lengths will equal the y-component of the 
vertex from which it is drawn, since that represents the 
vertical distance the vertex is above the x-axis* 

Therefore, AL - 2, DM » 5, CR - 6, and BS n 3. 


The altitude lengths will be given by the absolute 
value of the difference between the x-components of the 
two "vertex points" in each trapezoid* 


Therefore, 


LM “* j 4 - 2 ] “ 2 

MR ® 14 “ 71 =* 3 

R$ - 19 - 71 - 2 

LS - [2 - 91 - 7 


* *5(LM) (AL + DM) » h 12H2 + 5) 
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Area of trapezoid LMDA 
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Area of trapezoid MRCD 


Area of trapezoid R SBC 


Area of trapezoid LSBA 


% (2) (7) - 7* 

h (MR) (DM * CR) = % f 3J (5 + 6} 

h (3) (11) - 16 4 S 

hm) (CR + BS) » h(2) (6 + 3) 

kmm = 9 

hlLS) CAL + BS) = **{7) (2 + 3) 
k <7)(5) - 17.5 


By substitution# 

Area of ABCD = (7 f 16.5 + 9) - 17. 5 = 32.5 ~ 17.5 
Therefore, the area of abcd = 15. 


LOCUS 


_ * PBOB UM 10-22 

I Write an equation for the locus of points equidistant from 
(3, 3) and (.4, 4). 



Solution i A perpendicular bisector is defined as the 
locusof points that are equidistant from the endpoints 
of a given segment. Therefore, the perpendicular bisector 
of the segment with endpoints (3# 3) and (4, 4) is the locus 
that is required. 

FINDING THE EQUATION: A perpendicular bisector is a 
line. To find the equation of a line, we require a point 
on the line and the slope of the line. Because the 
perpendicular bisector includes the midpoint of the segment, 
we know that the midpoint between {3, 3) and (4, 4) is a 
point on the line. By the Midpoint Formula, we obtain 

N -1 ■ t- 1 ) ■ (5 ■ 1 } 
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from the ends of the line segment *: 

Draw the perpendicular bisector S of AB. Select a 
point P on CD and prove PA - PB. 

This can be done by showing PA and PB are corre¬ 
sponding parts of AAPE and ABPE, proved congruent by the 
S.A.S* Postulate. 


STATEMENT 


REASON 


1. £S is the I bisector 
of m and 

P is a point on 

2. AE - EB 

3. <1 and 4 2 are right 
angles 

4. 4 l - 4 2 

5. PE — PE 

6. iAPE i ABPE 

7. PA - PB 

8. PA * PB 

(b) Proof of the converse 
from the ends of a line segment 
bisector of the line segment 


1. Given* 


2* A bisector divides a line 
segment into two congruent 
parts* 

3* Perpendicular lines inter¬ 
sect and form right angles. 

4. All right angles are 
congruent. 

5. Reflexive property of 
congruence. 

6. S.A.S. ~ S.A.S. 

7. Corresponding sides of 
congruent triangles are 
congruent. 

8. Congruent segments are 
equal in length* 

If a point is equidistant 
it is on the perpendicular 


Draw a point 0, off At, such that PA * PB. If we let 
E be the midpoint of AB and can then show the bisector 
of AB, is perpendicular to AB, then the proof is done* We 

will show ££ _[__ AB by proving congruence between adjacent 

angles 4 PEA and 4 PEB, 4 PEA and 4 PEB will be shown to 
be corresponding angles of AAPE and ABFE, these proved 

congruent by the 5.5.5. — s.s.s. Postulate* 


STATEMENT 


REASON 


1 * 


Let I be the midpoint of 


1 . 


Every line segment has 


AB. 


one and only one mid¬ 
point . 
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then we have 


(2) (x - Jti)* + {y - yi) 1 + (z - *i) 1 = d 1 . 

Assuming y %, z%) and d are given, this is an 

equation for all points a distance d from (xa, y 2 , * 2 ), 

In other words, a sphere of radius d centered at 

(3£i, yi, ziK 

By inspection we see that equation 12) is similar 
to equation (1)- In fact, if we take (x 2 , y 2 , Zi) ■ 

11* 0, 0), and d = 1, the equations are identical* Hence, 
the locus described by equation (1) and the original e- 
quation is a sphere centered at (1, 0, 0) with radius d. 


* PROBLEM 10-25 


Locate the points that are a given distance, d, from a 
given point S, and are also equidistant from the ends 

of line segment AB« 



Solution : Conditions for two loci are given in this 
problem * The problem can be interpreted as one of locating 
the intersection points of these two loci* 

The first condition, that the points of the locus 
be a given distance d from point S, describes a circle, 
the length of whose radius is d. This locus is the circle 
shown in the figure, with center at S* 

The locus of points equidistant from the end of the 
line segment AB is the perpendicular bisector of MU In 
the figure, this is line CD* 

if d is less than the distance from S to CD, then 

the circle locus and the locus given by CO do not inter¬ 
sect at any points and no points satisfy the two conditions* 

If d is equal to the distance from S to CD, then there 
is one point where both loci will intersect since CD will 
be the tangent of the circle„ centered at S with radius d. 
One point will satisfy both conditions* 

If d is greater than the distance from S to SB, then 

the locus £5 Is a secant to the circular locus and, accord¬ 
ingly y the two loci intersect at two points and these two 
points, P] and P 2 , satisfy both conditions* This final 
case is exhibited in the figure. 
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• PROBLEM 10 -26 


Two concentric circles have radii whose lengths are 2 in* 
and 6 in* Line m is drawn, in the accompanying figure, 
tangent to the smaller circle* (a) Describe fully the 
locus of points equidistant from the two circles* (b) 
Describe fully the locus of points at a given distance 
d from line m. (c) How many points are there which satisfy 
the conditions given in both parts (a) and (b) if: 

U) d < 2 in*? (2) d - 2 in,? (3) d * 6 in*? (4) d > 6 in*? 



Solution ; {a) The locus of points equidistant from the 
two concentric circles is a third concentric circle, the 
length of whose radius Is 4 in. 

The middle circle represents this locus. 

{b) The locus of points at a given distance d from 
the given line m is a pair of lines, parallel to m, at the 
distance d from m. The 2 outer parallel lines shown com¬ 
prise this locus. 







| LOCUI 
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(c) The accompanying figures, numbered 1-4, will 
be helpful in solving this problem. 

(1) d < 2 in.: In this case, there are 4 points of 
intersection of the loci. In figure 1, they are Pi, P 2 , 

Pj, P*. 

C2) d = 2 in.: As the distance between the parallel 
lines widens, the points of intersection approach each 
other. In case (1), both parallel lines were secants of 
the circular locus. However, when d ■ 2 in*, one line 
becomes a tangent. Therefore, as fig. (2) shows, there are 
3 points that satisfy both conditions: Pi, ¥% and Fj. 


(3) d = 6 in.: The lowest of the lines in the 
parallel line locus, as shown in fig. (3), now lies com¬ 
pletely outside of the circular locus and has no points 
of intersection with the latter. The upper line is tangent 
to the circle and provides the only point of intersection, 
Pi, that satisfies both conditions. 

(d) d > & in.: The distance from line m to the outer¬ 
most edge of the circular locus is & in. Therefore, when 
the parallel lines are over 6 in. away from line ra, there 
will be no point which satisfies both conditions. 


COORDINATE PROOFS 


• PROBLEM 10-37 


Prove that the segment formed by joining the midpoints of 
two sides of a triangle is parallel to the third side and 
has a length equal to half that of the third side. 


J 



Solution? There may be a certain amount of doubt that 
the figure above is completely general. If we prove the 
theorem for the above figure, have we really proven it 
for all triangles? It would seem that this is a very 
special triangle, indeed, that has one side on the X-axis 
and one vertex at the origin. 


iebei 
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legs, i. e * showing that the Pythagorean Theorem holds. 

The general formula for distance between two points 
will allow us to determine the required length. The formula 
tells us that for any two points (xi, yi) and (x s , y 2 ) the 
length of the segment between them, d, is given by 

d = / (Xi - x,) J + TyT - yi) 1 . 

Hence, since A = (2,-2), B = {- 8, 4), and C = (5, 3), 
we can apply the formula to find: 


AB » * 

f (- B -2) 1 + (4 - f- 2)J*- / (- 10) ! + (6} ! 

- /m 

BC - , 

i (S - (- 8))*+(3 - 4) ! - / (13) 1 + (- 1) J - 

/TtS 


CA = / (5 - 2} 2 + (3 - (- 2) ) 2 ^= / {3) 2 + (5)* = /SI 


BC is_the longest side of A ABC and, if A AB C is a right 
triangle, BC is the hypotenuse. Therefore, if (BC ) i - 
(AB) a + (CA ) % f then AABC is a right triangle. 

By substitution, we obtain 

(/TW ) 2 = i/m ) 1 + t/SI ) 2 

170 * 136 + 34 = 170. 

Hence, AABC is a right triangle. 

The area of a right triangle is equal to the one-half 
the product of the lengths of its legs. 

Ergo, area of AABC * % {/136) i/Sl) - h /4624 

« H /Hf * h £4) £17) - % £ 6 81. 

Therefore, area of AABC is 34 aq. units. 


• PROBLEM 10-29 


Prove analytically that if the diagonals of a parallelogram 
are equal, the figure is a rectangle. 
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We draw a 3 emicircle of radius r centered at the 
origin, as shown in the figure, the equation of the semi¬ 
circle is x 2 + y j » r 2 . 

Let Pi have the coordinates (xi, yjJ and lie any¬ 
where on the semicircle. Since r is the radius Of the semi¬ 
circle, the coordinates of it and B are (- r, 0) and (r, 0). 

To prove that P^A _L pTb by an aly tical methods, we 
can show that the slopes of PiA and PiB, mi and roj re¬ 
spectively, are In the relation ffiim* » - 1. 

By the definition of slope, 

Slope of pTa » m, = a', ¥' (I r) " x , Y i r 


Slope of PiB - m, - x ^r r - ° - r 

Hence, hum, - (s^tr) = x l 

Since P| lies on a circle, the coordinates (Xu yi) 
satisfy the equation of the semicircle. Hence, xi + yj =r . 
It follows then that yi 2 = r 2 -xi% and - yi 2 * *i*- r * 

Therefore, by substitution, ^ * * = - 1. 

- ¥i 2 

Hence, F7& X FH and 4 APjB is a right angle. 


• PROBLEM 10-31 


I Prove analytically that the lines joining the midpoints of 
the adjacent sides of any quadrilateral form a parallelogram. 



r 


Solution ; In plane geometry we can prove a quadrilateral 
is a parallelogram by proving both pairs of opposite sides 
are parallel. This condition, in analytic geometry, amounts 
to proving that opposite sides have the same slope. Since 
line segments with the same slope will always be parallel. 





On the accompanying graph,an arbitrary quadrilateral 
has been positioned with one side on the x-axis and 
vertices A (a, b) r B (c, d), C fe, 0), and O (0, 0) as 
shown. The midpoints of the sides are E, F, G, and D. 

We want to prove that quadrilateral DEFG is a 
parallelogram. The slopes of the sides of this figure can 
readily be determined once we know the coordinates of 
D, E, F| and G* 

Since these points are the midpoints of segments 
whose endpoints are known # by the midpoint formula, their 
coordinates can be determined. 

D is the midpoint of AG. 


E is the midpoint of AS. 


F is the midpoint of BC, 


G is the midpoint of CO, 


Hence, D - [f , |] * 

Hence E - |- a -y- c - , b \ d j . 
Hence, F - * e , . 

Hence, G = [j , ol . 


Now we can proceed to calculate the slopes of the 
sides of DEFG. Bacall, for any segment with endpoints 

(xi, yj) and {x 2 , y^) the slope equals ~ ^ , 


Slope of 5S 


b _ b + d 
I - - 3 -“ 


a a + c 

1 “ — 5“ 



d 

c 


Slope of FG 



e c + e e - c - e 

1 " —z— 


- d _ d 

- c c 


Hence, DE || FG since their slopes are equal. 


Slope of EF 


b + d 


d 

" I 


a + c c + e 
~l - 1~ 


b + d - d 

.. , _b_ 

a+c-c-e a - e 
- 2 - 


_ § - 0 h 

Slope of DG - e - 

I " I 

By similar reasoning, IF || DG* 

Therefore, DEFG is a parallelogram since ail of its 
opposite sides are parallel. 
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CHAPTER11 


SOLID GEOMETRY 


LOCUS 

• PROBLEM 11-1 

Graph Hx, y) : y > I*!> where x and y are members of 
the set {- 3, - 2 f *- 1 , 0 , l t 2 , 3 ) . 


y 



f olution : in this example, x and y are limited to a 
rriite set of values. Therefore, there are a finite number 
of points. Thus for this graph, we need only to list all 
ordered pairs in the set, and plot each point, to complete 
the graph. 

Each point on the graph must satisfy the equation 

y i M- 

To list all the points, we first choose a possible value 
of x, - 3 for example, and find all the possible values 
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of y such that y > ]- 3], or y > 3. y is limited to the 
set {- 3, - 2 , - l r 0 , 1, 2, 3} ■ Therefore, the only 
possible value of y is 3* Point (- 3, 3> is, consequently, 
a point on the graph, Hext, choose another value of x, 

- 2. for example. For y - 3, it is true that y > |- 2], 

Also for y = 2, it is true that y > |- 2\* Therefore, 
points {- 2, 2) and (-2, 3) are on the graph, We continue 
choosing possible values of x and finding the corresponding 
y's such that y _> |x[, until all x's have been chosen. When 
all x*s have been tested, then our list of points is com¬ 
plete, The final list of points is f- 3, 3), (- 2, 3), 

C- 2, 2}, {- 1, 3), (- 1, 2), C- 1, 1), {0, 3), (0, 2), 

(0, 1), (0, 0), (1, 3), U, 2), (1, 1}, {2, 3), (2, 2), 

(3, 3), The graph is shown in Fig, 1, 

WHY THIS METHOD WORKS: If x and y must be members of 
the set {- 3, - 2, - 1, 0, 1, 2, 3},then the graph of all 
possible points in the set would be as in Fig, 2* By 
selecting x = - 3, we were actually testing all the 
circled points in Fig, 2, and listing only those that 
satisfy the relation y > |x|. By repeating the procedure 
for every possible x, we see that all possible points are 
tested. 


_ # PROBLEM 11-2 

I Describe the locus of points equidistant from two concentric 
spheres, the length of whose radii are 2 and 6, 



Solution : The locus of points that satisfy the given condi¬ 
tions must lie between the surfaces of the two spheres. 

Since the original two spheres are concentric, a radius 
of the larger sphere will be concurrent with a radius of the 
smaller sphere. The distance between the two surfaces is the 
length of the larger radius minus the length of the smaller 
radius, i,e. € - 2 - A , One point in the locus must be at 
the midpoint of this distance, or 2 units from the inner 
spherical surface Cor 4 units from the center!, Repeating 
this process for every radius will result In our plotting a 
sphere of radius 4, Therefore, the locus described is a 
sphere of radius 4, with the same center as the given spheres, 

• PROBLEM 11-3 


In the figure, if plane M passes through the center, P, of the 
sphere S, prove that the intersection set of S and M is a 
great circle of S, 
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Solution ; If S is a sphere of radius r, then any circle lying 
on S, with radius i, is a great circle of S. We will first 
show that the intersection set of S and M lies on sphere S. 
Then we ahow that the intersection set la a circle Of radius 
r, and therefore is a great circle see figure*) 

Since all the points of S lie on the sphere of radius r, 
the intersection set of S and M lies on the sphere* Hence, 
these points must also be members of s. 

To show that the set of points is a great circle of P, 
note that (1) because the set of points are members of M, the 
set is collinearj (2) because the set of points are members 
of 5, for every point X of the set of points, XP *= radius of 
sphere; (3) F is on plane K* 

For a set of coplanar points, if there exists a point P 
coplanar with the set, such that the point is equidistant 
from every point of the set, then the set is a circle of cen¬ 
ter P and radius equal to the distance between each point and 
P* Therefore, the intersection set is a circle of radius XP 
- radius of sphere* 

The intersection set is thus a circle on sphere S with 
radius equal to the radius of the sphere - In short, a great 
circle of S* 


• PROBLEM 11-4 

Given; Planes P and 0 intersect sphere S in ©A and ©B, re- 
pectively; M is a point of ©A; S is a point Of ©B: IiR 

Prove; ©A * ©1* 



Solution ; To prove two circles congruent, we must prove that 
their radii are congruent, in this case, AM and BN, Whenever 
two line segments are to be equated, it is wise to look for 
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congruent triangles. The congruent triangles for which we 
search must contain 5K and BN. In addition, since we are 
given that JS a S3 - , the triangles should also contain these 
segments. AAM£ and ABNS satisfy these requirements. In prov¬ 
ing AAMS « ABNS, we shall make use of three facts: Cl) M - 
BS (given); (21 * MAS and* NBS are right angles (the line 

connecting the center of the sphere and the center of the in¬ 
tercepted circle is perpendicular to the intercepting plane); 
and (3} SET « Nif Call radii are equal) . 


Statements 


Reasona 


1. Planes P and Q inter- 1, 
sect sphere S in ©A 

and GB, respectively? 

M is a point of ©A; N 
ifi a point of OB; 
ftS" 5 BS. 

2, MS' * NTS'* 2, 


3, AS X plane P, 3, 

US'-L plane Q. 


4. AS' AM, 4. 

nr jl w. 


S. dA and 4B are right 5, 

angles. 


Given, 


All radii of a sphere are 
congruent, (Definition of 
a sphere.) 

If a line contains the cen¬ 
ter of a sphere, and the 
center of a circle of inter¬ 
nee tion of the sphere with 
a plane not through the cen¬ 
ter of the sphere, then the 
line is perpendicular to the 
intersecting plane. 

A line perpendicular to a 
plane is perpendicular to 
every line in the plane that 
intersects the line. 

Definition of perpendicular 
lines. 


6 , 6MAS and iNBS are 

right triangles. 


6 , Definition of right triangle. 


7. AMAS - ANBS. 


8 , ME ■ KB. 


9. 0A a GB, 


7. If the hypotenuse and a leg 
of one right triangle are 
congruent to the hypotenuse 
and a leg of another right 
triangle, then the two tri¬ 
angles are congruent, 

8 . Corresponding sides of con¬ 
gruent triangles are con¬ 
gruent. 

9. Circles are congruent if and 
only if their radii are con¬ 
gruent , 
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• PROBLEM 11-5 


Show that the locus of points equidistant from two given 
points is the plane perpendicular to the line segment join¬ 
ing them at their midpoint. 



Solutio n- To prove that a certain set of points is a locus # 
we must show {1} all points in the set satisfy the conditions , 
and C2J all points that satisfy the conditions are contained 
in the set. 

We satisfy the first condition by showing that any point 
p on m is equidistant from A and B (by showing AAPC * ABPC). 

We satisfy the second condition by selecting a point outside 
the plane D on the B-side of the half-space and showing that 
AD > DB. Thus, any point not on the plane cannot be equidis¬ 
tant from both points. 

Given* Points A and B. with plane m perpendicular to 
A! and bisecting H at C. 

To Prove: The locus of points equidistant from A and B 
is plane m -L AB at its midpoint G. 


Statements 


Reasons 


1. Press F, any point in 
plane m, draw ¥K, ff 
and F?T. 

2. H J_PC. 

3. ¥€ - p£. 

4. - SE. 

5 . *PCA » WPCB. 

€. ABAC * APBC. 

7 . PA » PB* 


1. Two points determine a line. 


2 . if a line is -Lto a plane, 
then it is JL to any line in 
the plane passing through 
the point of intersection. 

3. Reflexive Property. 

4. Definition of a midpoint. 

5. All right angles are con¬ 
gruent. 

6 . The SAB Postulate. 

7. Corresponding parts of con¬ 
gruent triangles are equal 
in length. 
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which the lines lie axe parallel, Aa such, the two line* of 
intersection will be parallel. 

Given: Plane T intersects parallel planes P and Q* 

Proves The intereection conelets of two parallel line®. 

Statements_Reasons_ 


1* Plane T intersects par- 1, 
allel planes P and G, 


2, The intersection of T 2, 
and P ia line ty The 

intersection of T and 
Q is line ty 


1, t^ and are coplanar, 3, 

4. Either (1) 1^ intersects 4, 

(2J* or does not In¬ 
tersect &2 ’ 

5. Case (I) intersects 5, 
ty Let r be a point 

on and ty 

6. r lies on P. r lies 6- 
on Q, 


7, There is no point t 7. 

such that r lies on P 
and r lies on 0. 


8 . 1^ does not intersect 8. 


9- i L [[ i 2 OT the inter- 9, 

section consists of two 
parallel lines. 


Given, 


The intersection of two non- 
parallel, noncoincident 
planes is a line coplanar 
to both planes- {Plane T 
cannot be parallel or coin¬ 
cident to P Or Q because it 
would contradict our assump¬ 
tion that T intersects P and 
QK 


Pram 2, we know that both 

and i 2 I*® an plane T, 


Either a statement or Its 
negation is true. 


Definition of intersection 
Of tWO lines- 


If a line lies on a plane, 
then all points of the line 
are common to the plane. 


Parallel planes have no 
point in common- 


Since statement El) leads 
to a contradiction, the ne¬ 
gation must be true. 

Two coplanar lines that do 
not intersect are parallel. 
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4, Plane T intersects P 
at line JS, 

5. AC || SS. 

6. E5j_Sff. 

7, 4BAC is a right 
angle¬ 
s' m^BAC « 90°. 

9. m^SAC + m^ABD - ISO - 

10- m^ABD - 90** 

11* t&M plane Q* 


4* The intersection of two 
nonparallel, noncoincident 
planes is a line common to 
both planes* 

5* If a plane intersects two 
parallel planes, then it 
intersects them in two 
parallel lines* 

6 . A line is perpendicular to 
a plane if, and only if, 
it is perpendicular to every 
line in the plane that 
passes through the point of 
intersection, 

7- Perpendicular lines inter¬ 
sect to form right angles, 

8 * All right angles measure 
90 s * 

9, Interior angles of parallel 
lines on the same side of 
the transversal are supple¬ 
mentary* ** 


10 , Subtraction Property of 
Equality, J 



» PROBLEM 11-8 



tulate. 9 * ™ B vil1 be a °ne u*ing the S.A.S. Poa- 


!n order to prove that the Included angles are congruent. 
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2* C i# the intersection 
of line k with plane M, 

2* The intersection of a line 
and a plane is a point. 

3* ql Is the Intersection 
of planes M and P. 

3* The intersection of two 
planes is a straight line* 

4 * Drop CE X QL from 
point C* 

4* A perpendicular may be drawn 
in a plane, from a point to 
a line. 

5* Pass a plane through 
lines k and CE inter¬ 
secting plane F in 
line AB. 

3, Two intersecting lines de¬ 
termine a plane. 

6. Line k || 2®, 

6. If a line is parallel to a 
plane, then it is parallel 
to the intersection of that 
plane with any plane contain¬ 
ing the line. 

7p Line kJ_CE, 

?. A line perpendicular to a 
plane is perpendicular to 
every line in the plane pass¬ 
ing through its foot. 

6. abXce. 

8. in a plane, if a line is per¬ 
pendicular to one of two 
parallel lines, then it is 
perpendicular to the other. 

9. M±5l. 

§, Construction. 

ID* ClXplane P, 

10* Iff a line is perpendicular 
to two intersecting lines at 
their point of intersection, 
then it is perpendicular to 
the plane determined by the 
lines. 

11* Plane MX plane P. 

11* If a line is perpendicular 
to a given plane, then every 
plane which contains this 
line is perpendicular to 
the given plane* 


« PROBLEM 11-10 


allel that tW ° lineB perpendicular to the name plane are par 


jViuUqrP In the accompanying figure, j® and S are perpen¬ 
dicular to plane m. Ife mustprovejB || This can be done 

£ ? tw fe fl if e £5 : flret prove ABaM m are eoplanar and then 
show,^ |[ CD. To show AB and CD are eoplanar, we relate 
and CD to two other lines, ad and IS. 
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We use the theorem stating that all lines perpendicular 
a.Jine at^ point are coplanar. We find a line such that 
55 , AD, and CD are all perpendicular to it at point D. Then 
CD is coplanar to the plane of BD and AD. Since points A and 
B muat^ie in^jhe plane of BD and AD, so must the line AB* 
§^nc 5 + AB and,both lie in the plane determined by BD and 
AD, AB, and CD jre coplanar,^ To^how that AB and CD are par¬ 
allel, we show AB X BD and CD X BD, Therefore, Af II CD* 


Statements _ m 

1* Draw BD and AD* 1* 

2. In plane m, construct 2. 

efXbd, 

3. On EF, construct HD - 3, 

EE so that IE isl 
bisector of HE. 

A * D ra w Aff, (Ta, bh, and 4. 

BG. 

5, ES" ^ s* 

6 . AH £ AG, 6 . 


7- ALXhG, 7* 


8* CEXIF. 8, 


Reaaona 


Two points determine a 
line. 

At any point on a line, a X 
may be drawn. 

Congruent line segments 

may be constructed on a 
line* 

Two points determine a 
line. 

A point on the X bisector 
of a line segment is equi¬ 
distant from the ends of 
the line segment. 

If line segments drawn 
from a point in the X to a 
plane meet the plane at 
equal distances from the 
foot of the X then the 
line segments are equal. 
(This can be shown by prov¬ 
ing AARG m AA1H by SAS.l 

The line determined by two 
points equidistant from the 
endpoints of the segments 
is the perpendicular bi¬ 
sector of the segment. 

If a line is X to a plane 
then it is X to any line in 
the plane passing through 
its foot* 
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14, mtBVC + m^AVB > m4AVD 14, 
+ miDVC. 


15. m4BVC + tn4AVB > m4AVC. IS, 

• PROBLEM U-13 


Substitution fro® Steps 12 
and 3, Also, equals added 
to both sides of an in¬ 
equality does not change 
the inequality. 

Sub s titut ion P os tulat© * 


From a point within the dihedral angle formed by the intersec¬ 
tion Of two planes, perpendicular lines are drawn to each 
plane, (a) Prove that the plane determined by these perpen¬ 
diculars la perpendicular to the edge of the dihedral angle, 
(bj If the number of degrees in the dihedral angle is repre¬ 
sented by n, express in terms of n the number of degrees in 
the angle formed by the two perpendicular lines. 



Solution ; In the accompanying figure* point L is in the in¬ 
terior of dihedral angle ft-HE-H, LT plane N and LVl plane 
R have been drawn. 

We wish to prove plane LVT is 11, the edge of the di¬ 
hedral angle. To do this remember that if a plane is perpen¬ 
dicular to two planes f then it is also perpendicular to their 
line of intersection. We will show that the plane LW is per¬ 
pendicular to planes N and R and thus Is perpendicular to MS'. 

Statement___Reason_ 


1. LTj_plane N. LvX 
plane R. 

2. LV and Lf determine 
plane LVT* 


1, Given. 

2, Two intersecting lines de¬ 
termine a line. 


3* Plane LTV J_ plane N* 
Plane LTV J_ plane ft. 

4- Plane LTVll. 


3. A plane containing a line 
perpendicular to a given 
plane is perpendicular to 
the given plane. 

4. If a plane is J_to two 
planes , then it is X to 
their line of intersection. 


(bj We wish to find the measure of IVLT. This angle is part 






of a quadrilateral LVTS. The aun of the measures of the angle 6 
of a quadrilateral la 360* . 

Since angles V and T each measure 90 fl , they sum to 180* 
and the remaining angles of LVTS, gvST and $VLT, sum to 360 s - 
18(f- 1BQ*. We are given nWVST - n, therefore, we can conclude 
nrtVLT « ISO 1 - n. 


* PROBLEM 11-14 


Show that the sum of the measures of the face angles of any 
convex polyhedral angle la leas than 360*, An informal argu¬ 
ment will suffice. 


v 



Solution: The only theorem about face angles we have learned 
thus far la that, for trihedral angles, the sum of any two 
face angles must be greater than the measure of the third. 

Bare, we use the theorem to relate the supplanents of the face 
angles to the interior angles of a convex polygon, Let a 
plane cut the edges of the polyhedral angle at points A, B, C, 
D, 1, Let 0 be an y p oint in the polygon ABCDE. Draw the seg¬ 
ments OA, i 5S f od, and on. 

Call the a triangles with common vertex 0 the O-triaagles* 
Call the o triangles with common vertex v (the triangles formed 
by the faces of the polyhedral angle} the V-triangles. Con¬ 
sider the base angles of the V triangles, <)ABV, JBAV, 4VBC, 
4VCB, etc., and the base angles of the O-triangles, iOAB, JOBA, 
40BC, 40CS, etc. We show that CD the sum of the base angles 
of the V triangles > the sum of the base angles of the 0 tri¬ 
angles; and, therefore, (2) the sum of the vertex angles (face 
angles) of V-triangles is less than the sum of the vertex 
angles C4A0B, 4BOC, 4COD, etc,} of Q-triangles, Since the ver¬ 
tex angles of 0 triangles sum to 360®,because a circle centered 
at 0can be drawn, the sum of face angles must be less than 360* 

Given s Polyhedral angle *V-A»CDB.,.with n faces; the sum 
of the measures of the face angles equals S, 

Plane P intersects iV-ABCDE...at points A, B, C, 

D, 1.,• « 

Prove: S < 360, 

Statements _Beesons _ 


1, Polyhedral angle <V- 1. Given. 

ABCDE.«,with n face s; 
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Soluti on : Tli* elimination of confuting and Irrelevant factors 

Is the main difficulty In distance problems. For example, a 
person may drive In as straight a line as possible from New 
York to California r hat became of mountains, valleys „ and 
potholes In the road, the distance travelled will be greater 
than the straight line distance between New York and Califor¬ 
nia. To determine the straight line distance, one must be 
able to eliminate, the mountains and vail eye. 

In thia problem, we are not concerned with the number of 
direction changes or transitions from vail to ceiling. 



Figure 2 
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Therefore, we re-draw the picture, eliminate the 
wall-ceiling angles dnd wall-wall angles - this problem's 
equivalent of mountains and valleys.' (See Figure 2*) 

[Note that In flattening out the room, for completeness, 
three of the walls are represented twice. Thus, there are two 
locations D for the spider and two positions A for the fly.i 


The problem reduces to finding the shortest distance be¬ 
tween two points in a plane. Any one of the four dotted lines 
in Figure 2 is correct. Using the Pythagorean Theorem, we 
obtain; 


(i) AD 2 - AH 2 + DH 2 
(ii) AD 2 - (AF + FH) 2 + (15 ft.) 2 
(ill) AD 2 - (8 ft. -4- 18 ft,) 2 + (15 ft.) 2 
(iv) AD 2 - €76 ft, 2 + 225 ft. 2 

(v) AD - /901 ft. 2 £ 30 ft. 

The shortest path is illustrated in Figure 3, 



* PROBLEM 11-16 


If the total surface area of the cube is 150 sc. In., find the 
length of an edge of the cube. 
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{Solution : We have previously established that for a rectangu¬ 
lar solid the total area, or T, is given by T *■ S + 2B, where 
S Is the lateral area, and D 1 b the base area, A cube Is a 
specific case of a rectangular solid. Let e » the length of 
an edge, e Is the same for all edges of a cube, if h is the 
cube^ altitude, and p la the perimeter of the base, S - fcp r 
For a cube, h * e and p *= 4e. Therefore, 


As such, T *= 
In this 


S - e(4e) - 4e Z 

4e 2 + 2(e Z ) = 6e 2 . 

2 

case, T = 150 in. . By 

T - ISO in. 2 

25 in. 2 
S in. 


B = e 


substitution, 

- 6e 2 

= e 2 
= e. 


Therefore: the length of an edge at the cube is 5 in. 


• PROBIEM 11-11 


Find the lateral area and the total surface area of a rec¬ 
tangular solid in which the dimensions of the base are 5 in. 
and 4 in. and the length of the altitude la 3 in. 


r 


jution s The lateral area of a rectangular solid is the sum 
of the areas Of its lateral faces, i.e. those perpendicular 
to the base. The total surface area is the lateral area plus 
the sum of the areas of the two bases. 



Let the dimensions of the base be, in general, £ and w, 
and let the length of the altitude be h* Since opposite faces 
of a rectangular solid are of equal area, and all lateral 
faces have a height h, two opposing face® will have dimensions 
£ by h while two other opposing faces will have dimensions w 
by h. Based on the concept that the area of a rectangle is 
equal to the product of the lengths of its sides, it is cor¬ 
rect to determine the lateral surface area by the equation 

£h + wh + £h ■+ wh - Lateral Area. 


Factoring, we obtain lateral area ■ h(£+w*jt+w), Since £ + w 
+ £ + v " p (the perimeter of the base), then S (the lateral 
area of a rectangular solid) * hp. The total surface area in- 
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eludes the sum of the areas of the tvo bases plus the lateral 
area. 

Total area - hp + 2(Jtw) or S + 2B, where B - Zw. 

in this problem, the perimeter of the base - (5+4+S+4)in. 
*= IB in* The altitude of the solid is h - 3 in* Lateral area 

of the solid » S - hp - (3*18)in, 2 » 54 in. 2 . Area of the 
base ■ 4Jin. 2 - (20)in. 2 - B, Total surface area - S + 2(B) 

= fs4+2 (2Dj}in. 2 * 94 in* 2 . Therefore, Lateral area 54 sq, 
in*N Total area - 94 sq. in. 


• PROBLEM 11-18 


In the rectangular solid shown, DA ® 4 in., DC- 3, and GC ■ 12* 


(a) Find the length of CA, a diagonal of the base ABCD, 

(b) Using the result found in part (a), find the length 
of ga, a diagonal of the solid* 

(c) if DA = l t DC “ w, and cc = h, represent the length 
of GA in terms of 1, v, and h. 



Solution ; All three parts of this problem will Involve apply¬ 
ing the Pythagorean Theorem in a solid geometry setting. Re¬ 
call that the Pythagorean Theorem tells us that in a right 
triangle, the square of the length of the longest side, the 
hypotenuse, is equal to the sum of the Houaxes of the lengths 
of the legs * 

ABCD is a rectangle because the base of a rectangular 
solid is a rectangle* The diagonal of a rectangle partitions 
it into two right triangles* Knowing the length of two adja¬ 
cent sides, DC and DA, the length of the diagonal can be de¬ 
termined, as mentioned, by the Pythagorean Theorem. 

In right £CDA, (CA) 2 *■ (DA) 2 + (DC)By substitution, 
( CA ) 2 - ( 4) 2 + ( 3) 2 - 16 + 9 - 25 
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CA - /Z5 - 5. Therefore, CA « 5, 

tb> Since the edce of a rectangular solid is perpendic¬ 
ular to the base of the solid, the edge is perpendicular to 
any line passing through its foot, (This follows from the 
definition of a line being perpendicular to a plane*) There¬ 
fore, GC-L CA, and *GCA is a right triangle in which <J5CA is 
a right angle. 

We want to find the length of 3 a, the hypotenuse of fiGCA, 
knowing the lengths of the other two legs* Once again, the 
Pythagorean Theorem is suggested* 

In right A GCA, (GA) 2 - (CA) 2 + (GC) 2 . 

By substitution, (GA) 2 - (S) 2 + (12) 2 - 25 + 144 - 169, 
GA « rTFlT - 13. 

Therefore, T5K, the diagonal of the solid, measures 13* 

(c) In this part we mmt follow the same logic and 
reasoning as above* However, instead of substituting in 
numerical measurements, we are asked to be more general and 
substitute letters as variables for actual lengths. 

To find GA, given DA ■* t, DC w, and GC h, we must 
first calculate CA. 

As in part (a), (CA) 2 - (DA) 2 + (DC) 2 . 

Again, by substitution, (CA) 2 - l 2 + w 2 . CA « /l 2 + w 2 . 

Now that we have represented CA, we can proceed as in (b)* 
Therefore, (GA) 2 ■* (CA) 2 + (GC)^* Substitute to obtain 

(GA) 2 - (/it 2 + w 2 ] 2 + h 2 
(GA) 2 - t 2 + v 2 + h 2 
GA - + + h 2 


-- ™. -- 

Therefore, GA * ft + w + h * 

Kota: Given the length, 4, and width, w, of the base 

and the height, h, of the rectangular solid, t he length of 

the diagonal of the solid, d, is given by d - /i j ;"w 7 + 'h j . 


• PROBLEM 11-19 


How many cubic feet are contained in a packing case which is 
a rectangular solid 4 ft. long, 3 ft. wide and 3j ft, high? 
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4, Quadrilaterals UQFJ, 4 m 
QRGF, TUJI,,. are 
parallelograms * 

5, UO ® JP, QR “ FG| 5, 

TU 2 JJ.. ■ 

6, ]1 IF, UR |I JG.,. 6. 


7* Quadrilaterals TIFQ f 7. 

UJGRr- * * are paral¬ 

lel, 

B, TQ = IF, Ur p JG. 8. 

9. ATUQ * AIJF, 9. 

iUQR * AJFG.,, 

10. <*TDQ s <IJF, 10, 

<?UQR e <JJTG,,. 

11. Polygon qkstu.-. - 11. 

base of P. 


If both pairs of opposite 
sides of a quadrilateral are 
parallel, then the quadri¬ 
lateral is a parallelogram. 

Opposite sides of a paral¬ 
lelogram are congruent. 

If a plane intersects two 
parallel planes, then they 
intersect in two parallel 
lines. 

If both pairs of opposite 
sides of a quadrilateral are 
parallel, then the quadrila¬ 
teral is a parallelogram. 

Opposite sides of a paral¬ 
lelogram are congruent. 

The sss Postulate, 


Corresponding angles of con¬ 
gruent trianglea are con¬ 
gruent. 

If the corresponding angles 
and the corresponding sides 
of two polygons are congru¬ 
ent, then the two polygons 
are congruent. 


■ PROBLEM 11-23 


The base of a right prism is a regular hexagon with area 24 
If the lateral faces of the prism are squares, what is the 
lateral area? 
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Solution : The area of a prism « e " p where e is the length 
of the edge and p is the perimeter of a right section, Since 
this Is a right prism, the bases themselves are right sec- 
tions. Thus p - perimeter of hexagon - Gs (where s is the 
length of the side of the hexagon), Also, because each lat¬ 
eral face is a square, the edge e must equal the length of 

2 

the side of the base s* Thus, area » e ' p * s * (6s) " 6s * 

We use the given area of the hexagon to solve for s. 

The area of a regular polygon is ^a *p where a is the length 

of the apothem and p is perimeter* To solve for a and p would 
be lengthy and unnecessary* We note, instead, that the area 
of a regular hexagon is the sum of the areas of six equilat¬ 
eral triangles, each of side s* (In fact, this division of a 
regular polygon into congruent triangles is how the formula 

^ap is usually proved-) Therefore, 

Area Of base = 24^T *= 6 * (Area of equilateral triangle of 
Bide b) *= 6 • ■ §/3 b 2 

24/5 - |/5 s 2 

g 2 . 243- - 2^2i „ 16 
3/2/5 3 

s ^ /TB - - 4- 

Prom above, we showed that the lateral area of the prism 
- e * p » s * (6s) “ Bb 2 • 6 (4) 2 - 96* 


• PROBLEM 11-24 


Show that the lateral area of a prism is equal to the product 
of the perimeter of a right section and the length of a later¬ 
al edge. 



Solution ; The lateral area of a prism equals the sum of the 
areas oi the lateral faces, which, by definition, are paral¬ 
lelograms* The area of the nth parallelogram is a ft b n where 

\ is the altitude and b n is the lateral edge that forms the 
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base. The lateral area of the entire prism equals + 

n 2 b 2 + ,+ a n*V The lateral edges of a priam are congruent 
b l * b 2 * *■* h n m Therefore, the expression for lateral area 
can be expressed as (a^ + a 2 +■ ... a^), We show that the 
altitudes form the sides of a right section of the prism • 

Therefore r a^ + a 2 + ,,, + a ft is the perimeter of the 
right section and the proof is complete. 

Given* Prism P with right section QRETU.**? e the 

length of the lateral edge; % the lateral area; 
w the perimeter of the right section. 

Prove: Z * e * w* 

Statements__Reasons_________ 


1. Prism P with right 1* 

section QRSTU...; e 

the length of the 
lateral edge; Z the 
lateral area; v the 
perimeter of the 
right section. 

2. DJ, EF, AG..* I 2. 

QRSTU. 


3 . DJ UQ, IF ^ OR... 3. 


4. Wf SF* IF. ..are alti- 4. 
tudes of parallelograms 
DJFE, EFGA, BAGH, etc. 


5. Area of DJFE - UQ * EF. 5. 
Area of EFGA “ QR • AG. 

6. Lateral Area of P * €. 

UG - EF + QR - AG + 

RS * Bl... 

7. EF ■ AG ■ BH... 7. 

8* Lateral Area of P ■ 8. 

EF * <UQ + QR + RS.. 


Given 


The right section of a prism 
is perpendicular to each 
lateral edge. 

A line that is perpendicular 
to a plane is perpendicular 
to each line in the plane 
that passes through the 
point of intersection. 

An altitude of a parallelo¬ 
gram is a line segment whose 
endpoints lie on opposite 
sides of the parallelogram 
and which is perpendicular 
to those sides. 

The area of a parallelogram 
equals the length of the 
base times the length of the 
altitude drawn to the base. 

The lateral area of a prism 
is the sum of the areas of 
the lateral faces. 

The lateral edges of a prism 
are congruent. 

Substitution Postulate and 
Distributive Property. 
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9, 

e EF, 

9, 

Given, 

10, 

w - VQ + QR + R5*.* 

10, 

The perimeter of a polygon 
is the sum of the lengths 
of its sides. 



11, 

Lateral Area of f p 

Z ■ e * w. 

11* 

Subs titution P os tulate, 


• PROBLEM 11-25 


The base of a right prism, as shown in the figure, is an equi¬ 
lateral triangle , each of whose sides measures 4 units. The 
altitude of the prism measures 5 units. Find the volume of 
the prism, [Leave answer in radical form*] 



ST 


Solution: We imagine the prism as a stack of equilateral tri¬ 
angles, congruent to the base of the prism. Let each of these 
triangles be one unit of measure thick. We can then calculate 
the area of the base, B, and multiply it by the number of 
bases needed to complete the height of the prism, h, to obtain 
the volume of the prism. Therefore, V * Rh, All prism volumes 
can be thought of in this way. 


In this particular problem, the base is an equilateral 
triangle. Therefore B = ■— r ■, where s is the length of a 


side of the base. By substitution, B ■ * 4/J, Since 

the prism is 5 units high. 


V =* Bh = (A/J) 5 - 20/J, 


Therefore, the volume of the prism is 20/f cu, units* 


• PROBLEM 11-26 


Show that two prisms have equal volumes if their bases have 
equal areas and their altitudes are equal. 


iebei 
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Solution : In defining the volume® of polyhedral regions, 

three postulate! ere needed: fl) to each polyhedral region, 
there corresponds a unique positive number - in other words, 
every polyhedral region has one and only one volume* (2) the 

volume of a rectangular solid equals the product of Its length, 
width, and height - this defines a standard from which other 
volume formulas can be derived? and (3) (Cavalieris Prin¬ 
ciple) if two solid regions have equal altitudes, and If the 
sections, made by planes parallel to the base of each solid 
and at the same distance from each base, are always equal in 
area, then the volumes of the solid regions are equal - this 
provides a means of relating the volumes of all figures from 
the second postulate* 

For this problem, we show that all sections cut by planes 
parallel to the bases of a prism are congruent to the bases, 
and thus, for prisms, Cavalier!’s Postulate can be reduced to 
two requirements. For two prisms to have equal volumes, they 
must have (1) equal base areas, and (2) equal altitudes. 

Given: Prisma P and P 1 with bases B and B* such that 
area of B equals area of B*f and altitudes h 
and h 1 such that h * h f . 


Prove: Volume of P Voltanu of P 1 , 

Statements Reasons 

1, Prisma p and P 1 with 1. Given, 

bases B and B 1 such 
that area of B “ area 
of S'; and altitudes 
h and h f such that 
h » h*, 

2, Construct two planes 
parallel to the bases 
of P and P r making 
sections S and S 1 at 
equal distances d and 
d 1 from the bases B 
and B 1 . 

3, S * B. S'3, ©very section of a prism 

made by a plane parallel to 
the bases is congruent to 
the bases. 


;h gesch 


2, In a given space# only 
one plane can be drawn a 
given distance from the 
given plane. 
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4. Area of S * Area of B 
Area of S’ ■ Area of 
B 1 , 

5, Area of S - Area of S*. 


4 * If two figurea are congru¬ 
ent, then their areae are 
equal. 

5, Transitivity Postulate. 


6. Volume of P - Volume 
of P T . 


6. If two solid regions have 
equal altitudes and if the 
sections made by planes 
parallel to the base of 
each solid and at the same 
distance from each base are 
always equal in area, then 
the volumes are equal. 
[Cavalleri's Principle.) 


PYRAMIDS AND TETRAHEDRONS 


e PROBLEM 11-27 


In a regular square pyramid, the length of each side of the 
square base is 12 in., and the length of the altitude Is 
8 in. 

(a) Find the length of the slant height of the pyramid. 

(b) Find, in radical form, the length of the lateral 
edge of the pyramid. 


E 


C 


A,, G B 

Solution s Both parts of this example will involve an appli¬ 
cation of the Pythagorean Theorem in solid geometry. If h is 
the length of the hypotenuse, and a and b the lengths of the 

2 2 2 

other legs of a right triangle, then, h -a + b . 

fa) The slant height is the perpendicular from the ver¬ 
tex of the pyramid to any side of the base. Since each face 
of a regular pyramid is an isosceles triangle, the slant 
height bisects the base. To find the slant height, note that 
slant height Eff is the hypotenuse of AEFG, The altitude of 
the pyramid, EF , as shown In the figure, is perpendicular to 
the plane of the base ABCD, by definition. As such, IF_LFS, 
because FG lies in the plane of the base and intersects EF 
at the latter's point of intersection with the base. The al¬ 
titude must be drawn to the center of the base. Therefore, 

FG equals one-half the length of a side Of the base. 
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dependent on the height of the pyramid and the distance be- 
tween the polygon and the base. From an earlier theorem, we 
know that the ratio of the arena of similar polygons is pro¬ 
portional to the square of the ratio of similitude. 

Siven two sections parallel to the bases at equal dis¬ 
tances and two pyramids with congruent altitudes, the ratio 
of similitudes is equal if the ratio of areas is equal. If 
we are further told that the bases of the pyramids have equal 
areas, then the area of the sections must also be equal. 

Given: Pyramids V-ABC and U-DEFG, where V?? is an alti¬ 
tude of V-ABC and EE an altitude of u-defg? 

VK Z UL . Area of AABC - Area of DEFG? plane 
A'B'C || plane ABC and meets W at K* t plane 
d'e'F'G' 1) plane defg and meets UL in L l ? 

W 2 UL 1- , 

Proves Area of AA'B’C 1 * Area of quadrilateral D 1 E*F , G*♦ 
Statements_Reasons_ 


1. (See above). 


1* Given. 


2, AA’B’C * fiABC 
quadrilateral 
DEFG 'V- D'E’F'G 1 , 


3. The ratio of simili¬ 
tude of AA 1 B f C 1 and 

1 in' 

AABC - . The 


ratio of similitude 
of quad D’E’F’G 1 and 


DEFG 


D'E 1 
DE 


2. If a pyramid is out by a 
plane parallel to its base, 
then the section is a poly¬ 
gon similar to the base. 

3. The ratio of similitude of 
two similar polygons is the 
proportion of the lengths 
of corresponding sides. 


4. The ratio of simili¬ 
tude of AA’B'C 1 and 
VK* 

AABC - The ratio 

of similitude of quad 
D'E’F’G' and DEFG = 
m' 

U5~* 


4. If a pyramid is out by a 
plane parallel to its base, 
then the ratio of the 
lengths of the altitudes 
is equal the ratio of sim¬ 
ilitude of the base and the 
section. 


* Area of A'B'C 1 _ 
5 * Irlaof AhC- 



Area of quad D l E f F t G 1 
Area of quad DEFG 



VK 1 UG* 

6 “ w m~ 


5. The ratio of the area of two 
similar polygons is the 
square of the ratio of sim¬ 
ilitude. 


6, Division Property of Equal¬ 
ity. 


iebei 


290 


5chut; 




a) If a - lj 

b) If a = 2 1 


s « vT* 
s - b/3* 


• PROBLEM 11-30 


rind the lateral area and the total aurface area of a regular 
triangular pyramid if each edge of the base measures 6 in. 
and each lateral edge of the pyramid measures S in. (Anewer 

may be left in radical form* See figure.) 



Solution : The lateral area is the sum of the areas of the 
lateral faces of the pyramid. The total surface area is the 
lateral area plus the area of the base. 

Since the pyramid is regular, all the faces are congruent 
isosceles triangles, each of whose area is given by ^bh, where 

h is the length of the base of the A, and h is the height. 
There are three such faces* We shall examine ADHF, shown in 
the figure. 

_ The altitude, dF, of ADHF, is perpendicular to hF. Also, 
DE bisects HF because DHF is isosceles. Since HF - € f EF * 

HE = 3„ We need DE to find the area. By the Pythagorean 
Theorem, since ADEF is a right triangle, 

{Ft}) 2 « (DE) 2 + (EF) 2 

By substitution, (5 in.) 2 - (DE) 2 + (3 in*) 2 

(DE) 2 - 25 in. 2 - 9 in* 2 « IS in. 2 
DE - 4 in- 

Area of ADEF - |(DE)(HF) 

By substitution. Area of ADEF - ^(4)(6)in* 2 - y(24) in, 2 

- 12 in, 2 

Lateral Area » 3(Area of ADEF) - 3(12)in* 2 » 36 in. 2 


The base is an equilateral triangle, 
the base measures 6 in* Therefore, 

Base Area “ * 


VJ 


since each edge of 
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{the area of an equilateral triangle), where a is the length 
of an edge of the triangle* By substitution, 

BaBe in. 2 

Total Surface Area ” Lateral Area + Base Area » C36 + 9/J) in* 2 

Therefore, Lateral Area ■ 36 sq. in*; Total Surface 
Area ■ (36 + 9VT)sg. in* 


e PROBLEM 11-31 


Let ABCD he a regular tetrahedron with each edge of length 2* 
Let he perpendicular to the base, and assume that CB 

§CF. (See figure), In im CD, ^iE a) What is the length 

of CF? h) What is the length of CE? c) What is the length 
of AE? d) What la the base area of ABCD? e) What la the 
volume of the tetrahedron? 



Solution ! 

a) We can prove that ACFB » AGFD by the A*A*S* (angle 
angle side) Postulate in order to show DF « BF. Since we know 
DB, we can find DF. By using the Pythagorean Theorem we can 
determine CF. «§CFS s 4CFD because CF 1 BD and all right angles 
are congruent. Since all the edges of ABCD are of length 2, 
ADBC is equilateral. By definition, then, 4FSC * <FDC, and 
fi 5£, By the A*A.S. Postulate, ACFB - ACFD, hence DF ■ BF, 
But DF ♦ BF ■ DB. Thus, 

DF - |dB* 

Since DB » 2, 

DF - 1* 

Applying the Pythagorean Theorem to ADFC gives 


(DF) 2 + (FC) 2 - (DC) 2 



Hoting that DC - 2 and DF ■ 1 
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b) By the statement of the problem, 


CE - ^CF. 

Prom part (a), CF ■ /$* Hence, 

CE - |/T - 2^1. 

c) Using the Pythagorean Theorem, for A AEC, 
(AE) 2 + (EC) 2 - (AC) 2 


or AE - /(AC) - (EC) . 

By realizing that AC is an edge of ABCD, we note that AC « 2. 
2 

From part (b), BC ■ —* Therefore, 

/T 

AE - H - 4/3 
AE - /B7I* 

d) The area of ABCD is j the product of its altitude 
(FC) and its base (DB). Hence, 

Area » y(FC) (DB) . 

Hoting that PC - /3* from part (a), and that DB ■ 2, 


Area - (|) 1/5) (2) - /S. 


e) The volume of a tetrahedron of base area A and alti¬ 
tude h is 

V - |«h. 

in our case h ■ AE m Z8/3 from part (c)* Hence, 

v ” $ (/T> [51 


* PROBLEM 11-33 


The slant height Of a regular pyramid A-BCD is 2* If the 
altitude is of length 1, find the volume. 
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Solution : The volume of pyramid A-BCD equals one third the 

base area times the altitude. The altitude equals 1. Since 
this is a regular pyramid and only three points of Its base 
are specified, the base must be a regular or equilateral tri- 

c^/T 

angle* The area of the base, therefore, equals 2-—, where 


S is the length of a side* To find S, we show: 

Cl) NC - |CD « (2) BN ** 3- PN; (3) £ - BC = /BtT+NC^ 


tl) Since A-BCD is a regular pyramid, its lateral edges 
are all congruent; therefore, face ADC is an isosceles tri¬ 
angle and, since the altitude drawn from the vertex angle of 

an isosceles triangle bisects the base, CN - ^CD * ^6* 


(2) Since A-BCD Is a regular pyramid, the altitude AP must 
intersect the base at the center of the base, or the point 
equidistant from all sides* But, by an earlier theorem, this 
point is also the point of concurrency of all angle bisectors 
of the triangle. Therefore, BP bisects *B. Consider equi¬ 
lateral triangle AB€D as an isosceles triangle of vertex B* 
Then, the angle bisector of the vertex angle bisects the base 
and therefore, angle bisector 5P is also the median drawn to 
side 5U* By similar reasoning, considering ABCD as an isos¬ 
celes triangle with C and D as vertex angles, we show that 
the angle bisectors of an equilateral triangle are the same 
as the medians of the triangle. Therefore, P, the point of 
concurrency of the angle bisectors, is the point of concur¬ 
rency of the medians as welt. Since the distance of the point 
of concurrency of medians from a given side is one third the 

length of the median, FN « y * BN. 


To find PN, note that FN is a leg in right triangle APN* 
By Pythagorean Theorem, PN 2 * AN 2 - AP 2 - 2 2 - l 2 » 3* FN VT. 


(3) The median drawn to the base of an isosceles triangle 
is the perpendicular bisector of the base. Therefore, <©NC 
is a right angle and ABNC is a right triangle* We wish to 
find the length of a side BC. By Pythagorean Theorem, 
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ft* 

/Ef - TH^ 



vF - /ET 



- ^h[b + 4 /S 1 ") ] 


- ^h[ b + b' + /EE T ]. 


• PROBLEM 11-34 

A regular pyramid has a pentagon for Its base. 

Ca> Show that the area of the base Is given by the for- 
5 2 

mula 8 ^ je tan 54° where © * an edge of the base* 

£b> If the slant height of the pyramid makes an angle 
of 54* with the altitude of the pyramid, show that 

the altitude Is given by the formula h « y. 

tcj Using the formulae of part a and b, write a formula 
for the volume of the pyramid in terma of the base 
edge e. 



(a) The area of a regular polygon A, whose perimeter is 
p and whose apothem Is a, is given by the formula A * 

The perimeter of a regular n-gon equals n times the length of 
any one aide, For this pentagon, p * 5©, 


To find the length of the apothem a, draw the perpend10- 
ular from the center of the pentagon, C, to any side AB, in¬ 
tersecting AB at point D. D is the midpoint of Xff* (To see 
this, remember that the center of a regular polygon is also 
the center of the circumscribing circle. Thus, AZ: and 1<5 are 
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radii of that circle. AC » BC and A ABC in isosceles* CD is 
then the altitude drawn from the vertex angle of an isosceles 

triangle and therefore bisects the base.) Thus, AD = - |* 


Furthermore, m^CAD = 54°. {To see this, note that all five 
central angles of the pentagon are congruent* Therefore, 

ndACB - - 72°. Since AABC is isosceles, <£AP « <)CBA 


By 


using the fact that the angle sum of a triangle is 180°, we 


have m<fcAD + rti^CBA + m^ACB - 180* # or 2mgCAD -> 190° - 72* or 
mdCAD = 54*.} 


In right£ACD, then, a is the length of the leg opposite 
known <£AD. Leg AD is also known* The relationship between 

these three quantities is tan <JCAD = x l ngth of ai^acent iff “ 

^ or tan 54* * Solving for a, we obtain a = f tan 34*. 


We have a and p. Thus, the base area equals ^ap = 
|(| tan 54*) (5e) - |e 2 tan 54** 


£b} To find h, we construct another triangle, AVDC. To 
show that AVDC is indeed a right triangle, we remember that 
the pyramid is regular, The perpendicular to the base of a 
regular pyramid passes through the center of the base. Since 
V& is the segment connecting the vertex to the center of the 
base, it li perpendicular to the base and <§VCD Is a right 

angle* In AVDC, we are given leg = a | tan 54®, Fur¬ 
thermore, -§DVC is given to be 54®. Relating height v£T to 
these quantities, we have 


tan 54“ - length, of. opposite, leg . DC . T tan 54 ° 
length of adjacent leg — 


Thus, 


h - VC 


| tan 54* 

2 _ e 

tan y4 v IP 


to) The volume of any pyramid ia given by the formula 

ibh where b « base area and h “ height of the pyramid* From 
3 5 2 

part (a), we know the base area to be ^e tan 54** From part 
(b), the height is |*. Thus, 

V «* |bh - j(fe 2 tan 54*} (|} - ^e 3 tan 54* * 
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c Is 1 b given by the formula a+b -^ |^ 90 ' b, a, the surface 
2 2 

area of the sphere is 4tr ■ 4ir(9) * Thus, the area of the 
triangle ia ^O+SO+lOO-iBO (<T (9) „ l|° 4 „ (9 j 2 . | t ( 9 ) a . 54 it. 

fd) The zone of a sphere is the region formed when two 
parallel planes Intersect a sphere. That part of the sphere 
between the planes Is called a zone end the distance between 
the planes la the altitude of the zone* The surface area of 
the zone Is always equal to the lateral surface area of a 
cylinder of height equal to the altitude of the zone and base 
congruent to a great circle of the intercepted sphere* We are 
given that the surface area of the zone equals the area of the 
triangle * Thus, 


(2nr)h « 54n. 

Since r “ 9, h * 3 inches. 


• PROBLEM 11-36 


Show that if a point on a sphere is at a distance of a quad¬ 
rant from each of two other points on the sphere, not the 
extremities of a diameter, then the point is a pole of the 
great circle passing through these points. 



Solution ; Let's begin by defining our terms- In a sphere of 
radiua r, the great circle is a circle, all of whose points 
lie on the sphere, and which has a radius equal to the radius 
of the sphere. All great circles have a common center and 
that center is the center of the sphere. Most planar and 
linear measurements of the sphere involve the great circles 
in some way. The circumference of a sphere, for example. Is 
the circumference of any great circle. In addition, the 
shortest distance between any two points of a sphere Is found 
by drawing the great circle determined by the two points. 

The part of the circumference between the two points is the 
geodesic - or path of shortest distance. Examples of great 
circles are the equator of the earth and the prime meridian. 

A quadrant of a sphere is defined to be one-fourth the 
great circle# It is a sector of a circle of radius r, and 

360 

the measure of its central angle is « 90 9 - The distance 

of a quadrant is the arc of the quadrant. The North Pole 
and any point on the equator are a distance of a quadrant 
away from each other# 
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For every great circle, there are two points on the 
sphere# one on each side of the great circle, that are a quad* 
rant away from the circumference of the great circle. These 
are the poles of the great circle. The segment with the two 
poles as endpoints is called the axis and is a diameter of the 
sphere. Thus, the axis intersects the great circle at the 
center of the sphere. In addition# this diameter is perpendi¬ 
cular to the plane of the great sphere. 

In the accompanying figure.sphere 0 hag great circle 
ABC as a great circle, PA and PE are quadrants. 

We must show that P is a pole of ©ABC, To show that a 
point of a sphere is a pole a great circ le# it is sufficient 
to show that the axis of the point POP 1 perpendicular to 
the plane Of the great circle. We show PO 1 AO and PO | OB. 
Since Po ie perpendicular to two lines in plane AOB, Po j_ 
plane of the great circle. 

Given* Points P> A, and B on the sphere O? "AB of a great 
circle ABC; and the quadrants M and £5. 

To Proves P Is a pole of ©ABC. 


Statements 


1, Draw 55, 55 and diame- 1 
ter POP *. 


2, 'fa and PB are quad¬ 
rants « 


3* -dPOA and <POB are 

rig ht angles; or F5 J_ 
OS’, ]_ 


4, PO | plane ABC Cor 
W' ]_ ABC}, 


5. PP V is the axis of 
0ABC, 


Reasons 


Two points determine a line; 
a diameter is a line segment 
passing through the center 
and having its endpoints on 
the sphere. 


2, Given. 


3. The central angle of a quad¬ 
rant la a right angle. 


4, If a line is perpendicular 
to each of two intersecting 
lines at their point of in¬ 
tersection# then it is per¬ 
pendicular to the plane of 
the lines. 


5* The axis of a circle of a 
sphere is the diameter of 
the sphere which is perpen¬ 
dicular to the plane of the 
circle. 


6* P is a pole of ©abc* 


6. The extremities of the axis 
are the poles of the circle. 
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• PROBLEM 11-37 


The moot remote spot of ocean, the point at 48*30’ S and 
125*30’ W in the Pacific, is 1660 miles from the nearest land 
Pitcairn Inland. Approximate the area of this oceanic expanse 
as Cl) a circle; (2) a zone of a sphere. Compare the.*two. 

(The radius of the earth is 3960 mi,} 




Figure 2 


Figure 1 


fifllttfclfiE* 

2 

{1} The area of a circle with radius r equals nr , 

2 

Therefore, the area of the watery expanse is i(1660 ml.) m 
2.76 x 10 ®if mi. 2 

{2} The area of a zone is given by the formula 2nrh, 

To find h f we first find 0, With 0, we can find 0§. Since 
h is the radius minus <53", we can find h if we Xnow 0 , 

To find 6, remember that the arc length and central 
angle measure are proportional 

(1) w* “ circus, of earth* 

The circumference of the earth (of radius 3960 miles) is 
2«r * 2 it (3,960 ml.}. IK is given to be 1660 ml. 


{Ut > 9 - 390 ' if* - «*• 

To find W£, note that in right AKSO: 

u„i __ _ OS _ r-h _ 3,960 mi - h 

(iv) cos 6 - m - — - -- 
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Consulting the trigonometric tables, wo find cos 24* • 
.914. Substituting this value in and multiplying both sides 
by 3,960, we obtain: 

<v) {.914) a,960) » 3,960 - h 

(vi) h « 3,960 - (.914){3,960) - 3,960(1-.914) 

- 3,960 (.086) - 341 mi. 

Witlj a value for h r we can now solve for the area of the 

zone* 

(vii) Area = 2mrh = 2* 0960 mi,)(34l ml.) * 

2.7 * 10 6 mi. 2 

The zone approximation is smaller than the planar approx/ 
imation by 2 %. In either case, the area covered by the water 
is greater than any single nation. 


• PROBLEM 11-38 


Find the surface area of a sphere whose radius measures 14 in, 

22 

[Use n “ -y-J (See figure.) 



Solution ; The surface area of a sphere i e, by postulate, 
equal to four times the area of one of its great circles. 

Therefore, S - 4mr^, where r is the radius of a great 
circle of the sphere. Since the radius of a great circle of 
a sphere is equal to the radius of the sphere itself, r ~ 14 
in. By substitution, 

S - 4(3p) (14) 2 in. 2 

S - 2464 in. 2 


Therefore, area of the sphere “ 2464 sq. in. 
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• PROBLEM 11-39 


The ratio of the altitude of a zone to the diameter of the 
sphere on which it is drawn ia li5. The area of the zone 
la BOtu 

a) Find the area of the sphere. 

b) If one of the bases of the zone is a great circle# 
find the area of the other base* 


£2x) 

Solution : 

(a) TO find the area of the sphere we use the formula 
2 

S * 4iTr . To use the formula# though, we must solve for r. 

We HOlve for r using the given zone area. We know that the 
zone area and r are related by the formula, 

_“ (circumference of the great circle) * (zone height) 

zone 

BOn * 2wr * h. 

This equation can be solved for r if we can eliminate 
the second variable h. From the given, though, we know that 

hid ■ li5 or h ■ Since the diameter d is twice the radius, 

1 2 

we have h ^-(2r) * Substituting this result in the zone 

area formula, we have 

801T - 2rr * {|r| ■= ^i*r 2 
r 2 - 89if * (p*) - 100 



r * 10. 

Thus the radius of the sphere is 10 and its area equals 
4m: 2 - 41TC10) 2 - 4001. 

(b) To find the area of the smaller base, we use the 
formula ITr^, where ia the radius of the smaller base. To 
find r^, consider the line drawn from the center of the sphere 

perpendicular to the plane of the circle. By an earlier 
theorem, we know that this line intersect* the circle at its 
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center. Thus, a right triangle is formed with hypotenuse 
equal to the radius of the sphere F one leg equal to the alti¬ 
tude of the zone and one leg equal to the radius of the smaller 
base. The radius of the sphere equals 10 (see Part a). The 
altitude of the zone can be found by the relationship used in 

Part a, namely h * |r, where r is the radius of the sphere. 

So b “ |-(10) - 4. Then, by the Pythagorean Theorem, we have 

(radius of circle) 2 * (radius of sphere) 2 - (altitude of zone) 2 


« 84, 

2 

Since the area of the circle - w(radius of circle) . 
we have Tf(84] « 84*. 


S PROBLEM 11-40 





Solution s The volume of a sphere equals . To see this, 

consider any polygon on the surface of the sphere. Draw the 
radii of the sphere to the vertices. The resulting solid 
resembles a pyramid with altitude roughly equal to the radius 
and a base that is not a plane surface but slightly spherical. 
By choosing polygons of smaller and smaller areas, the base 
becomes less curved and more like a plane figure; and, thus, 

the volume of the pyramid like figure approaches ^r * b where 

b is the area of the base polygon and r, the radius of the 
circle, is approximately the altitude. Suppose we divide 
the sphere into n pyramid like figures, then, if b^,b 2 ,.»»,b n 

are the areas of each base, the volume of the sphere equals 
the sum of the volumes of the a pyramids j 

V - 3*b x + 3*b 2 + ... + 3*b n . 

Factoring out jr, we obtain 
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Solution : In Figure 1, sphere P of radius r is circumscribed 
by regular tetrahedron ABCD. Sphere P is tangent with face 
ABC at point E; face ABD at Fi face ACD at ©? and face BCD at 
H. b is the length of the edge of tetrahedron ABCD. We wish 
to find the volume V of ABCD in terns of the radius r. From 
an earlier proof, we know that the volume of a tetrahedron is 
j^e 3 where s is the length of the edge* Therefore, we find a 

in terms of r? substitute in the tetrahedron volume formula? 
and the problem is solved* 

We will find the relationship of the edge AB « s and the 
sphere radius PE - r, We do this by considering triangle AMH 
in Figure 2, formed by the slant height AFT and the perpendicu¬ 
lar from the vertex A to the base AH, We can find AM and HH, 
Furthermore, from an earlier proof, we know that (1) since P, 
the sphere center, is equidistant from the faces of the regu¬ 
lar pyramid (the distances to the faces from an inscribed 
sphere are radii. Since all radii are congruent, the center 
Is equidistant), and since all points equidistant from the 
faces of a regular pyramid lie on the perpendicular from the 
vertex, then V must lie on the perpendicular AH, or APH; and 
(2) the perpendicular (PE) to the face of a regular pyramid 
(A-BCD,,,} from a point (P) on the vertex perpendicular (EH) 
intersects the face (ABC) on its slant height (AM), There¬ 
fore, AEH. 

Combining all these facte, we construct Figure 3, note 
that 4AEF and dAHM are right angles {thus, <3AEP - and 

= <&, Therefore, MEP ^ AAHM by the A-A Similarity Theorem, 
Because the sides of similar triangles are proportional, we 

have 


(i) 


EP 

IF 


HM 

M' 


Because EP is a radius, EP » r. To find AM, note that 
HI is a leg of right AABM- (AABM is a right triangle because 
a slant height of a face la always 1 to the base.) We know 
that AB a* Furthermore, because face aABC is an equilateral 
triangle (every face of a regular tetrahedron Is an equilater¬ 
al triangle) perpendicular JR bisects base BC, and BM =* ^BC ■ 

|e. By the Pythagorean Theorem, AM® ■ BA® - BM® « a® - [f ®] 2 * 
|e®, or AM • ^|e. 


To find Ml, remember that the perpendicular from the ver¬ 
tex of a regular pyramid Intersects the base polygon at its 
center. Therefore, H is the center of the base equilateral 
£BCD— that is E is the point of concurrency of the altitudes, 
angle bisectors, and medians, (Note in an equilateral tri¬ 
angle, these are the same three lines.) Because H is the con¬ 
currency point of the medians, it divides the median DM such 

that HD » |oM or HM - ^OM. By considering right ABDM, we show 
by the Pythagorean Theorem that DM® * BD® - BM® ■■ a® - f^ej 
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Returning to the eolation (i) and substituting in our 
values, we obtain: 

'b 1® i 

— or r - -=-AP - ±ap. 

QL QL 3 

T* r 


<“> & 


Refer back to Figure 3, We have discovered that r * ^AP 

or AP ■ 3r. Since PI is a radius of the sphere, PH - r, and 
thus AH * AP + PH - 3r + r - 4r, In right &AMH, we have 
hypotenuse AH expressible in terms of s, leg MH expressible 
in terms of a, and leg AH expressible in terms of r. By using 


Pythagorean 

Theorem, we 

can relate s 

to r. 

fill) 

AK 2 - 

MH 2 

+ AH 2 


Civ) 

(4) 

! -( 

q*} + C 4 r) 2 


(v) 

5 * ! - 

IT ® 2 

+ 16 r 2 . 


(vi) 

16 t 2 

•b 2 

- JL, 2 - fi 

17 s (17 

_ ll fc 2 
TTJ* 

(vii) 

I * 16 * 2 “ 

s 2 


(viii) 

24 t 2 

- a 2 



(ix) 

S a 

i/ 5 Tr 

- 2/Sr. 



b 2 


Now, we can use the volume formula, 
(x) V « yjB 3 - ^(2/St) 3 = 8/Ir 3 . 


CYLINDERS 


• PROBLEM 11-42 


A right circular cylinder has a base whose diameter is 7 and 
height is 10. What la the surface area of the cylinder, not 
including the bases? 


A 

D 


B 

C 
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Solution ; From the figure, we see that calculating the re¬ 
quired surface area Is equivalent to calculating the area of 
the rectangle shown,, The area of the rectangle, K, is 

r - (AS)(BC)- 

But BC is the height of the cylinder, and BC - 10. AB is 
equivalent to the circumference of the base of the cylinder. 
If the base has diameter d, the circumference of the base 
in *d, which equals 7ir in our case. Hence, AB » 7*. There¬ 
fore, 

K - (?*) (10) - 7Q* 
ia the required surface area. 


e PROBLEM 11-43 


Find, in terns of *, the lateral area and the total surface 
area of a right circular cylinder if the radius of its base 
measures 5 in. and its altitude measures 6 in. (See figure). 



Solution i The lateral face of a right circular cylinder is 
actually a rectangle, whose base length (b) Is the circum¬ 
ference of the base of the cylinder, and whose height (h) is 
the height of the cylinder. Therefore, the lateral area is 
equal to bh. In the ease of a right circular cylinder, b - 
2tr, the circumference of the base, where r is the base 
radius. 

Lateral Area - 2*rh. 

By substitution. Lateral Area - 2* (5 in.)C8 in.) - 80* in, 2 
The total surface area equals the lateral area plus the sum 
of the area of the two bases. 

Area of one Base ■ Area of a circle * nr 2 

- * (5) 2 in. 2 - 25 a in. 2 
Area of the two Baaee - 2{25* in. 2 ) « 50* in. 2 

2 

Total Surface Area - {SO* + 5On) in, » no* in. 

Therefore, Lateral area - HO* sq. in. 

Total Surface area - 130* sq. in. 


2 






* PROBLEM 11-44 


Find, in terns of it, the volume of a right circular cylinder 
if the radius of its base measures 4 in. and its altitude 
measures 5 in. 



5" 


Solution i If we picture the base of the cylinder as having 
a depth of one unit of measure, we can then calculate the 
volume by determining the area of the base and multiplying 
it by the height of the cylinder* In effect, this multipli¬ 
cation amounts to stacking the bases up to the height of the 
cylinder. 

2 

Area of the base = trr , where r is the radius of the 
circular base* Therefore, the volume is given by 

V = irr 2 h* 

By substitution, V = tt(4) 2 5 in. 3 = SOftin.^, 

Therefore, volume of the cylinder * 80n in. * 


* PROBLEM 11-45 


Find the volume of a right circular cylinder of height 6 if 
it has the same lateral surface area as a cube of edge 3. 


© 




7 " 




2 

Solution : The volume of a cylinder equals Trr h. The height, 
h, equals 6* The radius can be found by relating the lateral 
surface area of the cube and the cylinder. The lateral sur¬ 
face area of the cylinder equals (base perimeter) ■ (height) 

** 2irrh* The lateral surface area of the cube which has no 
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bases equals 4s ( By equating these two expressions, we ob¬ 
tain 

Surh * 4 b 2 . 

By (substitution, 2ur(6) - 4 (3) 2 

r * Ssriy " TfTsr ~ »• 

Therefore, 


Volume of cylinder * (Area of base} * (height) 
_ 2 


CONES 

■ PROBLEM 11-46 

Find the lateral area and the total area of a right circular 
cone in which the radius measures 14 in. and the slant height 

22 

measures 20 in. [Use v - -^-3. 



Solution ; The lateral surface of a right circular cone, with 
base radius r, when laid flat, appears to be a sector of a 
large circle. As such, its area Is equal to the area of 
that sector. 


The radius of the sector is equal to the slant height, 
i, of the cone. The arc length intercepted is equal to the 
circumference of the base of the cone, 2rr. 

Area of the Sector 


* (Area of entire 


Central Artgle Tneaamre 1 
Measure of full circle]* 


Let 8 “ Central angle measure. 


Area of the Sector 




l 


2 e 
T 
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All arcs and angles are measured £n radians. In radians 


a arc length m 2nr 
radius A* 

Therefore, area of the sector ■ t 2 t* 

Area of the sector - urfc Lateral area of the cone. 

Hence, by substitution. 

Lateral Area of the cone - ir (14) 120) in. 2 - £14) (20} in. 2 

= 800 in. 2 

Total Area - Lateral area + Base area 
2 

= irri + irr 

- 880 in. 2 + “{14) 2 in. 2 

- (880 + 616)in. 2 - 1496 In. 2 
Therefore, Lateral Area = 880 aq, in. 

Total Area = 1496 sq- in. 


• PROBLEM 11-47 


The flat pattern in the accompanying diagram is used to make 
a lampshade. It is the lateral surface of the frustum of a 
right circular cone. 

The two concentric circles have radii of 12 and 4 inches 
and m-fJAOB “ 60°. The minor sector AOS and the remainder of 
the Interior of the circle are removed and discarded. AC is 
fastened to with no space or overlap. 

(a) Find the radius of each of the two bases of the 
lampshade. 

(b) Find the area of the outer surface of the lampshade. 
£ Leave answer In terms of ir.l 

(c) Find the altitude of the lampshade. [Leave in 
radical form* ] 


Solutions 

(a) The sma ller base of the lampshade will be formed 
out of the portion of the smaller circle remaining after the 

60* sector has been removed* Since 60* is ^ of the total 
measure of the circle, the smaller base of the lampshade will 
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c 

be a circle whose circumference will be y of the original 
small circle. 



Since the circumference is a linear function of the 
radius, the ratio of the circumferences of any two circles 
will be equal to the ratio of the radii. Thus, the radius 
— 5 

DC of the smaller circle will be ^ of the original smaller 

radius of 4. Therefore, the radius of the smaller base of 
5 10 

the lampshade is y(4) or y inches. 

Gy similar logic, the radius of the larger base Is |- 
of the original large radius of 12. The larger base has a 
radius of |-(12) or 10 inches. 

Therefore, the radii of the bases of the lampshade are 
y in* and 10 in. 

(b) The area of the outer surface of the lampshade has 
the form of the surface area of a frustum of a cone. There^ 
fere, its area can he found by first looking at a frustum in 
general. 

Assume that a frustum of a cone is formed with base 
radii r 1 and r 2 and slant height s. The entire cone has slant 

height s^ and the upper cone is left with slant height s 2 * 

The lateral area of the entire cone is, in general, 

Trfbase radius} [slant height). In this case, 

The lateral area cf the upper cone is - wr 2 s 2 * Hence, 
the lateral area of the frustum is L - - L 2 “ vfr^s^ - r^s^) 

Since we are only given data about the frustum, we don't know 
s^ and s 2 and, as such, must try to eliminate them. 

We note that Apwt is a right triangle and since r 2 |f r^ 
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(this 1 h the case in all frustums of right circular cones)* 
APRV *v APHTr by the AA Similarity Theorem- Therefore, 


f2 

8 i 


fa 

r i 


and 



Now, by substituting into the equation for L, we obtain 

* f a l r ! l _ n , a . 2 , _ ffB l, ! 2 . 

L ‘ [^1 B 1 " —J * r^ (r l S I ' *l r 2 “F^ (E 1 " E 2> 

‘ ~ E 2> - "^< E i - ^ < E i + E 2> 


" 8 i r 2 


< E 1 + r 2 >' 


S i r 2 

Substituting s- - —— into the last equation, 

* r i 

L - n(a 1 - Sj}(rj + r 2 ). 

We see that s - - s^. Therefore, 

L - Tra fr^ + r 2 ) * 

In our lampshade problem we know r^ = 10, r^ = ^ and s = CA 

■ BB » the difference between the original two radii, 12 - 4, 
or I, 


By substitution, 

L - tt< 8) J10 + ^(B) (4^) « ^l^r. 

Therefore, the area of the outer surface is 3 ^ Qtt sq. in. 


(c) We can find the altitude, AC, by recongizing that 
AABC is a right triangle and then applying the Pythagorean 
Theorem, The hypotenuse of &ABC is 8 in,, since it corres¬ 
ponds to the slant height of the frustum. 


The top radius is in and the bottom radius is 10 in. 
By projecting the top radius onto the bottom we see that 


CB 


~i0- 


10 

X 


20 

X* 


Let h ■* the length of the altitude. Then, 


h 


2 


20,2 




64 


400 _ 576 - 400 _ 176 
- 5 - * ——” “5“ 
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o)* Figure (B) show s t he region obtained by cutting the 
cone of figure (A) along AC, This region has the same area 
as the surface area of the cone* The area of the region can 
be calculated from the following proportion 

Area(region) _ length ABA T 

ftrea(circle Q) length of circle D 

Area (region) - (H 

Here we have used the fact that the length of ABA* is 2wr, 
since ABX r is the boundary of the circular base of the cone. 
Hence, 

Area(region) ■= ir®* 

In our case, a = 5 ft, and r = 3 ft, Then 

Area(region) * ISf ft, 2 « 47,12 ft. 2 . 

The surface area of the cone is therefore 47.12 ft. 2 . 


• PROBLEM 11-49 


A frustum of a solid cone is the portion of solid cone remain¬ 
ing when the solid cone above a given section is removed. 

(See figure.) (a). Using the properties of similar tri¬ 
angles, what can we say about x/3 and [x + 41/5? (b)* Find 

the height, x + 4, of the large cone, (c) Find the volume 
of the small solid cone, (d) Find the volume of the large 
solid cone, (e) Find the volume of the frustum* ££) 

Taking - 3, r 2 " 5, and h - 4, compute 

12 2 

V - jirh(r£ + r^r^ + tp. Compare this with part (e). 


A 



Solutions 

(a) lie Will prove that AABC ^ &ADE, by the A.A* (angle- 
angle) Similarity Theorem, We will then be able to set up a 
proportion between AB, W f W f and M, thereby finding a re¬ 
lationship between x/3 and (x + 4J/5. 
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First, is common to both AABC and A ATE. Therefore, 
<£AC S <)DAE, Furthermore, the plane containing IC is paral¬ 
lel to the base of the cone. Hence, <3ACB - since they 

are corresponding angles of the parallel segments BC and DE. 

In conclusion, A ABC * AADE, and we may write 

AB _ BC 
AD DE' 

since AB » x, AD-X+ 4, BC ^ 3 and DE - 5, the last equation 
may be rewritten as 

x _ 3 
*R ~ 5 

or 5x * 3x + 12 

or x 6, 

Hence, " 2 and ^ » 2 (i.e., * y) » 

fb) The height of the large cone, x + 4, is, from part 

(a), 10. 

(c) The volume of the small cone is equal to j times 
the product of its height Cx) and the square of the length 
of the radius of Its base (3 2 ), Hence, 

V s - (j) <x) {3 s ) 

Vg - {j) (6) <9) - 56.52. 

(d) The volume of the large solid cone is equal to j 

t lines the product of its height Cx + 4) and the square of the 

2 

length of the radius of its base (5 ) * Hence, 

V L - <£)U+4)(5 Z ) 

V L « ij) (10)(25) a 261.67, 

(e) The volume of the large cone, minus the volume of 
the small cone, equals the volume of the frustum, (Vp). 
Therefore, 

V f - V L - v & * 261.67 “ 56.52 
V F - 205.15. 

(f) If » 3, = 5, and h * 4, 
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V 


jfhts® + + x\) 


V - (£) (4) ((3> 2 + (3) IS) + (5) 2 ) 

V - (£) (4) (9 ♦ 15 + 25) 

V - (4f) (49) 

V = 205.15. 


Note that this conforms to the volume of the frustum as cal¬ 
culated in part (e) * 


* PROBLEM 11-&0 


In the accompanying figure, a right circular cone is con¬ 
structed on the base of a hemisphere. The surface of the 
hemisphere is equal to the lateral surface of the cone. Show 
that the volume V of the solid formed can be found by the 

formula V - jir 3 (2 + /J}. 


Solution ; The volume of the solid formed equals the volume 
Of the hemisphere plus the volume of the right circular cone. 
The volume of a hemisphere ie half the volume of a sphere, 

Tims, “ ^lyirr 3 ] * ^sr 3 . The volume of a cone of base 

radius r and height h equals (Note in this case that 

the base of the cone is the great circle of the hemisphere. 
Thus, r, the base radius of the cone, equals r, the radius of 

the hemisphere.} The desired volume, V, of the solid is, 
therefore, V * + ^rr 2 h * jr 2 (2r + h). 

The problem, though, asks us to express the volume 
totally in terms of r, not r and h. 
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Consider the right triangle formed by altitude h, base 
radius r and slant height £. By the Pythagorean Theorem, 

h 2 * l 2 - r 2 . r is known; and t and r are related by the 
surface area formulas. Thus, £ can be expressed in terms of 
r and the results substituted in the Pythagorean equation 
above to express h in terms Of r. 

2 

Surface Area of hemisphere - 2*r . 

Lateral Area of cone - nri* 

By the given, the two surface areas are equal. Then, 

2 

2ur » nr£ or £ E 2r. 

2 2 2 

Using the Pythagorean equation, we have h » (2r) *- r 

= At 2 - r 2 “ 3r 2 . Thus, h • 

We substitute this in our expression for V and obtain 
V - 3* 2 <2r + /Tr> - $* 3 (2 + /?). 

• PROBLEM 11-51 

An isosceles triangle, each of whose base angles is 0 and 
whose legs are a, la rotated through ISO", using as an axis 
its altitude to the base. 

fa) Find the volume ¥ of the resulting solid, in terms of 0 
and a. 

(b) Using the formula found in part a r find V, to the near^ 
est integer If a » 5.2 and 0 « 27 s . (Use it » 3.14 ) 

R 



Solution; 

Ca} The resulting figure is a right circular cone. Its 

1 2 

volume, ¥, is given by V “ -jirr h where h is the altitude of 

the cone and r is the radius of the base* First, we express 
r and h in terms of the given angle, 6, and the given length, 
a* 
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A*A Similarity theorem * 6-2* 
8-8, 6-25, 7-12. 7-25, 7-28^ 
7-31, 7-44, 11-49 
Addition postulate, 3-17, 3-46, 
7-9, 7-37 

Addition property of equality, 
1-6, UriJ 

Altitude, 3-37, 5-13, 5-17, 

5- 19. 6-8, 6-12, 6-13, 6-18 
Angles, 2-3 

addition postulate, 1-6, 

7-35, 7-44, 8-51 
bisector, 6-10, 6-11. 6-13, 

7-an 

complementary* 5-11, 7-34 
congruent, 3-21 
corresponding, 3-7 
exterior, 3-14. 6-32, 6-35 
inscribed, 7-6, 7-33, 7-36 
interior, 3-10, 5-3, 5-14, 

6- 33, 6-35 
polyhedral, 11-12 
reflexive property, 3-21 
right, 3-44, 5-6, 5-16 to 
5-12, 6-11, 7-34, 7-38. 

IQ-30 

sum theorem, 3-11 
supplementary, 2-4* 2-5, 

4-3, 5-3, 7-34, 7-36 
vertical, 2-5 


A ogle - an gle- side pos tulate, 

5- 4, 5-13 

Angle - side -an gle po s tulate, 

3^33 to 3-35, B-13, 8-15 
Angle-side postulate, 3-25 
Arc length, 7-45 
Arcs, 7-4 
Area; 

by the pythagorean theorem, 

6- 2* 8-23, 8-27, 1ft-28 

by the trigonometric func¬ 
tions, 8-32 to 8-34 
lateral, 11-40, 11-43, 11-48, 
11-47 

of a circle, 9-17 to 8-22 
of a cone, 11-48, 11-50 
of a cylinder, 11-42, 11-43 
of an equilateral triangle, 

8-6 

of an inscribed polygon* 

8- 24 to 8-29 

of an isosceles triangle, 

arid 

of a parallelogram* 8-12, 

9- 12 

of a pentagon* 8-28, 8-30 
of a polygon, 1.0-21 
of a rectangle, 8-2, 8-3, 

9-12 

of similar triangles, 8-9, 
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8-15 

of a square, 8-1, 8-24 
of a spherical triangle, Liz 35 
of a sphere, 11-38, 11-39 
of a trapezoid, S-16, IQ-21 
of a triangle, 8-4, 8-5, 

8-7, 8^ 8-IQ, 10-20 
of a zone, 11-87 


Bisectors, 3-17, 3-18, 3-42, 

4- 2, 5-1, 5-16, 

5- 10, 8-7, 7-8, 10-23 


Central angles and arcs, 7-1 
to 7-5 

Chords, Izll 

Circles, SllIjO 

Circles cir cum scribing polygons, 
7-43 to Till 

Circles inscribed in polygons, 
7-30 to 7-42 

Circumference, 7-20, 11-37 
CoMnearity, 2-1, 7-22, HLlS 
Complex constructions* 9-14 
Concurrency, 6-15, b-ig 
C ones, 11-46 to 11-52 
Congruent angles, 3-21 
Congruent line segments, 3-23 
Congruent sides, 6-18 
Congruent triangle postulate, 

3-37 

Consecutive interior angles, 

5*14 

Construction: 

of circles, 9-10, f-ll» 9-16 
of lines end angles, 9-1 
to 9-6 

of perpendiculars, OzJLi 
of polygons, 9-12, 9-1.3 
of triangles, 9-7 to 9-9. 

9-14 

Coordinate proofs, lfl-27 


Coplanarity, 2-1, 11-3, 11-10 
Corresponding angles, 6-5 

Cyclic quadrilaterals, 7-36 
to 

Cylinders, 11-42 to 11-45 


Diagonals, 5-1, 5-6, 5-9, 
5-15, 10-29 

Deductive reasoning 1-1, 1 - 2 
Determining distance, 10-3 
to 10-5, 10-24 
Direct proof, 1-5, 1-6 
Division postulate * 3-24 
Division property of equality, 
7-20. 11-29 


Equilateral triangle* 3-5 
Exterior angles, 3-19, 6-32, 
6-35 

Exterior angle theorem, 3*19, 
4z6 

Extremes, 6-1, 6-12, 7-3Q 


Frustum, 11-33. 11-47, 11-49 


Geodesic, 11-36 
Geometric mean, 6-12 
Graphing, 10-18, 10-19, Llzl 
Great circles, 11-36 


Hexagon, 6-33, 9-13 
Hypothesis, 1*3, Lz4 
Hypotenuse, 3-4, 6-12 
Hypotenuse - leg postelate, 

3-43 

Hypoten use* leg theorem, 3z43 
to 3-46. 7-35. Izj4Q 
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Indirect proof, hzl 
Inductive reasoning, 1-8, 1^3. 
Inequalities; 

lines and angles, 4-1 to 
£=2 

triangles, 4*8, 4-9 
Inscribed angles, 7-6, 7-36 
Inscribed angles and arcs, 

7-6 to 7rl8 

Interior angles, 3-10, 5-3, 
5*14, 6-31. 6-33, 6^5 
Intersecting circles, 7-35 to 

7- 27 

Intersection point* 10-17 
Isosceles triangle, 3-22, 3-37, 

8- 18 


Linear equations* UkJJ to 

10- 17, 10-19 
Linear pair, 4-3 
Lines, 2-1 

Line postulate, 3-32 
Lines and planes, 11-7 to 
llzll 

Locus, 10-22 to 10-24, 10-26, 

11- 1., 11-2, 

Logic, IzA 


Major premise, 1- 2 
Mathematical induction, 1-8, 

Mean proportional, 9-5 
Means, 6-1, 6-12, Z^IQ 
Median, 3^4* 3-38, 5-19, 6-15, 

6- 16, 8-7, 10-12 
Midline, 5-4, 6^1B 
Midpoints, 3-35, 3-40, 4-4, 

5-4, 5^ 6-5, 6-19. 7-8, 

7- 15, 8-12, 10-6, 10-7, 
10-22 

Minor premise, 1^2 
Multiplication postulate for 
inequality, 4-4 
Multiplicative property, 8-9, 


11*28 


Necessary condition, 1^4 


Overlapping triangles, 3-30 


Parallel lines, 3i6, 5-14, 11^6 
Parallelograms, 5-1 to 5-11, 
5-13, 5-14, 5-17, 8-12. 

10- 11, 10-31 
Pentagon, 6-34 
Perimeter, 6-20 
Perpendicular bisector, 3-32, 

7-11. 7-18, 7-26, 9-1, 
10-16, 10-22 

Perpendicular lines, 5-8, 6-8, 

7- 24, 11^1 

Perpendicular segment, 2-6 
Plotting points, IQ-1, Hh2 
Point betweenness postulate. 

Polygons, 9-12 
similar, 

Polyhedral angles, 11-12 to 

11- 14 

Postulate; 

addition, 3-17, 7-35, 7-44, 

8 - 21 

angle-angle-side, 5-4, 5-13 
angle-side, 

angle-side-angle, 3±33 to 
3-35, 8-13, 8-lfi 
congruent triangle, 3-37 
division, 3-24 
hypotenuse-leg, 3-43 
line, 3-32 
multiplication, 4-4 
point betweenness, 4z9 
side-angle-side, 3^25 to 
3-31, 3-42, 5-5, 5-7. 5-12, 
5-15, 6-6. 7-38, 7-44. 9-7, 
10-23. 11-5, 11-8, JULJL2 
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side-side-side, 3-38 to 
3-42, 8-8, 7-44, 11-22 
substitution, 1-6, 3-23, 

5- 9, 5-16. Jtlfi to 7-16, 
7-20, 7-28, 7-37, 7-38, 

7- 44, 8-9, 8-12, 8-15, 8-21, 
11-5, 11-12. 11-14, 11-24 
subtraction, 3-21, 7-3? 
transitivity* 1-fi 

Prisms, U-21 to JJU26 
Proper ties i 

division, 7-20, 11^28 
multiplicative, 8-9, 11-28 
reflexive, 3-21, 7-15, 8-12, 

8- 15, 10-23, 11-5, ll^fl 
subtraction, 3-44, 7-10, 

7- 35, IU 

transitive, 7-19, 7-30, 

11-14, 11-2 1, 11-28 

Proportions involving angle 
bisectors, 6-10 

Proportions involving medians, 

6- 15 

Proportions Involving right 
triangles, 6-12 

Proving triangles similar, 6-4 
Ptolemy's theorem, 7-48 
Pyramids and tetrahedrons, 
11-27 to 11-34 
Pythagorean theorem and 
applications, 6-17 to 6-24, 

8- 21, 11-43 

Pythagorean triangles, 6-24 
Pythagorean triples, 6-24 


Quadrant, 10-1. 10-2. 11-36 
Quadratic formula, 6^21 
Quadrilateral, 3-14, 3-29, 5-2, 
5-4, Ifit* 7-44 


Eatio and proportions, 6-1 
to 6-3 

Eatio of simEitude, 6-4, 8-9, 
11-28, 11-33 


Rectangles, 5-13 to 5-16, 

7-44, 11-43 

Rectangular solids and cubes, 
11-15 to 11-17, 11-19, 11-20 
Reflexive property of congru¬ 
ence, 7—15 , 8-12, 8—15 , 

10- 23, 11-5, 11^8 
Regular hexagon, 6-33 
Rhomb!, 

Eight angles, 5^6 to 5-9, 6-20 
Right triangle, 3-3, 3-44, 5-10, 
feJl to 6-13, IfblO, Uni 
Side-angle-side postulate, 3-25 
to 3-31. 3-42, 5-5, 5-7, 

5-12, 5-15, 6-6, 7-38, 7-44, 
9-7, 10-23, 11-5, 11-8, 11*12 
Side-angle-side similarity 
theorem, 7*25 
Secant segment, 7-31 
Semiperimeter of a triangle, 

Side-side-side postulate, 3-38 
to 3-42, 6-6, 7-44, 11-22 
Slopes, likfi to 10-10, 10-19 
Spheres, 11-35 to 11-41 
Side-side-side similarity 
theorem, 7-25 
Squares, 5-10, 5-12, 5-16 
Squares and rectangles, 8-1 
Substitution postulate, 1-6, 

3-23, 5-9, 5-16. 7-lfi to 
7-18, 7-20. 7-28. 7-37. 

7- 38, 7-44, 8-9. 8-12, 8-15, 

8- 21, 11-5, 11-12. 11-14, 

11 - 24 

Subtraction postulate, 3-21 
7-37, 11-12 

Subtraction property of 

equality, 3-44, 7-10, 7-35. 

LLrl 

Sufficient condition, hiA 
SyEogism, 1-1, Ll2 


Tangency point 9-11 
Tangents, lines and circles, 
1^19 to 7^24 
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Tangents, secants and chords, 
7-28 to 7-35 
Theorem: 

angle-angle similarity, 6-2, 

6- 8, 6-25, 7-12, 7-25, 7-28, 

7- 31, 7-44, 11-49 
exterior angle, 3-14, 4 
hypotenuse leg, 3-43 to 

3- 46, 7-35, 7-48 
Pythagorean, 6-17 to 6-24, 

8- 21, 11-41 

side -an gle - side similarity, 
2^25 

side - side - side similarity» 
7-25 

triangle inequality, 4-8, 

4- 8. linjjg 

vertical angle, 4^5 
Transitive property of equal¬ 
ity, 7-19, 7-30, 11-14, 
11-21, 11-26 

Transitivity postulate, 1^6 
Transversal, 3-12, 3-15, 3-16, 

5- 5, 9^16 

Transversal sum, 5-14 
Trapezoids, 5-17, 5* 19 
isosceles, 5-17, 5-18 
Triangle: 

congruent, 5-13 
equiangular, 7-84 
equilateral, 3-5, 3-40, 6* 19, 
7-27 


isosceles, 3-9, 3-22, 3-37 
to 3-39, 4-5 t 4-6, 5-1Q, 

5- 15, 5*16, 6*18, 7-7, 7*37, 
10-3 

overlapping, 3-30^ 1^41 
proportions involving, 6-12 
Pythagorean, 6-24 
right, 1^1, 3^44 j iiM, 6-11 
to 6-13, 10*10, 11-14 
semiperimeter of a, Sn8 
similar, 6-4 to 8-9, 7-25 
Triangle inequality theorem, 
4-8, 4-9, 11-12 
Trigonometric ratios, 6*28, 

6- 27, 6-29, 8^39 


Vertical angle theorem, 4^5 
Volume: 

cone, 11-48 to 11-52 
cylinder, 11-44, 11-45 
cube, 11*20 
prism, 11-25, 11-28 
pyramid, 11-32 to 11-34 
sphere, 11-40, 11-41 
tetrahedron, 11-31 


Zone of sphere, 11-35 


3Z6 


heberrechtlich geschutztcs 




































HANDBOOK of 

MATHEMATICAL, 
SCIENTIFIC, & 
ENGINEERING 

FORMULAS, FUNCTIONS, 
GRAPHS, TABLES, 

& TRANSFORMS 


KhsEARt Hk VIH'CATKIN ASM K'lATU IN 


A particularly useful reference for those in math, science, engineering and other 
technical fields. Includes the most-often used formulas, cables, transforms, functions, and 
graphs which are needed as tools in solving problems. The entire field of special functions 
is also covered. A large amount of scientific data which is often of interest to scientists 
and engineers has been included. 


Available at your local bookstore or order directly from us by sending in coupon below, 

!" RESEARCH & EDUCATION ASSOCIATION 
' 61 Ethel Road W. h Pise a tawny; New Jersey 06854 
I Phone: (732) 819-8880 website; www.rea.com 

! Charge Card Number 


O Payment enclosed 

G Visa □ MasterCard ——————————————— 

Expiration Date:_/ ___ 

Md Yr 

Please ship the "Math Handbook" @ $34.95 plus 54.00 for shipping, 

Name_ 

Address_____ 


I City__ State_Zip __' 

i_i 



Urheberr 







































“The ESSENTIALS” 
of Math & Science 


Each book in the ESSENTIALS set ies offers all essential information of the field 
it covers. It summarizes what every textbook in the particular field must include, and 
is designed to help students in preparing for exams and doing homework. The 
ESSENTIALS are excellent supplements to any class text. 

The ESSENTIALS are complete and concise with quick access to needed 
information. They serve as a handy reference source at all times. The ESSENTIALS 
are prepared with REA's customary concern for high professional quality and 
student needs. 


Available in the following titles: 


Advanced Calculus l & II 
Algebra fit Trigonometry l St I! 
Anatomy & Physiology 
Anthropology 
Astronomy 

Automatic Control Systems / 
Robotics 1 fit H 
Biology I St II 
Boolean Algebra 
Calculus ULfit 111 
Chemistry 

Complex Variables I St II 
Computer Science I St II 
Data Structures l Si II 
Differential Equations I Si II 
Electric Circuits I fit II 
Electromagnetics I St II 


Electronics I St H 

Electronic Communications I & II 

Fluid Mechanics/ 

Dynamics I St 11 
Fourier Analysis 
Geometry 1 Si II 
Group Theory I St II 
Heat Transfer I & II 
LaPhce Transforms 
Linear Algebra 

Math for Computer Applications 
Math for Engineers I fit II 
Math Made Ntce-n-Basy 1 to XII 
Mechanics l U, St IH 
Microbiology 
Modem Algebra 
Molecular Structures of Life 


Numerical Analysis I fit II 
Organic Chemistry l St II 
Physical Chemistry l & I 
Physics I St U 
Pre ’■Calculus 
Probability 

Psychology I St II 

Real Variables 
Set Theory 
Sociology 
Scarifies I St R 
Strength of Materials St 
Mechanics of Solids I St i 
Thermodynamics 1 St tl 
Topology 

Transport Phenomena 1 £k U 
Vector Analysis 


1/ you would like more in/omolioti about any of these books, 
complete the coupon below and return it to us or irsit your focal bookstore. 


i--------- - ---'H 

| RESEARCH & EDUCATION ASSOCIATION [ 

l 61 Ethel Road W, * Piscataway, New Jersey 0&854 I 

■ Phone; {732] 819'8380 website: www.rea.com . 

( Please send me more information about your Math & Science Essentials books f 

I Name _ ____________ • 

, Address______ , 


| City _ _ State_ Zip f 

L------- J 


eberrechtlich geschut; 








Problem Solvers 


The"PROBLEM SOL VERS” are comprehensive supplemental text¬ 
books designed to save time in finding solutions to problems. Each 
"PROBLEM SOLVER” is the first of its kind ever produced in its field. It 
is the product of a massive effort to illustrate almost any imaginable 
problem in exceptional depth, detail, and clarity. Each problem is worked 
out in detail with a step-by-step solution, and the problems are arranged in 
order of complexity from elementary to advanced. Each book is fully 
indexed for locating problems rapidly. 


CALCULUS 


ACCOUNTING 
ADVANCED CALCULUS 
ALGEBRA & TRIGONOMETRY 
AUTOMATIC CONTROL 
SYSTEMS/ROBOTICS 
BIOLOGY 

BUSINESS, ACCOUNTING, & FINANCE 

CALCULUS 

CHEMISTRY 

COMPLEX VARIABLES 

DIFFERENTIAL EQUATIONS 

ECONOMICS 

ELECTRICAL MACHINES 

ELECTRIC CIRCUITS 

ELECTROMAGNETICS 

ELECTRONIC COMMUNICATIONS 

ELECTRONICS 

FINITE & DISCRETE MATH 

FLUID MECHANICS/DYNAMICS 

GENETICS 

GEOMETRY 

HEAT TRANSFER 


LINEAR ALGEBRA 
MACHINE DESIGN 
MATHEMATICS for ENGINEERS 
MECHANICS 
NUMERICAL ANALYSIS 
OPERATIONS RESEARCH 
OPTICS 

ORGANIC CHEMISTRY 

PHYSICAL CHEMISTRY 

PHYSICS 

PRE-CALCULUS 

PROBABILITY 

PSYCHOLOGY 

STATISTICS 

STRENGTH OF MATERIALS A 
MECHANICS OF SOLIDS 
TECHNICAL DESIGN GRAPHICS 
THERMODYNAMICS 
TOPOLOGY 

TRANSPORT PHENOMENA 
VECTOR ANALYSIS 


If you would like more information about my of these books, 
complete the coupon be Jour md return it to us or visit your local bookstore. 


I--— ---1 

| RESEARCH & EDUCATION ASSOCIATION I 

i: 61 Ethel Road W. * Piscataway, New Jersey 08854 \ 

p Phone: {732) 819-8880 website: www.rca.coni I 

I Please send me more information about your Problem Solver books j 

Name_ ___ — __ 1 

, Address .. . . j 


j City ___ State_ Zip ____ 

ii_-_-_____i 


©berrechtfich geschutzles 











Test Preps 

The Best in Test Preparation 


* REA Test Preps" are Car more comprehensive than any other test preparation series 

* Each book contains up to eight full-length practice tests based on the most recent exams 

* Every type of question likely to be given on the exams is included 

* Answers are accompanied by full and detailed explanations 

REA fndfkstas urn 60 Test Preparation uoJum# in setem! series. They mdwk 


Advanced Placement Exams |APs| 

Biology 

Cafeufus AB & Catetdus BC 

Chemistry 

Computer Science 

EngEsFi l anguage & Composition 

English literature 4 Composition 

European History 

Government & Politics 

Physics 

Psychology 

Spanish Language 

Statistics 

United States History 

College-Level Examination 
Program (CLEP) 

Analyaipg and Interpreting Literature 
College A'fjpbra 
Freshman College Composition 
General Examinations 
General Examinations Review 
History of the tinted States t 
Human Growth and Development 
Introductory Sociology 
Principles of Marketing 
Spanish 

SAT H: Subject Tests 

Biology E/M 
Chemistry 

English Language Proficiency Test 

French 

German 

literature 


SAT II: Subject Tests {corn'd | 

Mathematics Level 1C, 1C 

Physics 

Spanish 

United States history 
Vyritisng 

Graduate Record Exams (GREsJ 

Bfolcgy 
Chemistiy 
Computer Science 
General 

Literature m English 
Mathematics 
Phystes 
Psychstogy 

ACT ■ ACT Assessment 
ASVAB - Armed Services Vocational 
Aptitude Battery 

CHEST - CaiomH Baste Educational 
Skis Test 

CDL - Commerce Driver License Exam 
OAST - CoiegeLevel AcadMs Test 
ELM - Entry Level Mathematics 
ExCET - Exam for the Certfkabon of 
Educators in Texas 

FE (EfTI - Fundamentals ol Engineering 
Exam 

FE Review * Fundamentals of 
Engineering Review 


GED - High School Equivalency 
Diploma Exam {US- & Canarian 
editions) 

GMAT - Graduate Management 
Adm^on Test 

LSAT * Law School Admission Test 
MAT - Miter Analogies Test 
MCAT * Medical College Admission 
Test 

MECT - Massachusetts Educator 
Certification Tests 
MSAT - Multiple Subjects Assess¬ 
ment for Teachers 
til f+SPA - New Jersey High School 
Proficiency Assessment 
PLT - Principles of Learning & 
Teaching Test 

PPST - Professional Skis Tests 
PSAT - Preliminary Scholastic 
Assessment Test 
SAT I - Reasoning Test 
SAT t - Qutek Study & Review 
TASP - Texas Academic Skis 
Program 

TOEFL * Test of Engish as a Foreign 
Language 

TOEIC - Test of English tor 
International Communication 


r *-—--- - ---- : --I 

| RESEARCH & EDUCATION ASSOCIATION I 

[ 61 Ethel Road W. * PLscataway, New Jersey 08854 J 

i Phone: (732) 819-8880 website: www.rea.com t 

! Please send me more Information about your Test Prep books i 

' Name____ , _ l 

, Address . * 


J City___ State_ Zip_ | 

L _________I 


Urheberrechtlich geschutzti 







From REA, the pioneer in Study and Solution Guides... 


THE 

MjHSCHOOL . 

nn 

TUTOR 

IPr 

SERIES 

© 


ALGEBRA * BIOLOGY • CHEMISTRY • EARTH SCIENCE 
GEOMETRY * PHYSICS • PRE-ALGEBRA • PRE-CALCULUS • PROBABILITY 
TRIGONOMETRY • MATH SKILLS FOR SAT • VERBAL SKILLS FOR SAT 

"With the TUTOR Books, it's EASY to learn difficult subjects" 


The best help In preparing for homework end exams 


Include® every type of problem that may be 
assigned by your teacher or given on a test 


Guides you by working out 
problems In step-by-step detail 

Each “Tutor”' helps you understand the subject 
fully, no matter which textbook you use 


'.Vo have nvjtfs every ollort La make this the beat book posvblo, Our piper la 
epospw, wlfti rr-feumaJ maw-through; ft win not dSwtor or booo'ns bhftie wtlfi ege. 
Pages will not dropout. The binding will mlcracK arsplft., Hits Iso pomnoncnl 6«ft» 



Visit our website at www.rea.com 

Research & 

Education 
Association 


ISBN Q-&7891 -565-fi 


.III si 69 S 

II INI INI 



























